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DISTANCE AND DISTANCE LAPLACIAN SPECTRUM OF THE ZERO-DIVISOR
GRAPH ON THE RING OF INTEGERS MODULO n

P. M. MAGI1, SR. MAGIE JOSE, AND A. KISHORE

ABSTRACT. For a commutative ring R with non-zero identity, let Z�pRq denote
the set of non-zero zero-divisors of R. The zero-divisor graph of R, denoted by
Γ pRq, is a simple undirected graph with all non-zero zero-divisors as vertices and
two distinct vertices x, y P Z�pRq are adjacent if and only if xy � 0. In this paper,
we describe the computation of distance, distance Laplacian spectrum of Γ pZnq by
exploring its combinatorial structure as the joined union of its induced subgraphs.

1. INTRODUCTION

In this paper G denotes a simple, finite, undirected and connected graph with
vertex set V pGq and edge set EpGq . The order of a graph G is the cardinality of
V pGq. If u and v are distinct vertices in a graph G, dGpu, vq denotes the distance
between u and v; which is the length of a shortest path between u and v. Clearly
dGpu, uq � 0 and dGpu, vq � 8 if there is no path between u and v. If u P V pGq,
the open neighborhood of u; denoted by NGpuq is the set of vertices adjacent to
u in G. The cardinality of NGpuq is the degree of u. In a connected graph G,
the transmission degree of a vertex v is defined as Trpvq � °

uPV pGq dGpu, vq. The
adjacency matrix, ApGq of a graph G of order n is a 0 � 1 matrix of order n � n

with entries aij such that aij is 1, if the i�th and j�th vertices are adjacent, and 0

otherwise.
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For a graph G, The Laplacian matrix is defined as LpGq � ApGq �DegpGq, and
signless Laplacian matrix of G is defined as QpGq � ApGq�DegpGq where DegpGq
is the diagonal matrix of degree of verices. Note that LpGq and QpGq are positive
semi definite matrices. The distance matrix of a simple connected graphG of order
n is the symmetric matrix D � pdijqn�n, where di,j denotes the distance between
two distinct vertices ui and uj. In [17], M. Aouchiche and P. Hansen, initiated the
study of distance Laplacian and distance signless Laplacian. For a connected graph
G, the distance Laplacian matrix is given by DLpGq � TrpGq �DpGq and distance
signless Laplacian matrix is DQpGq � TrpGq �DpGq; where TrpGq is the diagonal
matrix of vertex transmission of G.

Let Z�pRq � ZpRqzp0q be the set of non-zero zero-divisors of a commutative ring
R, with non zero identity. In [12], Beck introduced the zero-divisor graph GpRq
of a commutative ring R. Anderson and Livingston redefined the concept of zero-
divisor graph and introduced the subgraph Γ pRq(of GpRq) as zero-divisor graph
whose vertices are the non-zero zero-divisor of R. In [26], the authors described
the structure of Γ pZnq as the join of pairwise disjoint induced subgraphs which are
regular. In [22] Magi P.M and et. al. has described the analysis of the adjacency
matrix and some graph parameters of Γ pZpnq and described the computation of the
eigen values of Γ pZpnq exploring its structure as the generalized join of its induced
subgraphs. This paper aims to find the distance, distance Laplacian spectrum of
Γ pZnq.

This paper is organized in the following manner. In Section 2, some basic defi-
nitions and notations are given. The role of Fiedler’s result and its generalization
(Linear Algebra), to the computation of the distance related spectrum of the gen-
eralized join of regular graphs, is described in Section 3. In Section 4, the distance
spectrum of Γ pZnq is investigated and illustrated with example and in particular
the distance spectrum of Γ pZpkq is described. In Section 5, the distance Laplacian
spectrum of Γ pZpkq, k ¥ 3 is found .

2. BASIC DEFINITIONS AND NOTATIONS

In this paper Kn denotes a complete graph on n vertices. The complement of
Kn is a null graph and is denoted by Kn. A partition tV1, V2, . . . , Vku of the vertex
set of V pGq is said to be an equitable partition, if any two vertices in Vi have the
same number of neighbours in Vj for 1 ¤ i ¤ j ¤ k. In [24], Sabidussi has
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defined the generalized join of a family of graphs tYxuxPX , indexed by V pXq, as
the graph Z with V pZq � tpx, yq : x P X, y P Yxu and EpZq � tppx, yq, px1, y1qq :

px, x1q P EpXq or else x � x1 and py, y1q P EpYxqu. Let G be a finite graph with
vertices labeled as 1, 2, 3, . . . , n and let H1, H2, . . . , Hn be a family of vertex disjoint
graphs. The generalized join of H1, H2, . . . , Hn denoted by G rH1, H2, . . . , Hns is
obtained by replacing each vertex i of G by the graph Hi and inserting all or
none of the possible edges between Hi and Hj depending on whether or not i
and j are adjacent in G. ie, Z � GrH1, H2, . . . , Hns is obtained by taking the
union of H1, H2, . . . , Hn and joining each vertex of Hi to all vertices of Hj if and
only if ij P EpGq. Refer [14, 21], for the basic definitions of graph theory . The
eigenvalues of a square matrix M , are the roots of the characteristic polynomial,
detpxI �Mq and the spectrum of M is the multi set of all the eigenvalues of M
counted with multiplicities. An eigenvalue of a matrix is simple, if its algebraic
multiplicity is 1. For a real symmetric matrix, all eigenvalues are real and the
algebraic multiplicity of each eigenvalue is same as its geometric multiplicity. A
graph is said to be integral if all the eigenvalues are integers.

