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17-DECOMPOSITION MATRICES FOR THE SPIN CHARACTERS OF
SYMMETRIC GROUP Sy, 17 < N < 22

A. K. YASEEN! AND M. B. TAHIR

ABSTRACT. In this paper, we compute the Brauer trees of the symmetric group S,
17 < n < 22, which can give the decomposition matrices of spin characters of S,,,
17 < n < 22, modulo p = 17. The method (r, 7’)-inducing (restricting) is used.

1. INTRODUCTION

The representation group S, of the symmetric group S, has order 2(n!) and it
has a central subgroup Z = {—1, 1} such that S,/Z ~ S,, see [1]. Then, the
irreducible representations or characters of S, fall into two classes [1,2]:

(1) Those, which have Z in their kernel, will be referred to as ordinary rep-
resentations or characters. The irreducible representations and characters
are indexed by partitions A of n and the character is denoted by [)].

(2) The representations which do not have 7 in their kernel are called the spin
representation of S,. The irreducible spin representations are indexed by
partitions of n with distinct parts which are called bar partitions of n and
denoted by (), see [2,3].

In fact, if A = (A, Ao, ..., \y), A — n and if n — m is even, then there is one
irreducible spin character denoted by (\) which is self-associate, and if n — m is
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odd, then there are two associate spin characters denoted by (\) and (\)’. The de-
composition matrix gives the relationship between the irreducible spin characters
and projective indecomposable spin characters of .S,,.

In this paper, we determined the decomposition matrices of spin characters of
Sp, 17 < n < 22, modulo p = 17. The method (r, 7’)-inducing (restricting) is
used [3], to distribute the spin characters into p-blocks [4,5]. The Brauer trees
for spin characters of S,,, 13 < n < 20 modulo p = 13 are found by Taban and
Jawad [6], for n = 21 are found by Yaseen [7] and for n = 22 are found by Yaseen
and Tahir [8].

2. PRELIMINARIES
The following results are very useful to find the modular characters:
(1) The degree of spin characters (\), A = (A1, Ao, ..., A,) is [1,9]:

_olem] N
deg(\) =2 Y H I

Hi:l T 1<i<j<m

(2) Every spin (modular, projective) character of S,, can be written as a lin-
ear combination with non-negative integer coefficients of the irreducible
spin (irreducible modular, projective indecomposable)characters respec-
tively [10].

(3) Let H be a subgroup of the group G [11], then:

a) If ¢ is a modular (principal) character of a subgroup H of G, then
¢ 1 G is a modular (principal) character of GG, (where 1 denotes in-
ducing).

b) If ¢ is a modular (principal) character of group G, then ¢ | H is a
modular (principal) character of a subgroup H, (where | denotes the
restricting).

(4) Let B be a p-block G of defect one and let b be the number of p-conjugate
characters to the irreducible ordinary character y of G [12], then:

a) There exists a positive integer number N such that the irreducible
ordinary characters lying in the block B can be partitioned into two
disjoint classes: By = {x € B | bdeg x = N mod p*}, By = {z €
B | bdeg x = —N mod p*}.
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b) Each coefficient of the decomposition matrix of the block B is 1 or 0.

c) If «; and a5 are not p-conjugate characters and belong to the same
partition class B; or By above, then they have no irreducible modular
character in common.

d) For every irreducible ordinary character x in B, there exists irre-
ducible ordinary character ¢ in B, such that they have one irreducible
modular character in common with multiplicity one.

(5) Let A and p be bar partitions such that A # y, then (\) and (u) are in the
same p-block if and only if A\(p) = u(p), where p is an odd prime. The
associative irreducible spin characters (\) and (\)" are in the same p-block
if A\(p) # A, see [3].

(6) Let G be a group of order m = mgp®, where (p, mgy) = 0. If ¢ is a principal
character of H, then deg ¢ = 0 mod p®, see [13].

(7) If ¢ is a principal character of G for an odd prime p and all entries in ¢
are divisible by positive integer ¢, then ¢/q is a principal character of G,
see [11].

(8) Let p be odd and n be even, then from [14]:

alfptmn, then (n) = p(n) and (n)’ = ¢(n)’ are distinct irreducible

modular spin characters of degree 2("~2)/2,

bIfpfnandpf(n—1),then (n —1,1) = ¢(n — 1,1)* is an irreducible
modular spin characters of degree 2("=2/2(n, — 2).

