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ON SEMI WEAKLY (I, m)-HYPONORMAL WEIGHTED SHIFTS
BIMALENDU KALITA

ABSTRACT. In this paper, semi-weak (I, m)-hyponormality is defined and a charac-
terization for semi-weakly (I, m)-hyponormal weighted shift, is obtained. Stability
of semi-weakly (I, m)-hyponormal weighted shift under small perturbation of the
weight sequence is also discussed. In addition, we obtain the condition under
which 3-hyponormality of the weighted shift is stable under small perturbation of
second weight of the weight sequence.

1. INTRODUCTION

Let H be a separable complex Hilbert space and 7" be a bounded linear operators
on H. [A, B] := AB— BA denote the commutator of two operators A and B. An op-
erator 7" is hyponormal if [7*, 7] > 0. An operator 7' is polynomially hyponormal
if p(T') is hyponormal for all (complex) polynomials p. An operator 7 is weakly
m-hyponormal if p(T") is hyponormal for any polynomial p with degree < m. An
operator 7' is (strongly) m-hyponormal if the operator matrix ([7*/, T"])"._, is pos-
itive.

The classes of (weakly) m-hyponormal operators have been studied in an at-
tempt to bridge the gap between subnormality and hyponormality ( [2-6]). The
study of this gap has been only partially successful. For weighted shifts, pos-
itive results appear, although no concrete example of a weighted shift which
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is polynomially hyponormal and not subnormal has yet been found (the exis-
tence of such weights was established in [6]). Let o be a weight sequence,
a : g, aq, s, ... Where it is without loss of generality to assume these are all
positive. The weighted shift W, acting on ¢*(N,), with standard basis ¢, e1, ... is
defined by W, (e;) = aje;j4 for all j € Ny := NU {0}.

In [2] finite rank perturbations of unilateral weighted shifts were established
and in [4] a characterization for weakly m-hyponormal weighted shift 1, with
weight sequence o was obtained, mainly to study such gaps. In [3] Semi-weak m-
hyponormality was defined and studied using the notion of positive determinant
partition to illustrates the gaps between various weak subnormalities. However, it
is still unknown that whether the polynomial hyponormality of the weighted shift
is stable under small perturbations of the weight sequence?

As a continuation of this study, in this present work, semi-weak (I, m)- hy-
ponormality is defined and a characterization for semi-weakly (/, m)-hyponormal
weighted shift 1V, with weight sequence «, is obtained. Also it is shown that semi-
weakly (I, m)-hyponormal weighted shift for (! > 2 and m > [) is stable under
the perturbation of first and second weight of the weight sequence. In addition,
we obtain the condition under which 3-hyponormality of the weighted shift is also
stable under small perturbation of second weight of the weight sequence.

2. SEMI WEAKLY (I, m)-HYPONORMAL

Definition 2.1. [3] A weighted shift W, is semi weakly m—hyponormal if W, +sW2"
is hyponormal for any s € C.

Definition 2.2. A weighted shift W, is semi weakly (I, m)-hyponormal if W! +
sW™ (1 <1< m)and m > 2 is hyponormal for any s € C.

Clearly, a weakly m-hyponormal weighted shift is semi weakly (/, m)-hyponormal.
Semi weakly m-hyponomal weighted shifts and semi weakly (1, m)-hyponormal
weighted shifts are equivalent.

Let P[z] be the set of polynomials with one variable x.

Theorem 2.1. [4] Let W, be a contractive weighted shift with weight sequence o :=
{a;}22,. Then W, is semi weakly (I, m)-hyponormal if and only if there exists a linear
functional A : P[x] — C such that
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(1) for all i € Ny, A(z?) = v;, where o := 1 and v; == o ...a? (i > 1),
(2) for all finite sets {p;}i>o in C,

A (Z pil*e =) |pil2$”1> > 0,

i>0 i>0

(3) for all finite sets {p; }i>0, {¢i }i>0 and {¢; }i—im in C,

2 2
—|—Zxk >0

k>0

Z ¢k+ipixi

>0
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k>0

qr + Z Piskdix’

i=l,m

?

where ¢; is set to 0 (i # I, m).