There are many matrices associated to a graph G. The characteristic polynomial
of a graph G is given ΦpG, xq � detpxI � Aq, where A is the adjacency matrix of
G, and the spectrum of G is denoted by SpecpGq. Similarly SpecDpGq, SpecDLpGq
and SpecDQpGq denote the spectrum of G related to the distance, distance Lapla-
cian and the distance signless Laplacian matrix of G respectively. Let us denote
detpxI �DpGqq, detpxI �DLpGqq and detpxI �DQpGqq by ΦDpG;xq; ΦDLpG;xq and
ΦDQpG;xq respectively. The distance spectrum of a connected graph G on n ver-
tices, is denoted as B1 ¥ B2 ¥ � � � ¥ Bn and BL1 ¥ BL2 ¥ � � � ¥ BLn denotes the distance
Laplacian spectrum.

As usual, φpnq is the number of positive integers less than n and relatively prime
to n. In this paper, J denotes an all-one matrix and O denotes a zero matrix. 1n
denotes the all-one column vector of order n � 1, and In denotes the unit matrix
of order n.

Domingos M Cardoso and et.al [4, 5] have contributed much to the exploration
of the graph spectrum and energy of complicated structures; especially the gener-
alized join of regular graphs. The well known Fiedler’s result plays a major role
towards this end. See [19].

A wide literature of zero-divisor graphs can be found in [1,2,3,7,8,20,23,25].
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3. FIEDLER’S RESULT AND ITS GENERALISATION APPLIED IN GRAPH THEORY

Lemma 3.1. [19] Let A and B be symmetric matrices of ordersm and n, respectively,
with corresponding eigenpairs pαi,uiq,i � 1, 2, . . . ,m and pβi, viq, i � 1, 2, . . . , n,
respectively. Suppose that }u1} = 1 = }v1}. Then, for each arbitrary constant ρ, the
matrix

C �
�

A ρu1vT1
ρv1uT1 B

�
has eigenvalues α2, . . . , αm, β2, . . . , βn, γ1, γ2, where γ1, γ2, are the eigenvalues of the

matrix pC =

�
α1 ρ

ρ β1

�

In [4, 5], D.M. Cardoso et.al have extended the Fiedler’s result to more than
two block diagonal symmetric matrices and it was applied to the exploration of
spectra of the generalised join of regular graphs.

3.1. Generalization of Fiedler’s result. For j P t1, 2, . . . , ku, let Mj be an mj�mj

symmetric matrix, with corresponding eigenpairs pαrj,urjq, 1 ¤ r ¤ mj. Moreover,
for q P t1, 2, . . . , k � 1u and l P tq � 1, . . . , ku, let ρq,l be arbitrary constants. let pα
be the k�tuple

(3.1) pα � pαi1,1, . . . , αik,kq,

where each αij ,j is chosen from the elements of tα1,j, . . . , αmj ,juwith j P t1, 2, . . . , ku.
Then considering an arbitrary kpk�1q

2
-tuple of reals

(3.2) pρ � pρ1,2, ρ1,3, . . . , ρ1,k, ρ2,3, . . . , ρ2,k, . . . , ρk�1,kq,
consider the symmetric matrices

C
pαppρq ��
����������

M1 ρ1,2ui1,1uTi2,2 ρ1,3ui1,1uTi3,3 . . . ρ1,kui1,1uTik,k
ρ1,2ui2,2uTi1,1 M2 ρ2,3ui2,2uTi3,3 . . . ρ2,kui2,2uTik,k
ρ1,3ui3,3uTi1,1 ρ2,3ui3,3uTi2,2 M3 . . . ρ3,kui3,3uTik,k

...
...

. . .
...

ρ1,k�1uik�1,k�1uTi1,1 ρ2,k�1uik�1,k�1uTi2,2 . . . Mk�1 ρk�1,kuik�1,k�1uTik,k
ρ1,kuik,ku

T
i1,1

ρ2,kuik,ku
T
i2,2

. . . . . . Mk

�
����������

(3.3)



DISTANCE AND DISTANCE LAPLACIAN SPECTRUM. . . 10595

(3.4) rC
pαppρq �

��������
αi1,1 ρ1,2 . . . ρ1,k�1 ρ1,k

ρ1,2 αi2,2 . . . ρ2,k�1 ρ2,k

...
... . . . ...

...
ρ1,k�1 ρ2,k�1 . . . αik�1,k�1 ρk�1,k

ρ1,k ρ2,k . . . ρk�1,k αik,k

��������
k�k

.

Theorem 3.1. [18] For j P t1, 2, . . . , ku, let Mj be an mj � mj symmetric matrix,
with eigenpairs pαrj,urjq, @r P Ij � t1, 2, . . . ,mju and suppose that for each j, the
system of eigenvecotrs turj, r P Iju is orthonormal. Consider a kpk�1q

2
-tuple of scalars,pρ � pρ1,2, ρ1,3, . . . , ρ1,k, ρ2,3, . . . , ρ2,k, . . . , ρk�1,kq and the k-tuple pα = pαi1,1, . . . , αik,kq

as defined in (3.1) and (3.2) . Then the matrix C
pαppρq in (3.3) has the multiset

of eigenvalues
�Yk

j�1tα1,j, . . . , αmj ,juztαij ,ju
� Y tγ1, . . . , γku, where γ1, γ2, . . . , γk are

eigenvalues of the matrix rC
pαppρq in (3.4).

