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THE GENERALIZED WAVELET TRANSFORM ON SOBOLEV TYPE SPACES

M. M. DIXIT, CHANDRA PRAKASH PANDEY', ABHISHEK KUMAR PANDEY,
AND DEEPANJAN DAS

ABSTRACT. The Generalized Wavelet transform is studied on the Sobolev type
spaceB}’ (R"™) Boundedness results in this Sobolev space is obtained. Compactly
supported wavelets on distribution space are also studied. Approximation proper-
ties of the generalized wavelet transform will also be discussed.

1. INTRODUCTION

Let ¢ € L? (R") be the analyzing wavelet and f € L? (R") be any function. We
define the translation operator 7, by

i (x) =1 (x —b), b e R,
and the dilation operator D, by
o -1/2 T n
Dato(2) = la| 0 () a e R
A unitary transformation W (b,a) : L* (R",dt) — L* (R", dt) is defined by

€r —

W (b, ) (2) = (1 Duth) () = Ja| /20 ( b) . (b,a) ER" x R,

a

and the Fourier transform of f € L' (R") by

F =1 fx)e®de; &0 € R
-
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Definition 1.1. A function ¢ € L* (R", dt) is admissible only if v is not identical to

zero and dadb
// baww\?“ < 0.

Lemma 1.1. ¢ € L? (R",dt)\{0} is admissible if and only if the integral fRn e | ¢
extsts.

Proof. See [5, p.8771]. O

Lemma 1.2. Let 1) be admissible and f € L* (R",dt). Let

4
= o

(Wof) (b.a) =F (b, a) = %*7

The integral

(f; W(b,a)¥),
(1.1

\/_\/W ) (t_b) () dt

defines an element of L? (R" x R™,%4%). Moreover,

dbd
W, : L2 (R", dt) — L* (R” x R", “)
CL
is an isometry.

In this paper, we extend the continuous wavelet transform, which we defined
on L*(R",dt), to Sobolev type space B (R") and boundedness properties will be
investigated. Approximation properties for small dilation parameter will also be
studied.

2. THE SOBOLEV TYPE SPACE B% (R")

In this section, we recall definitions and properties of certain function and dis-
tribution spaces introduced by Bjorck [1]. Let M be the set of continuous and real
valued functions w on R", satisfying the following conditions:

@ Ozw(0)<W(5+n)§w(€)+w(n); §neR,

(ii) fRn W < 00,
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(i) w (€) > a + blog (1 + [€]): € € R,
for some real number a and position real number b. We denote by M. the set of
all w € M satisfying condition w (§) = w (|¢|) with a concave function w on [0, c0).
We suppose w € M, from now on.

Let w € M,.. We denote by S, the set of all functions ¢ € L' (R") with the
property that ¢ and ¢ € C*> and

Pax (9) = sup D% ()] < oo,
reR"

T (6) = sup @ | D76 ()] < oo,
¢eRn

The topology of S, is defined by the semi-norms p,  and 7, . The dual of S,
is denoted by S/ the elements of which are called ultra-distributions. We may
refer to [1] for its various properties. We note that for w (¢) = log (1 + |£]), S.is
reduces to S, the Schwartz space.

We also recall the definition of test function space D¢. The space D¢ is the set
of all ¢ in L' (R™) such that ¢ has compact support and ||¢||, < oo for all A\ > 0

and
loll, = | Jo©

Now, let w € M.. Then K, is defined to be the set of positive function k£ in R"
with the following property. There exists & > 0 such that

e’\“’@)dé

k(E+n) <Yk )V EneR™

Letw € M., k € K, and 1 < p < co. Then Sobolev type space By (R") is
defined to be the space of all ultra-distributions f € S, such that

) 1/2
= ([ &) <o

£l = esssupk (€) £ (©)].
An inner product in BY (R") is given by

k(&) f (&)

and

~

(f.9)e= | [(©3q(&)(Kk(9) ds.

R”
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3. THE CONTINUOUS WAVELET TRANSFORM ON SOBOLEV TYPE SPACE BY (R")

In this section, we define the space ;. of all measurable functions f on R™ x R”
such that

G oo, = ([ 1reai®) " <o

Theorem 3.1. Assume that analyzing wavelet ¢ € L? satisfies the following admis-
sibility condition:

.2
C’wz/n ‘¢|§)‘ d¢ < 0.