(9) Let a = (ay, g, ..., ayy,) be a bar partition of n, not a p-bar core, and B be
the block containing («), then:

a If n — m — my is even, then all irreducible modular spin characters in
B are double.

b If n — m — myg is odd, then all irreducible modular spin characters in
B are associate, where m, is the number of parts of « divisible by
p [13]. For more details, see [16-18].

We shall use the following notations next: Irreducible modular spin characters
(i.m.s), modular spin characters (m.s), principal indecomposable spin character
(p.i.s), and principal spin character (p.s).
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3. DECOMPOSITION MATRICES FOR THE SPIN CHARACTERS OF THE SYMMETRIC
GROUPS S, 17 < n < 22 FOR THE PRIME p = 17

In the following sections, we calculate the decomposition matrices of the spin
characters of the symmetric group S,, when 17 < n < 22 for the prime p = 17.
In each we find the irreducible spin characters and (17, «)-regular classes of S,,,
17 < n < 22 when p = 17. All blocks in these sections are 17-blocks.

3.1. Decomposition Matrix for the Spin Characters of S;7. The symmetric group
Si7 has 57 irreducible spin characters and S;7 has 56 (17, «)-regular classes, then
the decomposition matrix of the spin characters for S;7, p = 17 has 57 rows and
56 columns. There are forty-one 17-block, (Preliminary 5). The principal block B;
(the block which contains the spin character (n) or (n)"), where B; of defect one
contains the characters (17)*, (16, 1), (16, 1)/, (15, 2), (15, 2)’, (14, 3), (14, 3)/,
(13, 4), (13, 4Y, (12, 5), (12, 5Y, (11, 6), (11, 6Y, (10, 7), (10, 7Y, (9, 8), (9, 8Y
with 17-bar core . All the 40 remaining characters Bs, Bs, - - - , B4; form their own
blocks of defect 0, see [10], which are irreducible modular spin characters.

3.2. The Brauer tree for the spin characters of S,,. The spin characters of S, are
{{P—=r, r)[r=0,1,2,---,(p — 1)/2} belong to the same p-block since they have
empty p-core. These characters of defect 1 since p does not divide their degrees.
Then, we apply the following theorem to find the Brauer tree for spin characters
of S, to determine the decomposition matrix for .S,,.

Theorem 3.1. The Brauer tree for S, is:
(p+1)/2, (p=1/2)—...~p—1L 1)) -p—1, h—... o+ 1)/2, (p—1)/2).

Proof. See [3]. O

Proposition 3.1. By using above Theorem 3.1, the Brauer tree for the principal block
Bl is:
(16, 1)_(15,2)_(14,3)_(13,4)_(12,5)_(11,6)_(10,7)_(9,8)
/
(17)*
N
(16,1)/_(15,2)'_(14,3Y_(13,4) (12,5 _(11,6) (10, 7)/_(9, 8)’
Hence the decomposition matrix for this block D%?N in Table 1.
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TaBLE 1. DY,

The spin | The decomposition matrix for the block B,
characters

—_
-
~
*
~
~

~
~

dl d2 d3 d4 d5 d6 d? dS d9 le dll d12 d13 d14 d15 d16

3.3. Decomposition Matrix for the Spin Characters of S;5. The group S;5 has
69 irreducible spin characters and 68 of (17, «)-regular classes, then the decompo-
sition matrix for the spin characters of Sz, p = 17 has 69 rows and 68 columns.
By using (Preliminary 5), there are 51 blocks of Sis. In the spin block B; of de-
fect 1, all i.m.s. of the decomposition matrix are associate (Preliminary 9) and
(B) # (B)'. The block B; contains the characters (18), (18)’, (17,1)*, (15,2,1),
(15,2,1Y, (14,3,1), (14,3,1), (13,4,1), (13,4,1Y, (12,5,1), (12,5,1), (11,6,1),
(11,6,1), (10,7,1), (10,7,1), (9,8,1), (9,8,1)" with 17-bar core (1). The other
Blocks Bs, Bs, - - - , Bs; of defect zero.
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Proposition 3.2. The Brauer tree for B; is:

(18) (15,2,1)_(14,3,1)_(13,4,1)_(12,5,1)_(11,6,1)_(10,7,1)_(9,8, 1)
AN /
(17, 1)"
/ N
(18)’ (15,2,1Y_(14,3,1Y_(13,4,1Y_(12,5,1Y_(11,6,1)_(10,7,1)_(9, 8, 1)’
Proof.