4. DISTANCE SPECTRUM OF Γ pZnq
The concept of distance and transmission of vertices in a graph finds wide appli-

cation in the design of communication networks. A wide survey of distance spectra
of graphs can be found in [16]. In analogous with energy of graphs , the concept
of distance energy and Laplacian energy of graphs was introduced in [10, 13]. In
[5], the authors make use of the Fiedlers lemma to get the adjacency spectrum
and Laplacian spectrum of the joined union of regular graphs. The same tool of
Linear Algebra is used in [6] to get the distance related spectrum of the joined
union of regular graphs. The structure of Γ pZnq as the joined union of the induced
subgraphs ΓpSpdiqq, i � 1, 2 . . . , spnq; which are either complete or null graphs, the
vertex sets of which form an equitable partition for V pΓ pZnqq; makes the task of
computing the spectrum easy. Refer[22]. In this section we describe the distance
matrix and its eigenvalues of Γ pZnq, for any n and especially for n � pk, k ¥ 3. We
also show that �1 and �2 are the distance eigenvalues of Γ pZnq, for any n, and
count their multiplicities.

Consider G rH1, H2, . . . , Hks where G is a connected graph with vertices labeled
as 1, 2, . . . , k and Hj is rj- regular and |V pHjq| � nj, for every j � 1, 2, . . . , k . Let
ApHjq denote the adjacency matrix of Hj.
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Take Mj � 2pJ � Iqnj
� ApHjq. Then clearly αij ,j � 2pnj � 1q � rj is the Perron

eigenvalue for Mj for every j � 1, 2, . . . , k with corresponding Perron eigenvector,
1nj

. [ Note that since Hj is rj- regular, rj is the perron eigenvalue of Hj with 1nj
as

the corresponding eigenvector, for j � 1, 2, . . . , k ]. Thus, since G is connected and
Hj is regular, Mj, j � 1, 2, . . . , k correspond to the diagonal blocks in the distance
matrix of G rH1, H2, . . . , Hks .

As in (3.3), taking

Mj � 2pJ � Iqnj
� ApHjq, pαij ,j,uij ,jq �

�
2pnj � 1q � rj,

1?
nj

1nj



and the real numbers ρl,q � dl,q � ?nlnq, for l P t1, 2, . . . , k � 1u, q P tl � 1, . . . , ku,
where dl,q � dq,l � dGpl, qq, is the distance between the vertices l and q in the
connected graph G, it can be seen that the distance matrix of G rH1, H2, . . . , Hks is
obtained as in the following theorem.

Theorem 4.1. [6] Consider G rH1, H2, . . . , Hks, where G is a connected graph with
vertices labeled as 1, 2, . . . , k and Hj is rj- regular and |V pHjq| � nj, for every j �
1, 2, . . . , k ,and let dl,q denote the distance between the distinct vertices l snd q in G

for l P t1, 2, . . . , k � 1u, q P tl � 1, . . . , ku. Let ApHjq denote the adjacency matrix
of Hj and Mj � 2pJ � Iqnj

� ApHjq . Then, the distance matrix of the generalized
G-join of the graphs H1, H2, . . . , Hk is given by,

DpG rH1, H2, . . . , Hksq=

(4.1)

����������

M1 d1,2Jn1�n2 d1,3Jn1�n3 . . . d1,kJn1�nk

d1,2J
T
n1�n2

M2 d2,3Jn2�n3 . . . d2,kJn2�nk

d1,3J
T
n1�n3

d2,3J
T
n2�n3

M3 . . . d3,kJn3�nk

...
... . . . ...

d1,k�1J
T
n1�nk�1

d2,k�1J
T
n2�nk�1

. . . Mk�1 dk�1,kJnk�1�nk

d1,kJ
T
n1�nk

d2,kJ
T
n2�nk

. . . . . . Mk

����������
.

Also, applying Theorem 3.1, the distance spectrum of DpG rH1, H2, . . . , Hksq is
given by the following theorem.

Theorem 4.2. [6] Consider G rH1, H2, . . . , Hks, where G is a connected graph with
vertices labeled as 1, 2, . . . , k and Hj is rj- regular and |V pHjq| � nj, for every j �
1, 2, . . . , k. LetApHjq denote the adjacency matrix ofHj andMj � 2pJ�Iqnj

�ApHjq.
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Then, the distance spectrum of G rH1, H2, . . . , Hks is given by,

(4.2) σDpG rH1, H2, . . . , Hnsq �
�

k¤
j�1

σpMjqzt 2pnj � 1q � rju
�
Y σp rCq

where

rC �

������
2pn1 � 1q � r1 d1,2

?
n1n2 . . . d1,k

?
n1nk

d1,2
?
n1n2 2pn2 � 1q � r2 . . . d2,k

?
n2nk

...
... . . . ...

d1,k
?
n1nk d2,k

?
n2nk . . . 2pnk � 1q � rk

������ .
Consider the graph G as a vertex weighted graph by assigning the weight nj �

|V pHjq| to the vertex j of G for j � 1, 2, . . . , k and consider the diagonal matrix of
vertex weights,

W �

������
n1 0 . . . 0

0 n2 . . . 0
... . . . ...
0 . . . . . . nk

������ .
Let TDpGq be the combinatorial ( vertex weighted) distance matrix of G,(see[9])
given by

TDpGq �

������
2pn1 � 1q � r1 d1,2n2 . . . d1,knk

d1,2n1 2pn2 � 1q � r2 . . . d2,knk
...

... . . . ...
d1,kn1 d2,kn2 . . . 2pnk � 1q � rk

������ .

Remark 4.1. Since TDpGq � W� 1
2 rCW 1

2 , it follows that rC and TDpGq are simi-
lar. Thus σp rCq � σpTDpGqq. Thus the distance spectrum of G rH1, H2, . . . , Hns is
completely determined by the matrices Mj for j � 1, 2, . . . , k and the combinatorial
distance matrix TDpGq associated to G.