Theorem 2.2. Let W, be a contractive weighted shift with weight sequence o :=
{a;}22,. Then W, is semi weakly (I, m)-hyponormal if and only if

AC = Z | GraPrni [PV + Vo1 Ymti-1 O1p1—1 | O1pi-1
i=l+1 Tm+l-1 Yom-1 ¢mpm—l ¢mpm—1
n Yoi—2  Vmtl—2 D1PI—2 , QP12 L
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Proof. Clearly, for any finite sets {p;}:>o in C,

A (Z pil*a" — Z |pi|2xi+1> = Z pil*i — Z Ipil*yit1 >0,

i>0 i>0 i>0 i>0
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For all £ > 0,
2
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Since the sets {p;} and {¢;} were arbitrary, therefore Theorem 2.1 and the above
two equalities prove this theorem. O

Lemma 2.1. Let v : ap, a1, 9, 3, ... and let «(d,€) : doy, €y, o, g, ... With 0 <
§,¢ < 1.Thenforl>2and m > I, An"9 = §22A% + (1—6%)|qo|>+ 6%(1 — €2)y1 ||,
where ~y; are the moments of the sequence c.

Proof. Here v; = 7 = 1,71 = 6’1, and v} = §*¢*y;, (j > 2), where 7} are the
moments of the sequence «(d, €). Then

A?n(&E) = Z |¢mpm—z|27ém—z

i=l+1
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+ / / Y
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where
WON Im 9 9
Qo := < N Va Ve Pipy 5 oy >
%,n V;n—i—l ’}ém (z)mpm (bmpm
and
" 71,+1 ’Yq/n+1 q qk
Q= < M1 Vot Vmeisd Gipr41 | e > :
%ln+1 V;n+z+1 ’7§+1m OmPm+1 PmPm+1

By direct computation, we have

Y0 i Tm qo qo
Qg = §%¢? < M Y2 Ym oip ) o > +(1— 52)|Q0|2
Ym  Ym+l Yom ¢mpm ¢mpm
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and
71 Yi+1 Ym+1 a1 qk
Q= %€’ < Yi+1 Y2u+1  VYm+l+1 G141 ) D111 >
Ym+1  VYmA4l+1 Y2+1m ¢mpm+1 ¢mpm+1
+62(1 — Emlal.
Thus, Ap*) = 622A%, + (1 — 8%)|qo|> + 8*(1 — )m|ai | 0
Lemma 2.2. Let o : o, a1, an, a3, ... and let a6, €) : dag, eaq, o, as, ... with 0 <

S, < 1.Then for | = 1and a fixm > I, AZ*) = §262A% + 62(1 — €2)y1(|b1po|? +
lq1]?) + (1 — 6%€?)|qo]* + 20%(1 — €*)y1 Re(d1p1qo), where ; are the moments of the
sequence .

Proof. For [ =1 and a fix m > [,

A%ée ) OmDrmi| >V s M Vom $1po 7 ®1po
Z| | 2 77,71 ﬁYémfl (ﬁmpmfl (bmpmfl

Vh 7k+1 Vk+m dk q
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k20 ’yllc-‘rm Vl/c-i-m-i-l fyllc+2m (bmkarm ¢mpk+m

By direct computations, we have
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< NV Vmar ¢1p1 <Z51]91
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= (1 —6%?)|qo|* + 20°(1 — €)1 Re(d1p1do)
Yo g Ym qo0 do
+0%¢? < M Y2 Ym+l O1p1 ) P11 > .