(@) deg {(18), (18)',(15,2,1),(15,2,1),(13,4,1),(13,4,1)'} = 1 mod 17;
deg {(17,1)*,(14,3,1), (14,3,1),(12,5,1), (12,5,1)",(10,7,1), (10,7,1)'} =
—1mod 17 (Preliminary 4).
(b) By using (r,r’)-inducing of p.i.s. of S;7 (see D%?N) to Sig, we have:
dy 10 Sig = (18) 4 (18)' +2(17,1)* = K = D, + D,
ds 110 S1g = (17)* 4 (15,2,1) = Dy
dy 110 S = (17> +(15,2,1) = D,
ds 110 S5 = (15,2,1) + (14,3,1) = D;
dg 1M Sy = (15,2,1) + (14,3,1) = Ds
dr 1 Sy = (14,3,1) + (13,4,1) = D;
ds 1 Sy = (14,3,1) + (13,4,1) = Dy
dy 1 Sy = (13,4,1) + (12,5,1) = Dy
dig 19 Sig = (13,4,1) 4 (12,5,1) = Dy
diy 9 Sig = (12,5,1) 4 (11,6,1) = Dy,
diy 19 Sig = (12,5,1) 4 (11,6,1) = Dy,
dys 1M Sig = (11,6,1) + (10,7,1) = Dy
dyy 1Y Sig = (11,6, 1) + (10 7,1) = Dy,
d1s T(l’o) Sis = (10,7,1) + (9, > Das
dig T Sig = (10,7,1) 4 (9,8,1) = Dy

(18,1) l(1,0) Sis = D; since (18,1) i.m. in Sio, and (18,1)" |(1,0) Sis = D since
(18,1) i.m. in Sj9. So we have the Brauer tree for B; and the decomposition
matrix for this block D%),U in Table 2. O
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TaBLE 2. DY),

The spin The decomposition matrix for the block B,
characters

0,8,1) 1
Dl D2 D3 D4 D5 D6 D7 DS DQ DlO Dll D12 D13 D14 D15 D16

3.4. Decomposition Matrix for the Spin Characters of S;9. The group S;4 has
74 irreducible spin characters and 72 of (17, «)-regular classes, then the decompo-
sition matrix for the spin characters of Si9, p = 17 has 74 rows and 72 columns.
By using (Preliminary 5), there are 65 blocks of Sig. In the principal block B; of
defect 1, all i.m.s. of the decomposition matrix are double (Preliminary 9) and
(B) # (B)'. The block B; contains the characters (19)*, (17,2), (17,2)’, (16,2, 1)%,
(14,3,2)%, (13,4,2)*, (12,5,2)%, (11,6,2)*, (10,7,2)*, (9,8, 2)* with 17-bar core (2).
The other Blocks B, Bs, - - - , Bgs of defect zero.

Proposition 3.3. The Brauer tree for By Iis: (19%)_(17,2)
(17,2)'_(16,2,1)*_(14, 3,2)* (13,4, 2)*_(12,5,2)*_(11,6,2)*_(10,7,2)*_(9, 8,2)*
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Proof deg {(19%),(16,2,1)* (13,4,2)*,(11,6,2)*,(9,8,2)*} = 2 mod 1T;
deg {(17,2), (17,2), (14,3,2)*, (12,5,2)*,(10,7,2)*} = —2 mod 17  (Preliminary
4). By using (r,r’)-inducing of p.i.s. of Sis (see Dig17) to Syg, we have:

D, ¢216 Sie = (19%) + (17,2) 4 (17,2)' =

Dy 1219 G = (17,2) + (17,2) + (16,2,1)* =
Ds T<2716> = (16,2,1)* + (14,3,2)* = e3

D, 1319 519_<14 3,2)" +(13,4,2)" = ey

D5 1319 Gg = <13 4,2)" +(12,5,2)" =

Dg 1319 Sy = (12,5,2)" + (11,6, >*:

Dy 1219 59:<11 6, >*+<1o 7,2)" =

Dg 1319 819 = (10,7,2)" + (9,8,2)" = es

So we have the Brauer tree for B; and the decomposition matrix for this block
Df;?” in Table 3. O

TaBLE 3. D$),;

The spin |The decomposition
characters matrix for
the block B;

[
Ne}
*
~
—_

—_
=~
DO
~
—

[
=~
[\
S~
—_

€1|€2|€3|€4|€5|€6|E7|€C8
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3.5. Decomposition Matrix for the Spin Characters of Syy. The group S, has
81 irreducible spin characters and 78 of (17, «)-regular classes, then the decompo-
sition matrix for the spin characters of Sy, p = 17 has 81 rows and 78 columns.
By using (Preliminary 5), there are 69 blocks of Sy two of them B, B; of defect
1. All the 67 remaining characters form their own blocks B3, By, - - - , Bgy of defect
zero [11].