4.1. The zero-divisor graph Γ pZnq. As usual, let Zn denote the commutative ring
of integers modulo n. When n is a prime, Zn is an integral domain and has no zero
divisors. Thus to avoid triviality, we assume that n is not a prime. Also we note
that if n � p2, 23; Γ pZnq is complete. So, through out this paper we assume that
n � p2, 23. We recall that in any finite commutative ring with unity, every non-zero
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element is either a unit or a zero-divisor. The number of non-zero zero-divisors of
Zn is n� φpnq � 1. [22].

In [26], Sriparna Chattopadhyay et.al. describe the structure of Γ pZnq as the
generalised join of its induced subgraphs .

By a proper divisor of n, we mean a positive divisor d such that d{n , 1   d   n.
Let spnq denote the number of proper divisors of n. Then, spnq � σ0pnq � 2, where
σkpnq is the sum of k powers of all divisors of n, including n and 1.

If n � pn1
1 � pn2

2 � � � pnr
r , where p1, p2, . . . , pr are distinct primes, and n1, n2, . . . , nr

are positive integers,

spnq �
r¹
i�1

pni � 1q � 2.

Let Spdq � tk P Zn : gcdpk, nq � du. Clearly
 
Spd1q, Spd2q, . . . , Spdspnqq

(
is a collec-

tion of pairwise disjoint sets of vertices and is an equitable partition for the vertex
set of Γ pZnq such that Spdiq X Spdjq � φ, i � j, and any two vertices in Spdiq
have the same number of neighbours in Spdjq for all divisors di, dj of n. Using
elementary number theory, it can be seen that

|Spdiq| � φpn{diq, for every i � 1, 2, . . . , n.

Let the subgraph of Γ pZnq, induced by Spdiq be denoted by ΓpSpdiqq for i �
1, 2, . . . , spnq. Then,

ΓpSpdiqq �
$&%Kφp n

di
q if n � d2

i

Kφp n
di
q if n{d2

i

.

It is obvious that ΓpSpdiqq is regular for each i � 1, 2, . . . , spnq. For example, in
Γ pZp3q, Sppq induces Kppp�1q and Spp2q induces Kp�1. In Γ pZp2qq, Sppq, Spqq, Spp2q
induce Kpp�1qpq�1q, Kppp�1q, Kq�1 respectively while Sppqq induces Kp�1.

The compressed zero-divisor graph, denoted by Υn ( in fact a subgraph of
Γ pZnq) is a simple connected graph associated with Γ pZnq with vertices labeled
as d1, d2, . . . , dspnq. See[3]. In [11], the authors designate this graph as proper
divisor graph, where as in [20] it is named as projection graph. The vertices di
and dj are adjacent in Υn if and only if n{didj [26]. For example the compressed
zero-divisor graph of Γ pZ36q is given in figure 1.

Thus the zero divisor graph on the ring of integers modulo n can be constructed
as

(4.3) Γ pZnq � ΥnrΓpSpd1qq,ΓpSpd2qq, . . . ,ΓpSpdspnqqqs
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FIGURE 1. Υ36

and the study of spectrum of Γ pZnq can be facilitated through the compressed
zero-divisor graph in a better way.

Throughout this paper we use di,j to denote the distance between the vertices
di and dj in Υn. That is di,j � dΥnpdi, djq We have the following lemmas which are
used in the main theorem of this section.

Lemma 4.1. For any two distinct vertices di and dj in the compressed zero-divisor
graph Υn ,

di,j �

$''&''%
1 if n{didj,
2 if n � didj, gcdpdi, djq � 1,

3 otherwise.

Proof. n � pn1
1 �pn2

2 � � � pnr
r , where p1, p2, . . . , pr are distinct primes, and n1, n2, . . . , nr

are positive integers. Let d1, d2, . . . , dspnq be the proper divisors of n.

Case (i) is trivial.

Case (ii): Let n � didj, and let gcdpdi, djq � g ¡ 1. Clearly, n{pn
g
qdi and n{pn

g
qdj.

Thus n
g
� di and n

g
� dj. Hence n

g
is a common neighbor of di and dj in Υn.

Conversely we prove that if n � didj and di and dj have a common neighbor in
Υn, then gcdpdi, djq ¡ 1. Let dk be the common neighbor of di and dj .Then n{didk
and n{djdk . Thus it is obvious that p n

dk
q{di and p n

dk
q{dj. Hence n

dk
is a common

divisor of di and dj. Thus the gcdpdi, djq ¥ n
dk
¡ 1. Thus when n � didj, di and dj

have a common neighbor in Υn, iff gcdpdi, djq ¡ 1.
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Case (iii): Let n � didj, and gcdpdi, djq � 1. Then, as proved in the above case, di
and dj do not have a common neighbor. Now,

di � n

di
, dj � n

dj
.

Since n divides n
di
. n
dj

, it follows that n
di

� n
dj

. Thus, di � n
di

� n
dj

� dj is a
shortest path between di and dj. Thus dΥnpdi, djq � 3 , in this case. Thus the
result immediately follows since for any commutative ring R, diampΓ pRqq ¤ 3.
[27] �

Lemma 4.2. Let n � pn1
1 � pn2

2 � � � pnr
r , where p1, p2, . . . , pr are distinct primes, and

n1, n2, . . . , nr are positive integers. Then, the number of proper divisors d of n such
that n � d2 is

r¹
i�1

�
r
ni
2

s� 1
	
.

Proof. The number of proper divisor of n is given by

spnq �
r¹
i�1

pni � 1q.

The number of proper divisors d of n such that n � d2 is exactly the number of
proper divisors of p

r
n1
2

s

1 � pr
n2
2

s

2 � � � prnr
2

s
r which is

±r
i�1

�
rni

2
s� 1

�� 2. �

The following lemma is the immediate consequence of Lemma 4.2.

Lemma 4.3. The number of proper divisors d of n such that n divides d2, is
r¹
i�1

pni � 1q �
r¹
i�1

�
r
ni
2

s� 1
	
.

