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REGIONAL CONTROLLABILITY OF FRACTIONAL EVOLUTION SEMILINEAR
SYSTEMS

SID AHMED OULD BEINANE

ABSTRACT. The objective of this article is to address the regional controllabil-
ity problem for semi-linear systems involving Riemann-Liouville fractional deriva-
tives. Firstly, we characterize a supposition to ensure the existence and uniqueness
of mild solutions. Then, the necessary and sufficient conditions of the approx-
imate regional controllability of the fractional evolution semi-linear systems are
obtained and proved.

1. INTRODUCTION

Models closest to the problems in the real world can be expressed accurately
through fractional differential equations, which involve generalization of integer
order differential equations systems, Many applications have been found in the
modeling and processes of systems in the fields if aerodynamics, physics, electrical
science, viscoelastic [1,6], control theory, electrochemistry [22], heat conduction
[4], electricity mechanics and so forth. More details are provided in [2,12,19, 20,
25].

The interest of authors in this field lies in the application of this kind of con-
struction in various fields and is also derived from the development of the theory
of fractional calculus itself.
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Controllability, first introduced by Kalman, [13], is useful for analyzing systems.
Several authors have studied the concept of controllability in systems with infinite
dimensions, using different types of methods to develop good system control. The
control of semi-linear systems consisting of a linear part and nonlinear part is one
of the most important results obtained in this area. For more details on these
topics, see the works presented in [3,5,11,15].

Recently, the probability density function and semigroup theory have been used
to give a suitable definition of a mild solution for an evolution equation involving
a Riemann-Liouville fractional derivative, which has created sufficient conditions
to determine approximate controllability [17,27,29,30].

The term "regional controllability”" was studied for the first time by El Jai [7]; it
is used to refer to control problems targeting a specific region w from the whole
domain ). This concept of the controllability of the distributed parameter system
is logical, because it approaches real-world problems. Moreover, it can be applied
to systems that cannot be controllable in the whole domain. This concept has been
studied extensively and has yielded interesting results (see [7, 14,23, 24,28]).

The rest of this paper is presented as follows. Some preliminary results regard-
ing the regional controllability problem and basic definitions, which will be used
throughout the following sections, are introduced in the next section. In section 3,
we present sufficient conditions for the existence and uniqueness of mild solutions
for semi-linear fractional-order 5 € (0,1) systems, with the Riemann-Liouville
fractional derivatives. In section 4, the regional controllability of time fractional
semi-linear systems are presented, and necessary and sufficient conditions for re-
gional approximate controllability results are given for fractional abstract Cauchy
problems.

2. PRELIMINARIES

Let 2 be an open bounded subset of IR" (n = 1,2,3), and we consider the
following fractional semi-linear time system:

Dly(z,1) = Ay(z,t) + Bu(t) + Ny(z,t), 2x]0,T]
(2.1) :

lim 177! - Q

Jim 7, y(x,0) Y, (),
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where I” is the R.L fractional order integral defined in ( [16]) by

2.2) Pt = ﬁ /0 (t— 5)P1g(s)ds, B> 0

and the R.L fractional order derivative D,@B to time ¢ is given in ( [16]) by
d ,_
Dlg(t)= =1 g(t), 0<B <L

Next, A: D(A) C L*(Q) — L*(Q) is generated by the S(t),<, strongly contin-
uous semigroup on L?(Q) (see [26], [8], [10]); N : [0,T] x L*(Q)) — LQ(Q)
is a nonlinear operator; and B : IR" — L*(Q), is a control operator, where
u(.) € U= {ue L2(0,T; R?) | y,(T) € L*(Q)}, where U is a Hilbert space.

In the following, we address definitions as follows.

Lemma 2.1. (see [9], [10]) Let f € L?(0,T;L*()),0 < 8 < 1, and g € L*(0,T;
L*(R2)). Then
Dig(t) = Ag(t)+ f(t) tel[0,T)

(2.3)
lim D) ' g(x,0) = g,(x) € L*(Q)

t—0t

The mild solution of system (2.3) satisfies

g(t) =" Ss(t)go + /Ot(t —5)771S3(t — 5) f(s)ds,

where o
Si(t) =58 | apa(@S(ta)da
0
Here, @5 = %a‘l_%fg(a%) where 95 is defined by
Ep(a) = %nz::l(—l)(”_l)WQ_M—USin(nWﬂ), a >0,

which is called the probability density function. From the arguments in [21], we
see that {5 (a > 0) satisfies the following property:

/ §p(a) = 1
0
and

(2.4) £5(\) = /Ooo e Meg(a)da =, Be(0,1).
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Proof. (see [10], [29]) Using Laplace transforms, we obtain the following:

= [ e d = [ et
ey / eNg()dy and (M) / e f(v)dv
and the system (2.3) is equivalent to (see [18])
NG — g0 — AGN) = F(N).
Then,
GO = (VT — A) (g0 — FV) = / NS (0) g0 — FN)]dv.

Let v = 7. We obtain

Then
G0 = B[ [ e e@sE e + Fiddadr
= Ii(g0) + L2(f),
where
o =5 [ [ ety Vdadr,
and

5/‘/ e 74(0)6(r) P Vdadr F(N).