In the principal block B, all i.m.s. of the decomposition matrix are asso-
ciate (Preliminary 9) and (3) # (5)’. The block B, contains the characters (20),
(20, (17,3)%, (16,3,1), (16,3,1Y, (15,3,2), (15,3,2Y, (13,4,3), (13,4,3), (12,5, 3),
(12,5,3), (11,6, 3), (11,6, 3)’, (10,7, 3), (10,7, 3)’, (9,8, 3), (9,8, 3)’ with 17-bar core
(3).

In the spin block Bs, all i.m.s. of the decomposition matrix are double (Pre-
liminary 9) and (8) # (B8)’. The block B, contains the irreducible spin char-
acters (19,1)%, (18,2)*, (17,2, 1), (17,2,1), (14,3,2,1)%, (13,4,2,1)*, (12,5,2,1)*,
(10,7,2,1)* has 17-bar core (2,1).

Proposition 3.4. The Brauer tree for principal block B is:

(20) (16,3,1)_(15,3,2)_(13,4,3)_(12,5,3)_(11, 6, 3)_(10,7,3)_(9,38, 3)
AN /
(17,3)"
/ AN
(20)’ (16,3,1)'(15,3,2)' _(13,4,3)'_(12,5,3)'_(11,6,3)'_(10,7,3)'_(9,8,3)’

Proof. deg {(20), (20Y, (16,3,1), (16,3,1), (13,4, 3), (13,4,3)’, (11,6, 3), (11,6, 3,
(9,8,3),(9,8,3)'} =3 mod 17;

deg {(17,3)*, (15,3,2), (15,3,2), (12,5, 3), (12,5,3), (10, 7,3), (10,7, 3)'} =
—3mod 17 (Preliminary 4).

By using (3, 15)-inducing of p.i.s. of Siy (see D%?N) to Sy, we have:

er 1319 Syy = (20) + (20) +2(17,3)* = K, = B, + E»

es 119 Sp0 = 2(17,3)" + (16,3,1) + (16,3,1)' = K, = E3 + E,

es 1319 Sy = (16,3,1) + (16,3, 1) + (15,3,2) + (15,3,2) = K3 = F5 + Es
e4 ¢315 Sao = (15,3,2) + (15,3,2)" + (13,4,3) + (13,4,3) = K, = E; + Ey
e5 13:19) = (13,4,3) + (13,4, 3) + (12,5,3) + (12,5,3) = K5 = Eg + Eyg



10550 A. K. YASEEN AND M. B. TAHIR

e T(3,15) S _ <12,573> + <127573>’ + <11’ 6,3> —+ <11, 6,3>’ — KG = E11 + E12
er 1319 So0 = (11,6,3) + (11,6,3)" + (10,7,3) + (10,7,3) = K7 = E13 + Fyy
es 1319 Sy = (10,7,3) + (10,7,3) + (9,8,3) + (9,8,3) = Kg = Fy5 + E1g

Since (20) # (20)’ are distinct irreducible modular spin characters Property (6)
and (17, 3)* contains (20), (20)" with the same multiplicity [12] then K split to
Ey, Bs.

(16,3) 119 Soy = (17,3)*+(16,3,1) = FEjs since (16, 3) i.m. in Sy and (16, 3) 11:0)
Soo = (17,3)* + (16,3,1)" = E, since (16, 3)’ i.m. in S}y, also we have (15, 3,2)
£ (15,3,2), (13,4,3) # (13,4,3), (12,5,3) # (12,5,3Y, (11,6,3) # (11,6,3),
(10,7,3) # (10,7,3), (9,8,3) # (9,8,3) on (17, a)-regular classes, then K3, Ky,
K, Kg, K7, Kg are split, respectively. So, we have the Brauer tree for B; and the
decomposition matrix for this block Déo 17 in Table 4. O

Proposition 3.5. The Brauer tree for the block B is:
(19,1)*_(18,2)*_(17,2,1) = (17,2,1)_(16,2,1)*_(14,3,2,1)*_(13,4,2,1)*_
(12,5,2,1)*_(11,6,2,1)*_(10,7,2,1)*_(9,8,2,1)*

