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ON SEMI WEAKLY (l,m)-HYPONORMAL WEIGHTED SHIFTS

BIMALENDU KALITA

ABSTRACT. In this paper, semi-weak (l,m)–hyponormality is defined and a charac-
terization for semi-weakly (l,m)–hyponormal weighted shift, is obtained. Stability
of semi-weakly (l,m)–hyponormal weighted shift under small perturbation of the
weight sequence is also discussed. In addition, we obtain the condition under
which 3-hyponormality of the weighted shift is stable under small perturbation of
second weight of the weight sequence.

1. INTRODUCTION

LetH be a separable complex Hilbert space and T be a bounded linear operators
on H. [A,B] := AB−BA denote the commutator of two operators A and B. An op-
erator T is hyponormal if [T ∗, T ] ≥ 0. An operator T is polynomially hyponormal
if p(T ) is hyponormal for all (complex) polynomials p. An operator T is weakly
m-hyponormal if p(T ) is hyponormal for any polynomial p with degree ≤ m. An
operator T is (strongly) m-hyponormal if the operator matrix ([T ∗j, T i])mi,j=1 is pos-
itive.

The classes of (weakly) m-hyponormal operators have been studied in an at-
tempt to bridge the gap between subnormality and hyponormality ( [2–6]). The
study of this gap has been only partially successful. For weighted shifts, pos-
itive results appear, although no concrete example of a weighted shift which
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is polynomially hyponormal and not subnormal has yet been found (the exis-
tence of such weights was established in [6]). Let α be a weight sequence,
α : α0, α1, α2, . . . where it is without loss of generality to assume these are all
positive. The weighted shift Wα acting on `2(N0), with standard basis e0, e1, . . . is
defined by Wα(ej) = αjej+1 for all j ∈ N0 := N ∪ {0}.

In [2] finite rank perturbations of unilateral weighted shifts were established
and in [4] a characterization for weakly m-hyponormal weighted shift Wα with
weight sequence α was obtained, mainly to study such gaps. In [3] Semi-weak m-
hyponormality was defined and studied using the notion of positive determinant
partition to illustrates the gaps between various weak subnormalities. However, it
is still unknown that whether the polynomial hyponormality of the weighted shift
is stable under small perturbations of the weight sequence?

As a continuation of this study, in this present work, semi-weak (l,m)– hy-
ponormality is defined and a characterization for semi-weakly (l,m)–hyponormal
weighted shift Wα with weight sequence α, is obtained. Also it is shown that semi-
weakly (l,m)–hyponormal weighted shift for (l ≥ 2 and m > l) is stable under
the perturbation of first and second weight of the weight sequence. In addition,
we obtain the condition under which 3-hyponormality of the weighted shift is also
stable under small perturbation of second weight of the weight sequence.

2. SEMI WEAKLY (l,m)–HYPONORMAL

Definition 2.1. [3] A weighted shiftWα is semi weaklym−hyponormal ifWα+sWm
α

is hyponormal for any s ∈ C.

Definition 2.2. A weighted shift Wα is semi weakly (l,m)-hyponormal if W l
α +

sWm
α (1 ≤ l < m) and m ≥ 2 is hyponormal for any s ∈ C.

Clearly, a weaklym-hyponormal weighted shift is semi weakly (l,m)-hyponormal.
Semi weakly m-hyponomal weighted shifts and semi weakly (1,m)-hyponormal
weighted shifts are equivalent.

Let P [x] be the set of polynomials with one variable x.

Theorem 2.1. [4] Let Wα be a contractive weighted shift with weight sequence α :=

{αi}∞i=0. Then Wα is semi weakly (l,m)-hyponormal if and only if there exists a linear
functional Λ̄ : P [x]→ C such that
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(1) for all i ∈ N0, Λ̄(xi) = γi, where γ0 := 1 and γi := α2
0 . . . α

2
i−1(i ≥ 1),

(2) for all finite sets {pi}i≥0 in C,

Λ̄

(∑
i≥0

|pi|2xi −
∑
i≥0

|pi|2xi+1

)
≥ 0,

(3) for all finite sets {pi}i≥0, {qi}i≥0 and {φi}i=l,m in C,

Λ̄

∑
k≥0

xk

∣∣∣∣∣qk +
∑
i=l,m

pi+kφix
i

∣∣∣∣∣
2

+
∑
k>0

xk

∣∣∣∣∣∑
i≥0

φk+ipix
i

∣∣∣∣∣
2
 ≥ 0,

where φi is set to 0 (i 6= l,m).

