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MINIMUM HUB HARARY ENERGY OF A GRAPH
S. SREEJA! AND U. MARY

ABSTRACT. In this paper, we introduce the concept of minimum hub harary energy
Egy (G) of a connected graph G and compute minimum hub harary energies of
some standard graphs and discuss few basic properties of minimum hub harary
energy.

1. INTRODUCTION

Let us consider a Graph G with n vertices and m edges consisting of no loops,
no multiple and directed edges.

M. Walsh introduced the concept of hub numbers in the year 2006 [5]. Suppose
a set H C G can be called as Hub set if for any x,y ¢ V(G)-H, there is a H-path
(intermediate vertices should be one of the elements from H) in G between x and
y (excluding the obvious trivial paths). The smallest cardinality of a hub set H in
G is called the hub number of G and it is denoted by h(G).

The concept of energy of a graph was introduced in the year 1978 [1] by L.
Gutman. Let G be a graph with n vertices and m edges and let A= (a;;) be the
adjacency matrix of the graph G. The eigenvalues p1, p2, p3, . .., p, of A, assumed
in non increasing order, are the eigenvalues of the graph G. As matrix A is real
symmetric, the eigenvalues of G are real with their sum being equal to zero. The
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energy E(G) of G is defined to be the sum of the absolute values of the eigenvalues
of G, i.e, E(G) =>_1" |pi|-

The harary matrix of G is the square matrix A, (G) of order n whose each
entry is the reciprocal of the distance between the vertices v; and v; [2]. Let
wy,we,ws, . . . ,w, be the eigenvalues of the harary matrix A, (G) of G. The harary
energy HE(G) of a graph G is defined by HE(G) = >, |wi|.

Motivated by the above concepts, we introduce the concept of minimum hub
harary energy Fy, (G) of a graph G and compute minimum hub harary energies
of some standard graphs. It is possible that the minimum hub harary energy intro-
duced in this paper may have some applications in Chemistry as well as in other
areas.

Other related references are [3] and [4].

2. THE MINIMUM HUB HARARY ENERGY OF A GRAPH

Let G be a graph with n vertices and V = {vy, vy, v3, ..., v,} be the vertex set and
edge set be denoted by E. Any hub set H of a graph G with minimum members
containing in it is called a minimum hub set. Let H be such a minimum hub set of
graph G. The minimum hub harary matrix of G is the n x n matrix Ay, (G) = (a;;)
where

1 : :
T otherwise

1, i=jand v;eH
(aij) = {
The characteristic polynomial of Ay, (G) denoted by f,(G, A) is defined as f,(G, \) =
det(/\] - AHh<G))
The minimum hub harary eigenvalues of the graph G are the eigenvalues of
Apn(G). Since Apy(G) contains real and symmetric entries, its eigenvalues are
real and we represent them in non-increasing order A, A2, A3, ..., A,. The mini-

mum hub harary energy of G is defined as: Ey,(G) = >, |\l

3. ILLUSTRATION

Let us consider a Graph G with the vertices V = {vy, vo, v3, v4, v5} and Hub set H
= {vq,v3} as in Figurel. Then its adjacency matrix is found to be
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[0 1 1 1/2 1/2]
11 1 1/2 1
Am@ =11 1 1 1 1/2/.
12 1/2 1 0 1
12 1 1/2 1 0|

The characteristic polynomial of A,(G) is f,(G, A) = X> =2\ —6A3—2X*+ £\ and
34+2v5) (—1+£v2
2 0 2

). Thus the minimum

the minimum hub harary eigen values are 0, (
hub harary energy of G is Ey,(G) = 5.8864.

V2
Us

U1
U3

V4

FIGURE 1

4. SOME BASIC THEOREMS OF MINIMUM HUB HARARY ENERGY

Theorem 4.1. Let G be a Graph with n vertices and m edges along with hub number
h(G). Let the required characteristic polynomial be f, (G, \) = coA\"+c1 A" 14+ - +¢,
obtained from the minimum hub harary matrix of graph G. Then

(D Co=1;

(2) C; = —h(G);

(3) Cy = (h(zc)) - Zl§i<j§n m

Proof.

(1) Obvious from the definition of f, (G, \).

(2) As the sum of diagonal elements of adjacency matrix Ag,(G) is equal to
hub number h(G) and H being the minimum hub set of a graph G, the sum of
determinants of all principal 1 x 1 submatrices of Ay, (G) is the trace of matrix
Apn(G), which is evidently equal to h(G). Thus —C; = h(G).

(3) The sum of determinants of all principal 2 x 2 submatrices of Ay, (G) is equal
to (—1)2Cy, which leads to
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CQ = Z © ZJ = Z (au‘a]] CLUCL]Z)
1<icj<n |Yi Qi 1<i<j<n
h(G) 1
— ) — )2 = _ Z -
> - ¥ @ = (") ¥ mas
1<i<j<n 1<i<j<n 1<i<j<n

Theorem 4.2. Let G be a graph containing a minimum hub set H. If the numer-
ical value of minimum hub Harary energy Eun) of G is a rational number, then
Euny = |H| (mod2) where |H| represents cardinality of minimum hub set H of G.