Proof. deg {(19,1)*,((17,2,1) + (17,2,1))(13,4,2,1)*,(11,6,2,1)*,(9,8,2,1)*} =
2 mod 17; deg {(18,2)*, (14,3,2,1)*,(12,5,2,1)*, (10,7,2,1)*} = —2 mod 17 (Pre-
liminary 4). By using (1, 0)-inducing of p.i.s. of Si9 (see ng’?n) to Sy, we have:
ey P10 Soo = (19,1)* +2(18,2)* + (17,2,1) + (17,2,1) = K,
o P10 Soo = 2(18,2)* 4 2(17,2,1) + 2(17,2,1) = 2F,

es P10 Soo = (17,2,1) + (17,2,1) + (14,3,2,1)* = Fy
ey T Soo = (14,3,2,1)" + (13,4,2,1)* = F}
es T So = (13,4,2,1)* + (12,5,2,1)* = F;
e TU»O) = (12,5,2,1)* + (11,6,2,1)* = Fy
er T So0 = (11,6,2,1)* + (10,7,2,1)* = F;
es T Sy0 = (10,7,2,1)* + (9,8,2,1)* = F;.
Since (19,2) l(1,0) S20 = (19, 1)* + (18,2)* = K| — F, = F} since (19,2) i.m. in Sy.

So, we have the Brauer tree for B, and the decomposition matrix for this block
Dé%?n in Table 5. O
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TABLE 4. DY,

The spin The decomposition matrix for the block B,
characters

El E2 E3 E4 E5 E6 E7 E8 EQ ElO Ell E12 E13 E14 E15 E16

3.6. Decomposition Matrix for the Spin Characters of S3;. The group S,; has
114 irreducible spin characters and 111 of (17, a)-regular classes, then the decom-
position matrix of the spin characters for Sy;, p = 17 has 114 rows and 111 columns.
By using (Preliminary 5), there are 89 blocks of Syq two of them B, B; of defect
1. All the 87 remaining characters form their own blocks B3, By, - - - , Bgg of defect
zero [11].

In the principal block B, all i.m.s. of the decomposition matrix are double
(Preliminary 9) and (8) # (3)’. The block B, contains the irreducible spin char-
acters (21)*, (17,4, (17,4)', (16,4,1)*, (15,4,2)%, (14,4,3)*, (12,5, 4)*, (11,6,4)",
(10,7,4)*, (9,8,4)* has 17-bar core (4).
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TABLE 5. D),

The spin The decomposition
characters matrix for
the block B;

F | Fo| B3| Fy|F5| Fo| 7| Fs

In the spin block B,, all i.m.s. of the decomposition matrix are associate (Pre-
liminary 9) and (8) # (). The block B, contains the irreducible spin charac-
ters (20,1), (20,1, (18,3), (18,3, (17,3,1)*, (15,3,2,1), (15,3,2,1Y, (13,4,3,1),
(13,4,3,1Y, (12,5,3,1), (12,5,3,1Y, (11,6, 3,1), (11,6,3,1), (10,7, 3, 1), (10, 7,3, 1),
(9,8,3,1), (9,8,3,1)" has 17-bar core (3, 1).

Proposition 3.6. The Brauer tree for principal block By is: (21)*_(17,4) =
(17,4 (16,4, 1)*_(15,4,2)*_(14,4,3)*_(12,5,4)*_(11,6,4)*_(10, 7, 4)*_(9, 8, 4)*

Proof. deg {(21)*, (16,4, 1)*, (14,4, 3)*, (11,6,4)*, (9,8,4)*} = 4 mod 17;
deg {((17,4) +(17,4)"),(15,4,2)*, (12,5,4)*,(10,7,4)*} = —4 mod 17 (Preliminary
4). We apply (4, 14)-inducing of p.i.s. of Sy, (see Déé)ﬂ) to Sy1, we have:

By 319 Sy = (21) + (17,4) + (17,4) = f

B 1419 S0 = (17,4) 4+ (17,4) + (16,4, 1)* = f

By 1319 Sy = (16,4,1)" 4 (15,4,2)* = fs

E, 1 G)0 = (15,4,2)" + (14,4,3)" = f,
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By 141 8y = (14,4,3)" + (12,5,4)" = f;
By 1419 Sy = (12,5,4)" + (11,6,4)" = fo
By 19 Sy = (11,6,4)" + (10,7.4)" = fy
iy 10 S0 = (10,7,4)" +(9,8,4)" = fi.