Theorem 2.2. Let Wα be a contractive weighted shift with weight sequence α :=

{αi}∞i=0. Then Wα is semi weakly (l,m)-hyponormal if and only if

∆α
m :=

m∑
i=l+1

|φmpm−i|2γ2m−i +

〈(
γ2l−1 γm+l−1

γm+l−1 γ2m−1

)(
φlpl−1
φmpm−1

)
,

(
φlpl−1
φmpm−1

)〉

+

〈(
γ2l−2 γm+l−2

γm+l−2 γ2m−2

)(
φlpl−2

φmpm−2

)
,

(
φlpl−2

φmpm−2

)〉
+ . . .

+

〈(
γl γm

γm γ2m−l

)(
φlp0

φmpm−l

)
,

(
φlp0

φmpm−l

)〉

+
∑
k≥0

〈 γk γk+l γk+m

γk+l γk+2l γk+m+l

γk+m γk+m+l γk+2m


 qk

φlpk+l
φmpk+m

 ,

 qk

φlpk+l
φmpk+m

〉 ≥ 0.

Proof. Clearly, for any finite sets {pi}i≥0 in C,

Λ̄

(∑
i≥0

|pi|2xi −
∑
i≥0

|pi|2xi+1

)
=
∑
i≥0

|pi|2γi −
∑
i≥0

|pi|2γi+1 ≥ 0,
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For all k ≥ 0,

Λ̄

xk ∣∣∣∣∣qk +
∑
i=l,m

pi+kφix
i

∣∣∣∣∣
2


= Λ̄

(
xk

(
qk +

∑
i=l,m

pi+kφix
i

)(
q̄k +

∑
i=l,m

p̄i+kφ̄ix
i

))
= Λ̄(xk)|qk|2 + qk

∑
i=l,m

p̄k+iφ̄iΛ̄(xk+i) + q̄k
∑
i=l,m

pk+iφiΛ̄(xk+i)

+
∑
i,j=l,m

pk+ip̄k+jφiφ̄jΛ̄(xk+i+j)

= γk|qk|2 + qk
∑
i=l,m

p̄k+iφ̄iγk+i + q̄k
∑
i=l,m

pk+iφiγk+i +
∑
i,j=l,m

pk+ip̄k+jφiφ̄jγk+i+j

=

〈 γk γk+l γk+m
γk+l γk+2l γk+m+l

γk+m γk+m+l γk+2m


 qk

φlpk+l
φmpk+m

 ,

 qk
φlpk+l
φmpk+m

〉 .
Also,

∑
k>0

Λ̄

xk ∣∣∣∣∣∑
i≥0

φk+ipix
i

∣∣∣∣∣
2
 =

∑
k<0

∑
i=l,m

φj p̄k+jφ̄ipk+iΛ̄(xk+i+j)

=
∑
k<0

∑
i=l,m

φj p̄k+jφ̄ipk+iγk+i+j

=
∑
i=l,m

(
φj p̄j−1φ̄ipi−1γi+j−1 + φj p̄j−2φ̄ipi−2γi+j−2 + · · ·+ φj p̄j−lφ̄ipi−lγi+j−l

)
+
∑
i=l,m

(
φj p̄j−(l+1)φ̄ipi−(l+1)γi+j−(l+1) + · · ·+ φj p̄j−mφ̄ipi−mγi+j−m

)
=

〈(
γ2l−1 γm+l−1

γm+l−1 γ2m−1

)(
φlpl−1
φmpm−1

)
,

(
φlpl−1
φmpm−1

)〉

+

〈(
γ2l−2 γm+l−2

γm+l−2 γ2m−2

)(
φlpl−2

φmpm−2

)
,

(
φlpl−2

φmpm−2

)〉
+ . . .

+

〈(
γl γm

γm γ2m−l

)(
φlp0

φmpm−l

)
,

(
φlp0

φmpm−l

)〉
+ |φm|2|pm−(l+1)|2γ2m−(l+1)

+ · · ·+ |φm|2|p0|2γm
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Since the sets {pi} and {qi} were arbitrary, therefore Theorem 2.1 and the above
two equalities prove this theorem. �

Lemma 2.1. Let α : α0, α1, α2, α3, . . . and let α(δ, ε) : δα0, εα1, α2, α3, . . . with 0 <

δ, ε ≤ 1. Then for l ≥ 2 and m > l, ∆
α(δ,ε)
m = δ2ε2∆α

m+(1−δ2)|q0|2 +δ2(1− ε2)γ1|q1|2,
where γj are the moments of the sequence α.