Proof. Let us consider A\, Ay, A3, ..., A\, as the minimum hub harary eigenvalues of
a graph G. Among these n-values, for < n are positive values and the remaining
are negative values, then

Dol =n A Ao+ A4+ A) = At + A2+ A - + An)

i=1
=2AN + X+ A3+ A = (A F X A3+ )
Eune) =2m — H where m = (M + X2+ A3+ -+ ;)

Since the eigenvalues are algebraic integers, their sum will also be an algebraic
integer. Thus, the value of m will be an integer if Fy(¢) is rational. Hence the
proof of the theorem. O

Theorem 4.3. Let G be a graph with n vertices. Let A1, A\a, A3, ..., A, be the eigenval-
ues of minimum hub harary adjacency matrix Agp(c). Then

(1). 2201 A = h(G)

(2. XL N = H +2 0

Proof.

(1) As the sum of the eigenvalues of Apyc) is the trace of the Apy ), then
Yoy N = a; = |H| = h(G) where | H| represents the cardinality of minimum
hub set H of G.
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(2) Similarly the sum of squares of eigenvalues of Ay () is equal to the trace of
(AH;L(G))Q. Then

Z )\12 = Z Zaijaji = Z(CLZ‘Z‘)2 + Zaijaﬁ
=1

i=1 j=1 =1 i#£j
n n

= (a@)* + > (ai)*.
i=1 1<j

Therefore, S0 | A, = |H| +2 > i T -

d(Ui’Uj)z .

5. MINIMUM HUB HARARY ENERGY OF SOME STANDARD GRAPHS

Theorem 5.1. For n > 2, the minimum hub harary energy of the Star graph of order

. _ V)
nis (n 2)—1—2 n +8n.

Proof. Let K ,_; be the Star graph with n vertices V' = {vy, v, vs, ..., v,} contain-
ing minimum hub set H = {v,}. Since hub number h (K ,_1) = 1, we get

T | 11
0 -0 e 1/2 1/2
AHh (Kl,n—l) =
1 1/2 «+ oo 0 1/2
112 o 12 0

Then the Characteristic polynomial is (—1)" 5+ (2A +1)"7 (2A2 — n\ — n). Spec-

nEvn2+8n
—1/2 TJF

trum, Specyp(Ki1n-1) = < > Therefore, minimum hub harary

n—2 1
energy is
. 1 n++vn?+8n
i) = YW = | 5| -2 |
(n—2+)vn?+8n
— 5 .

The minimum hub harary of the Star graph is % Vn?tn, O
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Theorem 5.2. For n > 2, the minimum hub harary energy of the Complete Bipartite

graph of order 2nisn — 2 + VOn?— 12”+28 + \/n2454n 1

Proof. Let K, ,, be the Complete Bipartite graph with vertex set V' = {uy, ua, . .., Uy,
U1, Vg, ...,v,} containing the minimum hub set # = {u;,v;}. Since hub number
h(Knn) =2, we get

[ 1 1/2 o o1 1
1/2 0 11
AHh<Kn7n):
1 1 o e 101/2
11 e 2 0,

Then the Characteristic polynomial is

22n 2\ + 1) (AN* —6nA 4+ (3n — 7)) (4N* + 2nA + (n — 1)) .

-~ \2n—4 1 1
The minimum hub harary energy is,

_1/2 3ntVvIn2—12n+28 —ntvn2+4n—4
Spectrum, Specy(K,n) = 4 4

Epn(Ky 1) Z|A|

3n + OnZ — 12 1 28 ntViZidn—4
12 (an— 4y 4+ |PREVIE D204 28] | mn VR 4 dn = 4]
1 4
Z 120 1 2 2 dn — 4
:(n_2)+\/9n 2n+ 8+\/n +2n |

The minimum hub harary energy of the Complete Bipartite graph is (n — 2) +

2_ 2 _
\Von 212n+28 + Vn +24n 4. ]

Theorem 5.3. For n > 2, the minimum hub harary energy of the Friendship graph

of order 2n+1is n+ v/n? + 6n + 1.
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Proof. Let F,, be the Friendship graph with Vertex set V=V = {wg, v, v9, v3, ..., V2, }
containing the minimum hub set 4 = {v,}. Since hub number i F,) = 1, we get

1 1 1 | 1]

1/2 1/2

1 1 0 - - 1/2 1/2

A (F) = |1 . ) . .
112 12 - - 0 1

112 12 - -1 0

d @n41)x(2n+1)

The Characteristic polynomial is —A"~* (A +1)" (A2 — (n + 1)\ — n).
0 1 (n+1)£vn?46n+1
2

Spectrum, Specy,(F,) =
n—1 n 1

The minimum hub harary energy is,

- n+1) £ vnZ+6n+ 1
Ean(F) = 30 I =10 (n— 1) + |1 | HDEY 1
=1
=n-+vVn?+6n+1.
The minimum hub harary energy of the Friendship graph is = n++v/n? 4+ 6n + 1.

O

Theorem 5.4. For n > 2, the minimum hub harary energy of the complete graph of
order n is 2n-2.

Proof. Let K,, be a complete graph with Vertex set V' = {v;,vs,v3,...,v,}. Since
hub number h(K,,) = 0, we get

11 11
1
1 10 11
AHh(Kn):
0 1
111 -+ -~ 10

- = nXxn

Then the Characteristic polynomial is —(A — (n — 1))(A + 1)1
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—1 —1
Spectrum, Specyp(K,) = ) " ) )
n —_—

Therefore minimum hub harary energy is,

En(Ka) = >Nl = =1 (0= 1)+ [n = 1]1

i=1

:(n—1)+(n—1):2n—2

Therefore the minimum hub harary energy of the complete graph is =2n-2. [

6. CONCLUSION

The Minimum Hub Harary energy of Complete, Complete Bipartite, Star and
Friendship Graphs are obtained in this paper. From the results, it is evident that
the minimum hub harary energy of a graph depends on the choice of its minimum
hub set.
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