So we have the Brauer tree for B; and the decomposition matrix for this block
Dé?n in Table 6. O

TABLE 6. DS,

The spin |The decomposition
characters matrix for
the block B;
(21)* 1
17,4y
17,4y N
(16,4,1)*
(15,4, 2)" 11
(14,4, 3)* 1
(12,5, 4)*
(11,6, 4)*
(10,7, 4)*
(9,8, 4)*
J1\fo|f3 fa|f5| fe| f7| /s

Proposition 3.7. The Brauer tree for the block B is:
(20,1)_(18,3)  (15,3,2,1)_(13,4,3,1)_(12,5,3,1)-(11,6,3,1)-(10,7,3,1)_(9, 8,3, 1)

AN /
(17,1)*
/ AN

(20,1).(18,3)  (15,3,2,1)/_(13,4,3,1)_(12,5,3,1)_(11,6,3,1)'-(10,7,3,1)_(9,8, 3, 1)/

Proof. deg{(20,1),(20,1)",(17,3,1)*, (13,4,3,1), (13,4,3,1)", (11,6,3, 1), (11,6,3, 1),
(9,8,3,1),(9,8,3, 1)y = 4 mod 17; deg {(18,3),(18,3),(15,3,2,1),
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(15,3,2,1Y,(12,5,3,1), (12,5,3,1),(10,7,3,1), (10,7, 3, 1>} = —4 mod 17 (Pre-
liminary 4). By using (1, 0)-inducing of p.i.s. of Sy, (see D20 17) to Sa1, we have:

Byt Sy = (20,1) + (18,3) + (18,3) + (17,3,1)* = K,
Byt Syy = (20, 1) + (18,3) + (18,3) + (17,3,1)" = K>
By 100 S5 = (18,3) + (18,3)' + 2(17,3,1)* = K

Ey 10 S = (17,3,1)" + (15,3,2,1) = g5

Ee 119 Sy = (17,3,1)" + (15,3,2,1) = g

By 10 8, = (15,3,2,1) 4 (13,4,3,1) = g7

Es 110 Sy = (15,3,2,1) + (13,4, 3,1) = gs

Ey 11 8y = (13,4,3,1) 4 (12,5,3,1) = gy

Eio 110 Sy = (13,4,3,1) + (12,5,3,1) = g1
By 19 Sy = (12,5,3,1) + (11,6,3,1) = g1
By 109 Sy = (12,5,3,1) + (11,6,3,1) = g1
Bz 119 Sy = (11,6,3,1) + (10,7,3,1) = g3
By 10 Sy = (11,6,3,1) + (10,7,3,1) = g4
By 19 5, — (10,7,3,1) + (9,8,3,1) = ¢15

Eig 100 S5 = (10,7,3,1) 4 (9,8,3,1) = g16

(18,3,1) lao Sa1 = <18,3> + (17,3,1)* = ¢y since (18,3,1) i.m. in Sy, and
(18,3,1) L0 So1 = (18,3)" + (17,3,1)* = g, since (18,3,1)" i.m. in Sy,. Then
K3 split to g3 and g4. Since Fy 1319 Gy = (19,1)* + (18,2)* 1315 Gy =
(20,1) + (20, 1) + (18,3) + (18,3) = Ky = K1 + K5 — g3 — g4 and (20, 1) # (20,1,
(18,3) # (18,3)" on (17, a)-regular classes, then K; — g4 = g1, K2 — g3 = g2- S0, we
have the Brauer tree for B, and the decomposition matrix for this block Dg?n in
Table 7. O

3.7. Decomposition Matrix for the Spin Characters of S3,. The group S,, has
133 irreducible spin characters and 121 of (17, a)-regular classes, then the decom-
position matrix of the spin characters for Sy, p = 17 has 133 rows and 121 columns.
By using (Preliminary 5), there are 101 blocks of Sy; two of them B;, By, Bs of
defect 1. All the 98 remaining characters form their own blocks By, Bs, - - - , Big; of
defect zero [11].
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TABLE 7. D7,

The spin characters|The decomposition matrix for the block B,
characters
20,1) 1
20, 1)’
18 3) 1] 1
18,3)’