Proof. Here γ′0 = γ0 = 1, γ′1 = δ2γ1, and γ′j = δ2ε2γj, (j ≥ 2), where γ′j are the
moments of the sequence α(δ, ε). Then

∆α(δ,ε)
m :=

m∑
i=l+1

|φmpm−i|2γ′2m−i

+

〈(
γ′2l−1 γ′m+l−1

γ′m+l−1 γ′2m−1

)(
φlpl−1
φmpm−1

)
,

(
φlpl−1
φmpm−1

)〉

+

〈(
γ′2l−2 γ′m+l−2

γ′m+l−2 γ′2m−2

)(
φlpl−2
φmpm−2

)
,

(
φlpl−2
φmpm−2

)〉
+ · · ·

+

〈(
γ′l γ′m
γ′m γ′2m−l

)(
φlp0

φmpm−l

)
,

(
φlp0

φmpm−l

)〉
+ Ω0 + Ω1

+
∑
k≥2

〈 γ′k γ′k+l γ′k+m
γ′k+l γ′k+2l γ′k+m+l

γ′k+m γ′k+m+l γ′k+2m


 qk

φlpk+l
φmpk+m

 ,

 qk
φlpk+l
φmpk+m

〉 ,
where

Ω0 :=

〈 γ′0 γ′l γ′m
γ′l γ′2l γ′m+l

γ′m γ′m+l γ′2m


 q0

φlpl

φmpm

 ,

 q0
φlpl

φmpm

〉

and

Ω1 :=

〈 γ′1 γ′l+1 γ′m+1

γ′l+1 γ′2l+1 γ′m+l+1

γ′m+1 γ′m+l+1 γ′2+1m


 q1

φlpl+1

φmpm+1

 ,

 qk
φlpl+1

φmpm+1

〉 .
By direct computation, we have

Ω0 := δ2ε2

〈 γ0 γl γm
γl γ2l γm+l

γm γm+l γ2m


 q0

φlpl
φmpm

 ,

 q0
φlpl
φmpm

〉+ (1− δ2)|q0|2
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and

Ω1 := δ2ε2

〈 γ1 γl+1 γm+1

γl+1 γ2l+1 γm+l+1

γm+1 γm+l+1 γ2+1m


 q1

φlpl+1

φmpm+1

 ,

 qk

φlpl+1

φmpm+1

〉

+ δ2(1− ε2)γ1|q1|2.

Thus, ∆
α(δ,ε)
m = δ2ε2∆α

m + (1− δ2)|q0|2 + δ2(1− ε2)γ1|q1|2. �

Lemma 2.2. Let α : α0, α1, α2, α3, . . . and let α(δ, ε) : δα0, εα1, α2, α3, . . . with 0 <

δ, ε ≤ 1. Then for l = 1 and a fix m > l, ∆
α(δ,ε)
m = δ2ε2∆α

m + δ2(1 − ε2)γ1(|φ1p0|2 +

|q1|2) + (1 − δ2ε2)|q0|2 + 2δ2(1 − ε2)γ1Re(φ1p1q̄0), where γj are the moments of the
sequence α.

Proof. For l = 1 and a fix m > l,

∆α(δ,ε)
m :=

m∑
i=2

|φmpm−i|2γ′2m−i +

〈(
γ′1 γ′m
γ′m γ′2m−1

)(
φ1p0

φmpm−1

)
,

(
φ1p0

φmpm−1

)〉

+
∑
k≥0

〈 γ′k γ′k+1 γ′k+m
γ′k+1 γ′k+2 γ′k+m+1

γ′k+m γ′k+m+1 γ′k+2m


 qk

φ1pk+1

φmpk+m

 ,

 qk
φ1pk+1

φmpk+m

〉 .
By direct computations, we have〈(

γ′1 γ′m
γ′m γ′2m−1

)(
φ1p0

φmpm−1

)
,

(
φ1p0

φmpm−1

)〉

=δ2(1− ε2)γ1|φ1p0|2 + δ2ε2

〈(
γ1 γm

γm γ2m−1

)(
φ1p0

φmpm−1

)
,

(
φ1p0

φmpm−1

)〉
.

For k = 0, 〈 γ′0 γ′1 γ′m
γ′1 γ′2 γ′m+1

γ′m γ′m+1 γ′2m


 q0

φ1p1
φmpm

 ,

 q0
φ1p1
φmpm

〉

= (1− δ2ε2)|q0|2 + 2δ2(1− ε2)γ1Re(φ1p1q̄0)

+δ2ε2

〈 γ0 γ1 γm

γ1 γ2 γm+1

γm γm+1 γ2m


 q0

φ1p1

φmpm

 ,

 q0

φ1p1

φmpm

〉 .
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For k = 1,〈 γ′1 γ′2 γ′m+1