The next theorem describes the distance spectrum of Γ pZnq for any n.

4.2. Distance matrix of Γ pZnq.
Theorem 4.3. Let d1, d2, . . . , dspnq be the proper divisors of n. Then, the distance
spectrum of Γ pZnq is given by

DpΓ pZnqq �

�������
M1 d1,2Jφp n

d1
q�φp n

d2
q . . . d1,spnqJφp n

d1
q�φp n

dspnq
q

d1,2J
T
φp n

d1
q�φp n

d2
q M2 . . . d2,spnqJφp n

d2
q�φp n

dspnq
q

...
... . . . ...

d1,spnqJ
T
φp n

d1
q�φp n

dspnq
q d2,spnqJ

T
φp n

d2
q�φp n

dspnq
q . . . Mk

�������
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where,

Mj �
$&%2pJ � Iqφp n

dj
q if n � d2

j

pJ � Iqφp n
dj
q if n{d2

j

and for l P t1., 2, . . . , spnq � 1u and q P tl � 1, . . . , spnqu, l � q,

dlq �

$''&''%
1 if n{dldq
2 if n � dldq, gcdpdl, dqq � 1.

3 otherwise

.

Proof. For n � p2 for any prime p or n � 8, the zero divisor graph Γ pZnq is
a complete graph and the result is trivial. By (4.3), Γ pZnq is the Υn - join of
ΓpSpd1qq,ΓpSpd2qq, . . . ,ΓpSpdspnqqq. Also, the adjacency matrix of ΓpSpdjqq is given
by,

ApΓpSpdjqqq �
$&%Oφp n

dj
q if n � d2

j

pJ � Iqφp n
dj
q if n{d2

j .

Thus, taking G � Υn, and Hj � ΓpSpdjqq and Mj � 2pJ � Iqφp n
dj
q � ApΓpSpdjqqq,

the conclusion is an immediate consequence of Theorem 4.1 and Lemma 4.1. �

4.3. Distance spectrum of Γ pZnq. For the proper divisors d1, . . . . , dspnq, and the
matrices,

Mj �
$&%2pJ � Iqφp n

dj
q if n � d2

j

pJ � Iqφp n
dj
q if n{d2

j ,

the distance spectrum of Γ pZnq are completely determined by the matrices Mj, for
j � 1, 2, . . . , spnq and the combinatorial (vertex weighted) distance matrix of Υn,
as in (4.1) and (4.2). The spectrum of Mj as described above are, if n � d2

j ,

(4.4) σpMjq �
�

�2 2pφp n
dj
q � 1q

φp n
dj
q � 1 1

�

and if n{d2
j ,

(4.5) σpMjq �
�

�1 φp n
dj
q � 1

φp n
dj
q � 1 1

�
.
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Also we note that the subgraphs ΓpSpdjqq, for j � 1, 2, . . . , spnq are rj- regular,
where

rj �
$&%φp ndj q � 1 if n{d2

j

0 if n � d2
j .

While taking the union of all eigenvalues of Mj as described above in (4.4) and
(4.5), the multiplicity of �2 as the distance eigenvalue of Γ pZnq is

°
d{n,n�d2pφpnd q�

1q, where the Σ runs over all divisors d of n such that d{n and n � d2. By Lemma
4.2, this count amounts to

°
d{n,n�d2 φpnd q�

±r
i�1

�
rni

2
s� 1

��2. Similarly, while tak-
ing the union of all eigenvalues of Mj, the multiplicity of �1 as the distance eigen-
value of Γ pZnq is

°
d{n,n{d2pφpnd q � 1q, which counts to

°
d{n,n{d2 φpnd q �

±r
i�1pni �

1q �±r
i�1

�
rni

2
s� 1

�
, by Lemma 4.3. Thus, applying Theorem 4.2 and Remark 4.1,

we have the following theorem.

Theorem 4.4. For any n � pn1
1 �pn2

2 � � � pnr
r , the zero-divisor graph Γ pZnq has distance

eigen values �2 and �1 with multiplicities
°
d{n,n�d2 φpnd q �

±r
i�1

�
rni

2
s� 1

�� 2 and°
d{n,n{d2 φpnd q �

±r
i�1pni � 1q �±r

i�1

�
rni

2
s� 1

�
respectively and the remaining dis-

tance eigenvalues are the eigenvalues of the vertex weighted distance matrix of Υn, as
follows

(4.6) TDpΥnq �

������
t1 d1,2φp nd2 q . . . d1,spnqφp n

dspnq
q

d1,2φp nd1 q t2 . . . d2,spnqφp n
dspnq

q
...

... . . . ...
d1,spnqφp nd1 q d2,spnqφp nd2 q . . . tk

������ ,
where

tj �
$&%2pφp n

dj
q � 1q if n � d2

j

φp n
dj
q � 1 if n{d2

j ,

and for i P t1, 2, . . . , spnq � 1u, j P ti� 1, . . . , spnqu, i � j,

di,j �

$''&''%
1 if n{didj
2 if n � didj, gcdpdi, djq � 1.

3 otherwise.

Remark 4.2. The matrix TDpΥnq as in (4.6) can be described as the vertex weighted
distance matrix of the compressed zero-divisor graph Υn. Refer[9]. Thus the distance
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eigenvalues of Γ pZnq are completely determined by this vertex weighted distance ma-
trix TDpΥnq. Thus we have the following corollory.

Corollary 4.1. Γ pZnq is distance integral if and only if TDpΥnq is integral.