{

{

{

{

<1731> 1111
(15,3,2,1
(15,3,2,1Y’ 1] 1
(13,4,3,1

(13,4,3,1) 1] 1
{

{

{

{

{

{

{

{

12,5,3,1
11,6,3,1
11,6,3,1) 1] N
10,7,3,1
10,7,3,1) 1] N
9,8,3,1) 1
9,8,3,1) 1

3g1|92\93|94|95|96|97|98|99|910|911|912|913|914|915|916

! 1 1

)
)
)
)
12,5,3,1) 1] |1
)
)
)
)
)

In the principal block B, all i.m.s. of the decomposition matrix are asso-
ciate (Preliminary 9) and (3) # (B)’. The principal block B; contains the irre-
ducible spin characters (22), (22)’, (17,5)*, (16,5, 1), (16,6, 1)’, (15,5,2), (15,5, 2)’,
(14,5,3), (14,5,3), (13,5,4), (13,5,4Y, (11,6,5), (11,6,5Y, (10,7,5), (10,7,5Y,
(9,8,5), (9,8,5)" has 17-bar core (5).

In the block B,, all i.m.s. of the decomposition matrix are double (Prelim-
inary 9) and (8) # (). The block B, contains the irreducible spin charac-
ters (21,1)%, (18,4)*, (17,4,1), (17,4,1Y, (15,4,2,1)*, (14,4,3,1)*, (12,5,4,1)*,
(11,6,4,1)*, (10,7,4,1)*, (9,8,4,1)* has 17-bar core (4, 1).
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In the block Bj, all i.m.s. of the decomposition matrix are double (Prelim-
inary 9) and (8) # (B)’. The block Bj; contains the irreducible spin charac-
ters (20,2)*, (19,3)*, (17,3,2), (17,3,2), (16,3,2,1)*, (13,4,2,1)*, (12,5,3,2)",
(11,6,3,2)%, (10,7,3,2)*, (9,8, 3,2)* has 17-bar core (3, 2).

Proposition 3.8. The Brauer tree for principal block B; is:

(22) (16,5,1)_(15,5,2)_(14,5,3)_(13,5,4)_(11,6,5)_(10,7,5)_(9, 8, 5)
AN /
(17,5)*
/ AN
(22 (16,5,1Y_(15,5,2)_(14,5,3)_(13,5,4)_(11,6,5)_(10, 7, 5)_(9, 8, 5)’

Proof deg  {(22),(22),(16,5,1),(16,5,1), (14,5,3), (14, 5,3, (11,6,5), (11,6, 5)’,
(9,8,4),(9,8,4)} = 4 mod 17; deg {(17,5)*, (15,5,2), (15,5,2), (13,5, 4), (13,5, 4,
(10,7,5),(10,7,5)'} = —4 mod 17 (Preliminary 4). By using (4, 14)-inducing of
p.i.s. of Sy (see Dé?n) to Sy, we have:

fi 1019 Sy = (22) + (22) + 2017,5)° = Ky = Gy + G

fo T Sop = 2(17,5)* + (16,5,1) + (16,5,1)' = Ky = G3 + G4

f3 141 Syy = (16,5, 1) + (16,5, 1) + (15,5,2) + (15,5,2)' = K3 = G5 + Gy

fa 14 855 = (15,5,2) + (15,5,2)" + (14,5, 3) + (14,5,3)' = Ky = G7 + Gy

fs T4 Sop = (14,5, 3) + (14,5, 3) + (13,5,4) + (13,5,4) = K5 = Gg + Gy

fo 1M Syy = (13,5,4) + (13,5,4)' + (11,6,5) + (11,6,5)' = K¢ = G11 + G
fr 1M Sy = (11,6,5) + (11,6,5)' + (10,7,5) + (10,7,5)' = K7 = G13 + G
fo T8 S0 = (10,7,5) + (10,7,5) 4 (9,8,5) + (9,8,5)' = Kz = G5 + Gyg
Since <22> (22), (16,5,1) # (16,5,1), (15,5,2) # (15,5,2), (14,5,3)

£ (14,5,3Y, (13,5,4) # (13,5,4), (11,6,5) # (11,6,5Y, (10,7,5) # (10,7,5),
(9,8,5) # (9,8,5) on (17, a)-regular classes, then K, K, K3, K, K5, K¢, K7, Kg
are split, respectively. So we have the Brauer tree for B; and the decomposition
matrix for this block Dég)’w in Table 8. O