γ′2 γ′3 γ′m+2

γ′m+1 γ′m+2 γ′2m+1


 q1

φ1p2

φmpm+1

 ,

 q1
φ1p2

φmpm+1

〉 = δ2(1− ε2)γ1|q1|2

+δ2ε2

〈 γ1 γ2 γm+1

γ2 γ3 γm+2

γm+1 γm+2 γ2m+1


 q1

φ1p2

φmpm+1

 ,

 q1

φ1p2

φmpm+1

〉 .
Thus, ∆

α(δ,ε)
m = δ2ε2∆α

m + δ2(1 − ε2)γ1(|φ1p0|2 + |q1|2) + (1 − δ2ε2)|q0|2 + 2δ2(1 −
ε2)γ1Re(φ1p1q̄0). �

Theorem 2.3. Let α : α0, α1, α2, α3, . . . be a weight sequence and let α(δ) : δα0, α1,

α2, α3, . . . be a weight sequence with 0 < δ ≤ 1. If Wα is a semi weakly (1,m)–
hyponormal, then Wα(δ) is also semi weakly (1,m)-hyponormal.

Proof. If Wα is a semi weakly (1,m)–hyponormal, then by Lemma 2.2, ∆
α(δ)
m =

δ2∆α
m + (1 − δ2)|q0|2 ≥ 0, for any 0 < δ ≤ 1. Thus by Theorem 2.2, Wα(δ) is semi

weakly (1,m)-hyponormal. �

Theorem 2.4. Let α : α0, α1, α2, α3, . . . be a weight sequence and let α(δ, ε) : δα0, εα1,

α2, α3, . . . be a weight sequence with 0 < δ, ε ≤ 1. If Wα is a semi weakly (l,m)-
hyponormal for l ≥ 2 and m > l, then Wα(δ,ε) is also semi weakly (l,m)-hyponormal.

Proof. Without loss of generality, we may assume that ‖Wα‖ = 1. Since by Lemma
2.1, ∆

α(δ,ε)
m = δ2ε2∆α

m + (1 − δ2)|q0|2 + δ2(1 − ε2)γ1|q1|2 ≥ 0, for any δ, ε ∈ (0, 1],

therefore by Theorem 2.2, Wα(δ,ε) is semi weakly (l,m)–hyponormal. �

3. 3-HYPONORMALITY

Lemma 3.1. [1] If a and b are non-negative real numbers and c is a non-zero complex
number, then |z|2a+b+2Re(zc) ≥ 0 for all complex number z if and only if |c|2 ≤ ab.

A weighted shift Wα is m-hyponormal if and only if the Hankel matrix

A(n;m) =


γn γn+1 . . . γn+m

γn+1 γn+2 . . . γn+m+1

...
... . . . ...

γn+m γn+m+1 . . . γn+2m


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is positive for all n ≥ 0, where γ0 = 1, γn = α2
0α

2
1 . . . α

2
n−1 (called moments of Wα).

Proposition 3.1. Let α : α0, α1, α2, . . . be a weight sequence of the weighted shift Wα

and α(ε) : α0, εα1, α2, . . . be the perturbed weight sequence, where 0 < ε ≤ 1. If Wα

is 3-hyponormal, then Wα(ε) is also 3-hyponormal if and only if 1 ≥ ε ≥ γ1√
γ21+r

.

Proof. Here

γ′i =

{
γi, for i < 2

ε2γi, for i ≥ 2
.

To showWα(ε) is 3-hyponormal, it is sufficient to check the positivity of the matrices
A′(0; 3) and A′(1; 3).

Positivity of A′(1; 3): For any z = (z0, z1, z2, z3)
T ,

〈A′(1; 3)z, z〉 = ε2 〈A(1; 3)z, z〉+ (1− ε2)γ1|z0|2 ≥ 0.

Positivity of A′(0; 3):

〈A′(0; 3)z, z〉 = ε2 〈A(0; 3)z, z〉+ (1− ε2)γ0|z0|2 + (1− ε2)γ1(z1z̄0 + z0z̄1).

If z1 = 0, then 〈A′(0; 3)z, z〉 ≥ 0. Consider the case z1 ∈ C \ {0}.

Wα(ε) is 3- hyponormal⇔ 〈A′(0; 3)z, z〉 ≥ 0⇔ 1

|z1|2
〈A′(0; 3)z, z〉 ≥ 0

⇔ 〈A′(0; 3)z′, z′〉 ≥ 0 where z′ =
1

z1
z

⇔ ε2 〈A(0; 3)z′, z′〉+ (1− ε2)|z′0|2 + 2(1− ε2)γ1Re(z′0) ≥ 0

⇔ ε2r + (1− ε2)|z′0|2 + 2Re((1− ε2)γ1z′0) ≥ 0, where r = 〈A(0; 3)z′, z′〉

⇔ (1− ε2)2γ21 ≤ ε2(1− ε2)r, (using Lemma 3.1)

⇔ ε ≥ γ1√
γ21 + r

�
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