Let (Wyf) (b, a) be the wavelet transform of the function f € B with respect to the
analyzing wavelet ) € L?. Then

W f) (b, a)lle, = I1f 1 -

Proof. From (3.1), we have

I(Wof) (b a)ll, = /R (W ) (b, @)l

/R(/ ©OF [(Lof) (b,0)"( 1d5)
fo (L |2( aliaof i@ )

a

2da/

(&) [ i du/n k@7 ©)| d
(&) [ du||f||k
- (&) colis

17

.

Theorem 3.2. For admissible and integrable ¢, 1, and f,g € B (R")

Wi (4,0) = Wesg (0 )l < (H T | M | Hf—ng>-
1 2 L1 2 Lo
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Proof. We have

HW¢1f(b> a) - WIZJQ.Q (b> a)Hk < ’|Ww1f(b7 (I) - szf(b> a)Hk+

(3.2)
wazf <b7 a) - Wi/)zg (ba G)Hk
Now,
HWll)lf <b7 (I) - szg <b7 a)“k
1/2
= ([ 107r 0.0 = Wt 00 ©F () e
- ( é 0" 6y (—at) £ (€)
(3.3)

1/2
\/ |I1/2 (—a&) f (&) Ik()2d§>

_ T b
( MGG (M F)
Now, using the inequality
)] < 19,1

we have
(3.4) W wz Y1

V C¢1 \/ V Cwl V C¢2 I
so that

N 2

¢1 ¢2 ¢1 . ¢2

V C¢1 \/ V Cwl V C% I
Using (3.4) in (3.3), we have
B5) W f(ba) = Wit (o)l < Ja? |~ — 2

V C¢1 V C¢2 It

Similarly, we can write

[
V C% I

||W¢2f<b7 a) - W¢2g <b7 a)Hk < |a|l/2

2) 1/2

I1f =gl -
1

11007
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Invoking (3.5), (3.2), we have

(0 1y
Wy, f (b,a) — Wy,g (ba)ll,, <la|'?||—== — —==|| IIfI
k Cwl 01/)2 L1 g
1y
+ === IIf—all-
V||, g

This completes the proof of Theorem 3.2.

4. APPROXIMATION PROPERTIES OF CONTINUOUS WAVELET TRANSFORM FOR
SMALL DILATION

Let us recall the equation (1.1):

@1 W (b a) = %LC_N% K. (ﬂ) o

In what follows we assume that v is real valued and a > 0.
Let us define

Let us use the notation

1 b—t
42) b7 0.0 = o )0 =5 [ v (1) r0an
From (4.1) and (4.2), we have
C
(% £) (0) = (Buf) (b.0) = | =W f (b, —a).

Let P (D) = ) 5o CaD? be a differential operator, where P is any polynomial.

P => |D*P (.
a>0
Then, by Hormander [2, p.10], we have
@ feBY(R")=P(D)fe B%w (R™).

@ (1P (D) 15 < 1.
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Theorem 4.1. Let f € Bi (R") and ¢ € L' (R") with [, 1 (t)dt = 1. Then
@D 0yf(,a)— f(.) inByY(R") asa — 0.
(i) P (D) (0sf) (-, a) = Ap@-1pywf = 0sP (D) f.

Proof. (i) In view of (4.2), we have

g% f — f||k—/ (o r £ — £ @) Ik (&) de

— [ Jwsnr©-Fof ket
_ /R n @)/ (Wof) (b, a)) (€)= F(&)] Ik (&) de

2

Y (&) i fo - o) e

b8 F (&)~ F () Ik ©)P ae

J,
J,
- [ |Fof wer
J,
J,

~ 2
— 4 (ag)| de

F© 1k ©F 1 - d o)

dg

1 (@,€) de,

where
1(a,8) = [k(©) ] (©) (1- ¥ ()|
Then we have
£%|I(a,§)\ =0 a.e..

1 -1 (af)|,

1(a.) < M|k(©) f(6)].

Let us now set M = supcg which is independent of a. Then

Now, applying the dominated convergence theorem, we have

(Yax f)=04f(,a) = f(.) in By (R") asa — 0.

11009

(ii) Let{fn},cn € So (R") converge to f in B} (R"). Now, operating the differ-
ential operator P (D) = _ ., C,D* on both sides of the equation (4.2), we have
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following equality
P (D) ewfn (b, (l) = QP(ale)wfn - 9¢P (D) fn; fn S Sw (Rn) :

Since S, (R") in dense in Bf (R™) and the operators §,, and P (D) are continuous,
hence limits of the above three are equal in BY (R") . O
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