Example 1. SpecDpΓ pZpqqq ��
�2 p� q � 4�

a
p2 � q2 � pq � pp� qq � 1 p� q � 4�

a
p2 � q2 � pq � pp� qq � 1

p� q � 4 1 1

�

Consider Γ pZpqq, where p   q are distinct primes. Counting the number of
non-zero zero-divisors of Zpq, it can be easily seen that the zero-divisor graph
Γ pZpqq, has p � q � 2 vertices. The proper divisors of pq are p and q and the
compressed zero divisor graph Υpq � K2, with vertices labeled as p and q. Clearly
Γ pZpqq � K2rΓpSppqq,ΓpSpqqqs, where ΓpSppqq � Kq�1 and ΓpSpqqq � Kp�1 . Using
Theorem 4.3, the distance matrix of Γ pZpqq is given by

DpΓ pZpqqq �
�

2pJ � Iqpq�1q�pq�1q Jpq�1q�pp�1q

Jpp�1q�pq�1q 2pJ � Iqpp�1q�pp�1q

�
.

Note that n � pq has no proper divisor d such that n{d2. Also it is obvious that a
square matrix M has eigenvalue �1 if and only if the matrix M � I has nullity at
least one. Thus �1 is not an eigenvalue of Γ pZpqq for any primes p   q. Thus using
Theorem 4.4, we see that �2 is an eigenvalue of Γ pZpqq with multiplicity p� q� 4.
And by Theorem 4.4, the other distance eigenvalues of Γ pZpqq is determined by its
vertex weighted distance matrix,

TDpΥpqq �
�

2pq � 2q p� 1

q � 1 2pp� 2q

�
.

Thus the remaining two distance eigenvalues of this graph are determined by the
polynomial, Qpxq � x2 � 2xpp� q � 4q � 3pq � 7pp� qq � 15.

Remark 4.3. We note that for n � pq, where p   q are distinct primes, �1 is not a
distance-eigenvalue of Γ pZnq. Also, since Γ pZnq for n � p2, 23; is a complete graph
(hence adjacency matrix and distance matrix are equal), �2 is not a distance eigen-
value of Γ pZnq. For all other values of n, both �1 and �2 are distance eigenvalues of
Γ pZnq.
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4.4. Distance spectrum of Γ pZpkq, k ¥ 3. The proper divisors of pk are p, p2, . . . ,

pk�1 and tSppq, Spp2q, . . . , Sppk�1qu forms an equitable partition for V pΓ pZpkqq. The
order of the graph Γ pZpkq is pk�1 � 1. The analysis of the adjacency matrix and
some graph parameters of Γ pZpkq can be seen in [22],

ΓpSppjqq �
$&%Kφppk�jq if j   rk

2
s

Kφppk�jq if j ¥ rk
2
s,

where Kφppk�jq is a null graph which is 0- regular and Kφppk�jq is a complete graph
which is φppk�jq�1- regular. In the compressed zero-divisor graph Υpk , pi � pj for
distinct i and j, if and only if i � j ¥ k. Also the vertex pk�1 is adjacent to every
other vertices of Υpk .Thus Υpk is a connected graph with diameter 2. [11]. Also,
for i P t1, 2, . . . , k � 2u, j P ti� 1, . . . , k � 1u, i � j,

di,j �
$&%1 if i� j ¥ k

2 otherwise
.

The zero-divisor graph,

(4.7) Γ pZpkq � ΥpkrΓpSppqq,ΓpSpp2qq, . . . ,ΓpSppk�1qqs
For j � 1, 2, . . . , k � 1, we take, as in Theorem 4.1,

Mj �
$&%2pJ � Iqφppk�jq if j   rk

2
s

pJ � Iqφppk�jq if j ¥ rk
2
s
.

Then, it is obvious that, if j   rk
2
s,

(4.8) σpMjq �
�

�2 2
�pφppk�jq � 1

�
φppk�jq � 1 1

�
and if j ¥ rk

2
s,

(4.9) σpMjq �
�

�1 φppk�jq � 1

φppk�jq � 1 1

�
.

Taking the union of the eigenvalues of Mj, for j � 1, 2, . . . , k � 1, the number of
times �2 is counted as an eigenvalue is, from (4.8) and (4.9),

Σj r k
2
s

�
φppk�jq � 1

� � Σ
r k
2
s�1

j�1

�
φppk�jq � 1

� � pk�1 � pt k
2
u � r

k

2
s� 1.
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similarly the eigenvalue �1 is counted pt k
2
u�tk

2
u�1 times while taking the union of

Mj, for j � 1, 2, . . . , k�1. Thus considering (4.8) and (4.9) and applying Theorem
4.1 and Theorem 4.2, we have the following theorem.

Theorem 4.5. For k ¥ 3, the zero-divisor graph Γ pZpkq has distance eigenvalue �2

and �1 with multiplicities pk�1� pt k
2
u� rk

2
s� 1 and pt k

2
u� tk

2
u� 1 respectively and the

remaining distance eigenvalues are the eigenvalues of the vertex weighted distance
matrix of order k � 1,

TDpΥpkq �

������
t1 d1,2φppk�2q . . . d1,k�1φppq

d1,2φppk�1q t2 . . . d2,k�1φppq
...

... . . . ...
d1,k�1φppk�1q d2,k�1φppk�2q . . . tk�1

������ ,

where, di,j �
$&%1 if i� j ¥ k

2 otherwise
and tj �

$&%2
�pφppk�jq � 1

�
if j   rk

2
s

φppk�jq � 1 j ¥ rk
2
s

.

Example 2. The distance spectrum of Γ pZp3q is given by,

SpecDpΓ pZp3qq

�
�

�2 �1
2p2�p�4�

?
4p4�8p3�p2�4p

2

2p2�p�4�
?

4p4�8p3�p2�4p

2

p2 � p� 1 p� 2 1 1

�
.

