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ON A COMPREHENSIVE CLASS OF P-VALENT FUNCTIONS DEFINED BY
GENERALIZED AL-OBOUDI DIFFERENTIAL OPERATOR

TIMILEHIN G. SHABA!, ABDULLAHI A. IBRAHIM, AND LUKMAN O. AHMED

ABSTRACT. The main purpose of this research is to introduce a new class
Hi" (o, i, B, \) define by Opoola differential operator involving functions f(z) €
2,. Parallel results, for some related classes including the class of starlike and
convex functions respectively, are also determined.

1. INTRODUCTION AND DEFINITION

Let 2, denote the class of functions of the form

(1.1) f(z)=2"+ Zap%zp*“, (peNn={1,2,3,---}, zeil),
k=1
which are holomorphic in the open unit disc { = {z € C : |z| < 1}.
Let S, C 2, denote the class of functions p-valent in il and by S} (o) C S, denote
the class of p-valently starlike functions of order o, 0 < o < p which satisfy the

condition
zf'(2)
%(f(z)>>a (z e ).
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Also, a function f(z) belonging to K,(c) C S(p) is said to be p-valently convex
functions of order o, 0 < o < p in 4, if and only if
2f"(2) )
R +1) >0 zeu
(76 et
and by R,(c) C S, denote the class of p-valently bounded turning functions which
satisfy the condition

R{f'(2)} >0 (z€WU).
It is well known that IC,(0) C S;(0) C S,.
Motivated by the work of Shaba et al [9], we introduce new subclass of the
p-valent function class 2, associated with the Opoola differential operator and to
obtain some of its properties.

Definition 1.1. [6] The Opoola differential operator Dgf’;fp for p-valently functions
is define as follows:

D% f(2) = f(2),
Dgh f(z) =1+ (B—p—DNf(2) + 2 (1 — BN+ 2Af(2)

(1.2) ) §
+2P(p—1)(1 =)= Dj, . f(2),
D2 f(z2) = Db, (D5 F(2)),
(1.3) Dyt f(z) = D\ (DESb!f(2)) me,

if f(z) is given by (1.1), then by (1.2) and (1.3), we see that
(1.4) DR f(2)=p"+ > (L+(p+r+8—p— 1N ap,.2""",
k=1

where 0<u<p,A>0andmeNy={0,1,2,3...}.

Remark 1.1. We have the following remarks:
(1) When o = = 1land A\ = p = 1, D™f(z) is the Salegean differential
operator [8].
(2) When p= g =p =1, DY f(z) is the Al-Oboudi differential operator [1].
(3) When p =1, DY f(2) is the Opoola differential operator [7].

Remark 1.2. It follows from the (1.4) that

D" f(2) = (L4 (B — = DN DR f(2) + 27 (1 — B)A

(1.5)
+ 2P (p = 1)(1 = ) + 2A(D5,£(2)),
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form e MNyand z € U.

Lemma 1.1. [5] Let q(z) be holomorphic in 4 with q(0) = 1 and suppose that
2q'(2) 3o —1
1 .
%(+q(z))> 5 (z e Y
Then R(q(z)) > ointhand 3 <o < 1.

2. MAIN RESULT
Definition 2.1. We say that a function f(z) € 2, is in the class H{, (o, 1, 3, \) if

" ¢
Dy f(z) 2 _
2P DY f(z2) p

B:Ap
where 0<u<p,t>0A>0meMN={0,1,2,3---}and 0 <o < 1.

<p—o (zel),

Remark 2.1. The family H (o, i, 3,\) is a new comprehensive class of analytic
functions which includes various new classes of analytic univalent functions as well as
some very well-known ones. In place of "equivalence" we are going to take "contained
in" as it was discussed in [2]. For example,

(1) For m = 0 and ¢ = 1, we have the class HY (o, 1, 5, A) contained in S%(0).
(2) Form =1, = =1andt = 1, we have the class #; ,(c,1,1,1) contained
in C,(0).
(3) For m = 0 and t = 0, we have the class g (o, 1, 5, ) contained in R, (o).
(4) For = g =1 and p = 1, we have the class
10,1, 1,0) = Hi' (o, A).

introduced by Catas and Lupas [3].
(5) For m = 0 and p = 1, the class

intoduced by Frasin and Jahangiri [5].
(6) Form =0, p=1and t = 2, the class

B(o) = {f(z) ca. |2l

REARSZAN |
intoduced by Frasin and Darus [4].

B(t,a):{f(z)ei)l: <1—a;t20,0§0<1,z€ﬂ}

<l—0;0<0<1, zeil}
f2(2)
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Theorem 2.1. If for the function f(z) € A, 0 < pu < B,t > 0,A >0, m € Ny =
{0,1,2,3...} and ; < o < 1, we have

105, f(2) e DR f(2) (u=B) | teP(u— )
ADG R f(z) A DXL f(2)  DETMF(z) 0 DX, f(2)

B,A.p
A -1DA-N Pp-1)A =N (A= +A5— )
ADG " f(2) AD 31 (2) A
(A= At)(1 —p) 30 —1
1
+ \ + > 5

then f(z) € H' (0,1, B, N,

m+1, t
(2) = Dy, f(2) 2
g 2P DF¥ f(z) )’

A
then ¢(z) is analytic in U with ¢(0) = 1, by simgliécation we have
In(g(2)) = (D5 £(2)) ~ pIn(z) + tpIn(z) — 1 (D}, £(2))
A simple differentiation yields
w(x) _ 1053, f(2) 1 D5"IGE) (= p) | 2 (u—p)

a(z) ~ ADPTFG) N DRI Dyt DL i)

Proof. Consider

BAp
-1 =N) -1 =X L=+ — )
A" f(2) DG, (2) X
+&A—A20—p)

By the hypothesis of the Theorem 2.1, we have

R(14 28 - 220 e

Hence, by Lemma 1.1, we have

Dm+1,,u P t
g [ Do JC) - > o, (zedl),
2P D@MD (2)

and therefore, f(z) € H (0, i1, 3, A) by Definition 2.1. O

As consequences of the above theorem we have the following corollaries.

Choosingm =1,t=1,0=3and # = A= p=p=1, we have
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Corollary 2.1. If (z) € 2 and

22f"(2) + 22f"(2) _ 2f"(2)
*( )

1
O IE )T B

2

Then

R (1 + Zf(iz))) > % (z € 41).

That is f(z) is convex of order 3.
Choosing m =0,t=0,0 =3 and # = A= p=p=1, we have
Corollary 2.2. If f(z) € 2 and

R (1 + Zf(iz))) > % (z € 41).

Then .
R[f(2)] > 3 (z € 4.
In another words, if the function f(z) is convex of order 5 then f(z) € HJ,(0,1,1,1)

which is contained in R(3).
Choosingm =0,t=1,0=3and # = A= p=p=1, we have

Corollary 2.3. If f(z) € ™ and
JECEELCIN

) G - (zedh.

Then

R [Z]{((ZZ))] > 2 ey

That is f(z) is starlike of order i.

Choosingm =1,t=0,0 =3 and # = A= p=p=1, we have

Corollary 2.4. If f(z) € ™ and

2:1(2) + 217 (2)
%<ZW%@+Zﬁ@)

) > —%, (z € 4.
Then

R+ ()] >3, (el

N | —
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3. CONCLUSIONS

In this research, by applying Opoola differential operator, we define a com-
prehensive subclass of p-valent functions and established some of its properties.
Results obtained provide properties of certain well-known subclasses of p-valent
functions.
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