Ym  Ym+1 Yom ¢mpm ¢mpm
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For k =1,
M Y2 T ¢ ¢
s % = (1= ol
V2 V3 Tm+2 O1p2 ) O1D2 €7 )711491
%/n+1 %/n+2 ’V§m+1 OmDm+1 OmPm+1
a! 2 Tm+1 q1 q1
+6%€¢ < Y2 V3 Ym+2 d1D2 ) O1p2 > .

Ym+l Ym+2 Vamtl OmPm+1 OmPm+1

Thus, A = §2¢2A% + 62(1 — )y (|ipol® + | [?) + (1 — 62¢2)]qo|? + 262(1 —
) Re(p1p1Qo).- ]

Theorem 2.3. Let v : v, a1, g, g, . .. be a weight sequence and let «(9) : dav,
awo, s, ... be a weight sequence with 0 < § < 1. If W, is a semi weakly (1,m)-
hyponormal, then W) is also semi weakly (1,m)-hyponormal.

Proof. If W, is a semi weakly (1,m)-hyponormal, then by Lemma 2.2, AZO =
62A2 + (1 — 6%)|qo|* > 0, for any 0 < § < 1. Thus by Theorem 2.2, W) is semi
weakly (1,m)-hyponormal. O

Theorem 2.4. Let o : o, oy, a9, g, . . . be a weight sequence and let a(6, €) : davp, €y,
am, a3, ... be a weight sequence with 0 < §,e < 1. If W, is a semi weakly (L, m)-
hyponormal for | > 2 and m > [, then W5 is also semi weakly (I,m)-hyponormal.

Proof. Without loss of generality, we may assume that ||V, || = 1. Since by Lemma
2.1, AN = §%A8, + (1= 0%)|gof* + 82(1 — )mlaal? > 0, for any §,¢ € (0,1],
therefore by Theorem 2.2, W, ;) is semi weakly (/, m)-hyponormal. O

3. 3-HYPONORMALITY

Lemma 3.1. [1] If a and b are non-negative real numbers and c is a non-zero complex
number, then |z|?a+b+2Re(zc) > 0 for all complex number z if and only if |c|* < ab.

A weighted shift W, is m-hyponormal if and only if the Hankel matrix
Tn TYn+1 e Yn+m

A(n; m) _ ’Yn'+1 ’Yn-+2 ’Yn+-m+1

Tn+m  Yn+m+1l - .- Tn+2m
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is positive for all n > 0, where yo = 1,7, = ada?...a?_, (called moments of W,,).

Proposition 3.1. Let o : ag, a1, g, . .. be a weight sequence of the weighted shift W,
and a(e€) : ap, €aq, ag, ... be the perturbed weight sequence, where 0 < ¢ < 1. If W,

is 3-hyponormal, then W) is also 3-hyponormal if and only if 1 > € > 7;+ :
YT

Proof. Here

) ) fori < 2
! ey, fori>2

To show W, is 3-hyponormal, it is sufficient to check the positivity of the matrices
A'(0;3) and A'(1;3).
Positivity of A’(1;3): For any 2 = (2, 21, 29, 23)7,

(A'(1;3)2,2) = € (A(L:3)z,2) + (1 = €)nlzof* 2 0.

Positivity of A’(0;3):

(A'(0:3)z,2) = € (A(0;3)z, 2) + (1 — )rl20f* + (1 — )9 (21%0 + 20%1).
If z; = 0, then (A'(0;3)z, z) > 0. Consider the case z; € C\ {0}.

1
Wae is 3- hyponormal < (A'(0;3)z,2) > 0 < —— (A4(0;3)z,2) > 0

|21]?

1
& (A'(0;3)7,2") > Owhere 2 = —=z

<1
e (A0;3)2,2) + (1 — ) |2]> +2(1 — €)1 Re(2)) > 0
Sr+ (1 —)|z)* + 2Re((1 — é)y12)) > 0, where r = (A(0;3)2, 2)
& (1 —€*)*y7 < (1 — €%)r, (using Lemma 3.1)

g

Se>
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