The number of non-zero zero-divisors of Zp3 is p2 � 1. The proper divisors of p3 are p
and p2 and the compressed zero-divisor graph Υp3 is isomorphic to K2. The distance
matrix of Γ pZp3q, for p � 2 is given by,

DpΓ pZp3qq �
�

2pJ � Iqppp�1q�ppp�1q Jppp�1q�pp�1q

Jpp�1q�ppp�1q pJ � Iqpp�1q�pp�1q

�
.

The distance eigenvalues of DpΓ pZp3qq are �2 and �1 with multiplicities p2 � p � 1

and p�2 respectively and the remaining two distance eigenvalues are the eigenvalues
of the vertex weighted distance matrix TDpΥp3q given by,

TDpΥp3q �
�

2 pp2 � p� 1q p� 1

p2 � p p� 2

�
.
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5. DISTANCE LAPLACIAN SPECTRUM OF Γ pZnq
Let G � Γ pZnq, n � p2, 23. In this section we investigate the distance Laplacian

matrix of Γ pZnq and describe the explicit way of computing its distance Laplacian
eigenvalues. Also the spectrum of the distance Laplacian matrix of Γ pZpkq, k ¥ 3

is explored. It can be noted that the distance Laplacain matrix of any connected
graph is positive semi-definite and the least distance Laplacian eigenvalue, 0, is of
multiplicity 1. [18]

Let d1, d2, . . . , dk be the proper divisors of n such that ΓpSpd1qq,ΓpSpd2qq, . . . ,
ΓpSpdkqq are null graphs and let ΓpSpdk�1qq, . . . ,ΓpSpdspnqqq be complete subgraphs
of Γ pZnq. Then, since Γ pZnq is a generalised join of its induced subgraphs which
are either null (corresponding to the divisors d1, d2, . . . , dk) or complete (cor-
responding to the divisors dk�1, . . . , dspnq); the distance between any two distinct
vertices of Spdjq for fixed j P t1, 2, . . . , ku is 2 and the distance between any two
distinct vertices of SpdJq, for fixed j P tk � 1, . . . , spnqu is 1. Let Mj be the ma-
trix as described in section:4, and let λ1pMjq be the Perron eigenvalue of Mj for
j � 1, 2, . . . , spnq. It is easy to see that,

λ1pMjq �
$&%2pφp n

dj
q � 1q if j ¤ k

φp n
dj
q � 1 if j ¥ k � 1

.

Then for any vertex vd1 P Spd1q, the transmission degree of vd1 is given by

Trpvd1q � ΣuPV pGqdGpu, vd1q � 2pφp n
d1

q � 1q � d1,2φp n
d2

q � d1,3φp n
d3

q

� . . .� d1,spnqφp n

dspnq
q

� λ1pM1q � Σj�1d1,jφp n
dj
q.

Similar results hold for Trpvd2q, . . . , T rpvdkq and we have for any vertex vi P Spdiq,

Trpvdiq � λ1pMiq � Σj�idi,jφp n
dj
q, i � 1, 2, . . . , k.

Since, Spdk�1q, . . . , Spdspnqq induce complete subgraphs, we see that the trans-
mission degree of any vertex vdi P Spdiq, i � k � 1, . . . , spnq is given by

Trpvdiq � φp n
di
q � 1 � Σj�idi,jφp n

dj
q � λ1pMiq � Σj�idi,jφp n

dj
q, i � k � 1, . . . , spnq.
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Thus the diagonal matrix of vertex transmission of G is given by,

TrpΓ pZnqq �

������
T1 O . . . O

O T2 . . . O
...

... . . . ...
O O . . . Tspnq

������ ,
where the diagonal blocks Ti is given by

(5.1) Ti � pλ1pMiq � τiq Iφp n
di
q,

where τi � Σj�idi,jφp ndj q, i � 1, 2, . . . , spnq.
Since the distance laplacian matrix of any connected graph G is TrpGq �DpGq,

it follows that,

DLpΓ pZnqq ��
�������

L1 �d1,2Jφp n
d1
q�φp n

d2
q . . . �d1,spnqJφp n

d1
q�φp n

dspnq
q

�d1,2J
T
φp n

d1
q�φp n

d2
q L2 . . . �d2,spnqJφp n

d2
q�φp n

dspnq
q

...
...

. . .
...

�d1,spnqJ
T
φp n

d1
q�φp n

dspnq
q �d2,spnqJ

T
φp n

d2
q�φp n

dspnq
q . . . Lk

�
�������
,

where the diagonal blocks Li is given by, using (5.1),

Li � Ti �Mi � pλ1pMiq � τiq Iφp n
di
q �Mi, i � 1, 2, . . . , spnq.

Since Ti and Mi commute each other, for i � 1, 2, . . . , spnq, it can be easily seen
that, each eigenvalue λpLiq is given by

λpLiq � λpTiq � λpMiq, i � 1, 2, . . . , spnq.
Also, λ1pMiq � τi is the Perron eigenvalue of Ti such that

Ti1φp n
di
q � pλ1pMiq � τiq1φp n

di
q.

Thus, τi is the Perron eigenvalue of Li for i � 1, 2, . . . , spnq. Thus applying Theo-
rem 4.2, we arrive at the following theorem.

Theorem 5.1. For n � p2, 23, the distance Laplacain spectrum of G � Γ pZnq is given
by

σDLpGq �
spnq¤
i�1

tσpLiqzτiu Y σp rCq,
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where rC is the vertex weighted distance Laplacian matrix of the compressed zero-
divisor graph Υn, given by

rC �

������
τ1 �d1,2φp nd2 q . . . �d1,spnqφp n

dspnq
q

�d1,2φp nd1 q τ2 . . . �d2,spnqφp n
dspnq

q
...

... . . . ...
�d1,spnqφp nd1 q �d2,spnqφp nd2 q . . . τk

������ .