Proposition 3.9. The Brauer tree for spin block By is: (21,1)*_(18,4)*_(17,4,1) =
(17,4,1Y(15,4,2,1)*.(14,4,3,1)*(12, 5,4, 1)*_(11, 6,4, 1)*_(10, 7,4, 1)*_(9, 8, 4, 1)*
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TABLE 8. DS,

The spin The decomposition matrix for the block B,
characters

9,8,5) 1
Gl GQ G3 G4 G5 G6 G’? GS GQ GlO Gll G12 G13 G14 G15 GIG

Proof. deg {(21,1)*, ({(17,4,1) 4+ (17,4,1)"),(14,4,3,1)*,(11,6,4,1)*,(9,8,4,1)*} =
12 mod 17; deg {(18,4)*, (15,4,2,1)*, (12,5,4,1)*, (10,7,4,1)*} = —12 mod 17 (Pre-
liminary 4). We apply (0, 1)-inducing of p.i.s. of Sy; (see Dg—i?l?) to Sy, we have:

fi 1O Sop = (21, 1) +2(18,4)* + (17,4,1) + (17,4,1)' = K,
fo 1OD So0 = 2(18,4)* 4+ 2(17,4,1) + 2(17,4,1)" = 2h,

s ¢<071> Soo = (17,4,1) + (17,4,1) + (15,4,2,1)* = hs

f4 D Sy = (15,4,2, 1) + (14,4,3,1)* = hy

fs TOD Sop = (14,4,3,1)* 4 (12,5,4,1)* = hs

fo 1O oy = (12,5,4,1)* 4 (11,6,4,1)* = hg
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fr 10D oy = (11,6,4,1)* + (10, 7,4, 1)* = hy
fs 1O Spp = (10,7,4,1)" 4 (9,8,4,1)" = hs.

Since (20,1) + (18,3) 1414 Sy = (21,1)* + (18,4)* = K; — hy = h;. So we have
the Brauer tree for B, and the decomposition matrix for this block Dé%?17 in Table
9. O

TABLE 9. DS,

The spin | The decomposition
characters matrix for
the block B,
(21,1 1
(18,4)* 1
(17,4,1)
(17,4,1)
(15,4,2,1)*
(14,4,3,1)*
(12,5,4,1)* 1
(11,6,4,1)*
(10,7,4,1)*
(9,8,4,1)"
hi |hao|hs|ha|hs|he|h7|hs

Proposition 3.10. The Brauer tree for spin block Bs is: (20,2)*_(19,3)*_(17,3,2) =
(17,3,2)(16,3,2,1)*.(13, 4, 3,2)*_(12,5,3,2)*.(11, 6, 3, 2)*_(10,7, 3,2)*_(9, 8, 3, 2)*

Proof. deg {(20,2)*,((17,3,2) + (17,3,2)"),(13,4,3,2)*, (11,6, 3,2)*,(9,8,4,1)*} =
8 mod 17; deg {(19,3)*, (16,3,2,1)*, (12,5, 3,2)*, (10,7,3,2)*} = —8 mod 17 (Pre-
liminary 4). We apply (r,')-inducing of p.i.s. of Sa; (see Dy 17) to Sy, we have:

g1 1319 Sy = (20,2)* +2(19,3)* = H,

g3 1319 Sy = 2(19,3)* + (17,3,2) + 2(17,3,2) = H,

g5 19 S5y = (17,3,2) + (17,3,2)" + (16,3,2,1)" = H;
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g7 1319 S5y = (16,3,2,1)" + (13,4,3,2)" = H,
go 1319 Syy = (13,4,3,2)" 4 (12,5,3,2)" = H;
gu 119 Sy = (12,5,3,2)" + (11,6,3,2)" = H,
g1 T2 S = (11,6,3,2)" + (10,7,3,2)" = Hy
g15 119 S = (10,7,3,2)" +(9,8,3,2)" = Hs.

So we have the Brauer tree for B3 and the decomposition matrix for this block
DSy}, in Table 10. 0

TABLE 10. D3,

The spin The decomposition
characters matrix for
the block B;

DO
=
NS
~
*
—_

—_
©
w
~
*
[

4. CONCLUSION

In this work, motivated by previous results given in the papers [3,10,12,13],
we conclude that all blocks of defect one or zero and the decomposition numbers
are one or zero. Also we compute the Brauer trees of the symmetric group S,
17 < n < 22 modulo P = 17. Finally, all the 17-decomposition matrices of spin
characters of S,,, 17 < n < 22 are found.
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