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4th HANKEL DETERMINANT FOR o« BOUNDED TURNING FUNCTION
GAGANPREET KAUR! AND GURMEET SINGH

ABSTRACT. In this present paper, Author have investigated the fourth Hankel de-
terminant for a function of bounded turning in unit disk. Twofold and threefold
symmetric functions also investigated for the same class.

1. INTRODUCTION

Let us define the most basic class A which represents the set of all analytic
(holomorphic) functions f in region U = {z;|z| < 1} having form

(1.1) f(2) :z—l—Zanz".
n=2

In addition, let subfamily S of A i.e. S C A be the class of all functions which are
univalent in Y. Let P represents the class of analytic functions p whose real parts
are positive in ¢/ having the form p(z) =1+ > 7, ¢,2"™

Let R(«w),a € [0,1) such that Re(f'(z)) > a,z € U and R(0) = R class of
bounded turning because Re(f'(z)) > 0 is equivalent to |arg f'(z)] < 7 and
arg f(z) is the angle of rotation of the image of a line segment starting from =
under the mapping f. [6] Hankel determinant for f € S as H,,,(f) where ¢,n > 1
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A, Apy1 * Apig—1

An1 Qpy2 °° Apigq
(12) Hq,n(f) = . . .

Uptg—1 Qniq " QAni2g-2

Computing the upper bound of H,,, over different subfamilies of A is an interest-
ing problem to study. Firstly, Janteng [3], Babalola [2] have found the second and
third order Hankel determinant for the class R respectively. In 2017, Zaprawa
( [7]) improved the results obtained in [2] for the class of bounded turning func-
tion R. Fourth Hankel determinant for function with bounded turning is studied
in [1].

To find the upper bound of H,;(f) we need the following results:

Lemma 1.1. [5] If p € P then |c,| < 2 for n € N,
|Cnak — Aency| < 2 <A<,

and

lemen — crar| < 4 (m+4+n=*k+1).

Theorem 1.1. [1] Let g € S* where g(z) = z+ > -, b,2" then for any real \

43 —4X) for X< 2
L for Xe[2,3];
05 (b5 — A3)| = ¢ 25 3 1
=y for Xelf,gh
44X =3) for x>1L

Theorem 1.2. [4] If f € R(«a), 0 < a < 1, then |a,| < @, n > 2, and

A2 [40A+36 (1+4A)2
1.3 H <=

where A =1 — a.



H,, FOR BOUNDED TURNING FUNCTIONS 10565
2. BOUNDS OF FOURTH HANKEL DETERMINANT
First, H,(f) where f € A is of the form (1.1) can be written as
(2.1) Hy1(f) = arHz1(f) — agA1 + asAy — asAs

where Ay = (azag — asas) — as(azag — azas) + as(asay — a2), Ay = (agag — a?) —
as(azag—asas)+az(azas—a3), and Az = ag(asas—a?)—as(azas—agas)+as(azas—a3).

3 —a
Theorem 2.1. If f € R(a) then |H,(f)| < (1—a)? [% (5=5)2 + 1133?7%0 ) 4 ;gggg] .

Proof. Let f € R(«a), € [0,1). Then fliz_% = p(z), where p € P, and

By identifying the coefficients, a,, = %Cn—l; A = (1 — «) and substitute in A;’s:

A?c A?c A%c
A = 245 (cy — Ac) + f(q — Ac3) — 323 (¢4 — Acycs)
67A%c 19A2%¢ Acqc
- 14404 (e3 = Aerey) + 14402 (cs — Aeres) + 14205;
A2 A2 A2c
9 = 365 (Cg — AClcg) — 454 (04 — AC%) + 4—83(05 — ACQCg)
13A%¢4 4A* A?czes
~ Ig0p (5~ Aae) = s (e = Aae) + e
A3c A3c A3c Ade
3 = 545(04—03) — 485(04—0103)—1— 64303(06_6%) — Hg(%—cgq)
Ac 17A%¢ Adeye
504(05 — erea) = —gag— (e = caes) + Jzone
Using the triangular inequality along with lemma (1.1), we obtain
29 173 13
2.2 Al <=(1—-a)?, |A 1—a)? Al < —(1-—
22 Al S0-aR A< (- aP A< (- a)
Now using (2.2),(1.3) and (1.2) in (2.1), we obtain our required result. O

Remark 2.1. Choosing v = 0 in (2.1), we get [1] Hy,(f) < 21T ~ 0.78050.

A function f is said to be n-fold symmetric if f(cz) = ¢f(z) holds for all z € U,
where ¢ = eXp(mL) The set of all n-fold symmetric functions belonging to S is

denoted by SNV = f(2) = 2 + 307 | appr1 2™, 2 € UL
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An analytic function f € S™ belongs to the family (R(a))™ if and only if
Fee — ) withp € PO = {p(2) : p(2) = 1+ Yo, canz™}.

-«

Theorem 2.2. If f € (R(a))®), a € [0, 1) then |Hy, (f)] < E52E.

Proof Let f € (R(a))®, 3 € §*©® of the form z + dyz* + d727 + ... such that Zgéz)
Since f € (R(a))® c 8™ for n = 3, we have 1 + 3d,2% + (6d; — 3d%)20 + -+ =
1+ a2+ =a72%+- - - | after equating 3dy = *~a4, 6d;—3d} = ~-ar, Since
§ € §*®, 3g1in S* of the form (1.1) such that §(z) = {/g(23). Thus z+dyz* +d72" +

o =24 3bezt 4 (3bs — gb3)2T + - -

di = 3hy, dy = (5bs — 5H0).
Now by rearranging the coefficients ay, = 15%b,, a; = =%(2b3 — b3). We observe
that ay = a3 = a5 = ag = 0. It is also clear that Hy;(f) = a3(a3 — a;). This implies
[ (£)] = S5 103 05 — 503)]

23—7a)

Using Theorem 1.1 where A = 2279 ¢ [2 3] we get our desired result. O

Theorem 2.3. If f € (R(a))®), a € [0,1) then |Hy;(f)] < 2800,

Proof Since f € &§*@, 3p € P®@ such that £2=2 — y(2), after equating a; =

11—«
(1—a) 21 , 51 —a) , 368(1 — a)?
H <. _ G _ '
[Haa(f)] < 105 C2Ce 2564 Cy4 9 c 560
O
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