For example, Γ pZpqq � ΥpqrΓpSppqq,ΓpSpqqqs, where Υpq � K2. In this case,
T1 � pp � 2q � 5qIq�1,M1 � 2pJ � Iqq�1, T2 � p2p � q � 5qIp�1,M2 � 2pJ � Iqp�1

and thus the distance Laplacian matrix of Γ pZpqq is given by

DLpΓ pZpqqq ��
pp� 2q � 5qI � 2pJ � Iqpq�1q�pq�1q �Jpq�1q�pp�1q

�Jpp�1q�pq�1q p2p� q � 5qI � 2pJ � Iqpp�1q�pp�1q

�
.

Here

L1 � pp� 2q � 3qIq�1 � 2Jq�1

L2 � p2p� q � 3qIp�1 � 2Jp�1.

Clearly, τ1 � λ1pL1q � p� 1 and τ2 � λ1pL2q � q � 1;

σpL1q �
�
p� 1 p� 2q � 3

1 q � 2

�
and σpL2q �

�
q � 1 2p� q � 3

1 p� 2

�
.

Thus we see that p � 2q � 3 and 2p � q � 3 are distance Laplacian eigenvalues
of Γ pZpqq with multiplicities q � 2 and p � 2 respectively and the remaining dis-
tance Laplacian eigenvalues are the eigenvalues of the vertex weighted distance
Laplacian matrix of Υpq given by

TLDpΥpqq �
�

p� 1 �pp� 1q
�pq � 1q q � 1

�
.

The characteristic of the above matrix is x2 � pp � q � 2qx and has eigenvalues 0

and p� q � 2. Thus the distance Laplacian spectrum of this graph is obtained as

SpecDLpΓ pZpqqq �
�

0 p� q � 2 p� 2q � 3 2p� q � 3

1 1 q � 2 p� 2

�
.
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5.1. Distance Laplacian spectrum of Γ pZpkq, k ¥ 3. For any connected graph
G with n vertices, the distance Laplacian matrix DLpGq is positive semi definite
and the least distance Laplacain eigenvalue is 0 with multiplicity 1. ie BL1 ¥ BL2 ¥
� � � ¡ BLn � 0. refer[18]. The the distance Laplacian eigenvalues of a graph of
diameter at most 2, can be expressed in terms of its Laplacian eigenvalues as in
the following theorem.

Theorem 5.2. [15] Let G be a connected graph on n vertices with diameter d ¤ 2.
Let µ1pGq ¥ µ2pGq ¥ � � � ¥ µnpGq � 0, be the Laplacian eigenvalues of G. Then the
distance Laplacian eigenvalues of G are

2n� µn�1pGq ¥ 2n� µn�2pGq ¥ � � � ¥ 2n� µ1pGq ¡ BLn � 0.

The next theorem explores the Laplacian spectrum of Γ pZpkq, k ¥ 3.

Theorem 5.3. [26] Consider Γ pZpkq, k ¥ 3. Then the following hold
(i) If k � 2m for some m ¥ 2, then the Laplacian spectrum of Γ pZpkq is given by�
p2m�1 � 1 p2m�2 � 1 � � � pm�1 � 1 pm � 1 pm�1 � 1 � � � p� 1 0

φppq φpp2q � � � φppm�1q φppmq � 1 φppm�1q � � � φpp2m�1q 1

�
(ii) If k � 2m� 1 for some m ¥ 1, then the Laplacian spectrum of Γ pZpkq is given

by�
p2m � 1 p2m�1 � 1 � � � pm�1 � 1 pm � 1 pm�1 � 1 � � � p� 1 0

φppq φpp2q � � � φppmq φppm�1q � 1 φppm�2q � � � φpp2mq 1

�
.

Thus we have the following theorem.

Theorem 5.4. Let k ¥ 3.
(i) If k � 2m for some m ¥ 2, then the distance Laplacian spectrum of Γ pZpkq is

given by�
���

2p2m�1 2p2m�1 � � � 2p2m�1 2p2m�1 2p2m�1 � � � p2m�1 � 1 0

�p� 1 �p2 � 1 �pm�1 � 1 �pm � 1 �pm�1 � 1

φpp2m�1q φpp2m�2q � � � φppm�1q φppmq � 1 φppm�1q � � � φppq 1

�
��.

(ii) If k � 2m� 1 for some m ¥ 1, then the distance Laplacian spectrum of Γ pZpkq is
given by�
���

2p2m 2p2m � � � 2p2m 2p2m 2p2m � � � p2m � 1 0

�p� 1 �p2 � 1 �pm�1 � 1 �pm � 1 �pm�1 � 1

φpp2mq φpp2m�1q � � � φppm�2q φppm�1q � 1 φppmq � � � φppq 1

�
��.
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Proof. The compressed zero-divisor graph Υpk is a connected graph of diameter 2

for k ¥ 4, since pk�1 � pj, @j � 1, 2, . . . , k�2. And for k � 3, Υpk � K2 and hence it
is of diameter 1. Thus from equation (4.7), it follows that Γ pZpkq is of diameter at
most 2 for k ¥ 3. The number of vertices in Γ pZpkq is pk�1�1. Thus the conclusion
follows from Theorem 5.2 and Theorem 5.3. [Kindly note that, for convenience,
each eigenvalue is spread into first two rows where as the multiplicity is given
against each eigenvalue, in the third row.] �

6. CONCLUSION

The special combinatorial structure as well as the typical block structure of the
distance related matrices of the zero-divisor graph on the ring of integers modulo
n plays a major role to motivate us to inculcate the tools of matrices in the compu-
tation of the spectrum. We conclude that the distance related spectrum of Γ pZnq
is completely determined by its compressed zero-divisor graph.
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