Suppose that ¢t = 7a. Then, we obtain

B 4B8-1
Li(g0) = 5/ / e Még(a t )t dadt gy

:/ _’\tﬂ/ £5(a)S(tPa )P ta P dadtg,

L(f) = /0: /0:/ —ATeg )S<Tﬁ)t;(ﬁt;)jMf(v)dvdadT
L

AltFo)g (a)S(J)Wf(v)dvdadt

_ // -0 / £5( 25_U)ﬁ)(lﬁ_U)B_lf(v)doédvalt.

aoPf aoPf
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Finally, we obtain

gA) = / e Mg {/ &s(a t—ﬁtﬁ—ldagodt
+ /0/0 £3(0)5 (! aﬁ))< DI gy at.

b

Now, using the invert Laplace transform, we find that

o) = [ e / o~ )as(ta)dadig,
1-1 S((t —v)?a)f(v)
+/ 5/ / a—a (a ) (=) daduvdt.
Let Ss(t) B/ aps(a)S(tPa)da and @5 = %ail*%é’ﬁ(a%). Then, we obtain

t
) =150+ [ (¢ o) 1Salt — ) (),
0
and the proof is complete. O

According to the above lemma (2.1), we give the following definition.

Definition 2.1. For a state y(.,u) € L*(Q), by lemma (2.1), y(.,u) is called a mild
solution of (2.1) and can be written as follows:

y(tu) = 177 S(t)0 + /O<t—v>ﬂ—lsﬁ<t—v>3u<v>dv

+ /O (t — v)ﬁflsﬁ(t —0)N (v, y(v))dv,

For w C (), an open, nonempty and positive Lebesgue measure, we consider the
operator restriction:

X, : L*(Q) — L*w)

Yy — Ylw

Definition 2.2. Let y, € L*(f2) be the reachable set of systems (2.1) at terminal time
T, which can be denoted by {x Kr}(f) = {wa(T, u):u(.) € [7} The system (2.1)

is w-approximately regionally controllable in the subregion w if {x, Kr}(f) = L*(w).
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Lemma 2.2. Due to Lemma 3.2 and Lemma 3.3 in ( [30]):
(1) For any fixed t > 0,The operator Ss(t) is a linear and bounded operator for all
t >0, ie., forany y € L*(Q),

M
(2.5) 1Syl < ml!y\h

(2) Ss(t) t > 0 is strongly continuous.

3. ASSUMPTIONS TO GUARANTEE THE EXISTENCE AND UNIQUENESS OF MILD
SOLUTIONS

In the following, we discuss the conditions which guarantee the existence and
uniqueness of a fractional evolution semi-linear system involving Riemann-Liouville
fractional derivatives.

Below, we present some hypotheses and list them as follows:

(1) (Hy) S(t) is a Cyp-semigroup and S(t) is continuous in the uniform operator

topology for ¢ > 0.
(2) (H,) There is a function ¢(.) € L*((0,T], R"), and ¢ > 0 satisfies

IN(t, 2)|| < (t) + et 7P| 2] V (t €(0,T) and z € L*(Q)).

£2()’

(3) (Hs) The function N satisfies
IN(t,21) = N(t, 22)|| < Lljz1 — 2|

L2(Q)’
where L > 0 is a constant.

For our main result, we introduce

Theorem 3.1. (see, [29]) If B" is a contraction on Banach space Z, where n is a
positive integer and B is an operator from Z to itself, then B has a unique fixed point
on Z.

Theorem 3.2. Assume that hypotheses (H,), (H:) and (H3) are satisfied. Then, for
each control function u(.) € U = {u € L*(0,T; R?) | y.(T) € L2()}, the control
system (2.1) has a unique mild solution on L}_4((0,T]; L*(52)).

Proof. Consider the operator T defined by

(Ty)(t) = tﬁ’ng(t)yo + /0 (t — v)ﬁfls’ﬁ(zﬁ —v)[Bu(v) + N(v,y(v))|dv.
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First, under the assumptions of our theorem, it is not difficult to check that T
maps L7_,((0,T]; L*(€2)) into itself.

Next, we show that T" is a contraction operator on Lj_4((0,T]; L*(Q2)). In fact,
vt € (0,7] and all =,y € L7_4((0,T]; L*(€2)) we have

1Ty~ (T (o)
= tl‘BH/P(t—v)B15ﬁ(t—v)[N(v,y(v))—N(v,y(v))dv]H
< tl‘B/O(t—v)ﬁ1H5ﬁ(t—v)[N(v,x(v))—N(v,y(v))]Hdv-
Using (2.5), we obtain
P (Ty) () — (Ty) )| < P / (t =) N (v, z(v)) = N(v,y(v))dv].

Then, by hypotheses (H3),
(3.1)

tP(Ty) (@) — (Ty) O < ¢ “M/ (t = v)"lz(v) — y(v)lldv
< L / A8t — )PP () — y(o) | do
'(B)LMt?
< “rep |l _y”Li,ﬁ«o,T];LQ(m)‘

By induction on n, using (3.1), we can easily find that

_ n n [(B8)(LMtP)™
HPNO) @) = ()OI < ST 17 =0l e

Then,

|| HAEME) |
12_g0mir2@) =  D((n+1)f)

1(T"y) — (T"y) y”L‘;’_ﬁ«o,TJ;LQ(Q»'
k

Moreover, let Eg . (t) := X2 —the Mittag-Leffler series, which is uni-

*T(Bk + )
formly convergent for all ¢ € (0, 7. If t = (LMT?), then % is the general
term Ej;(t); then, for a sufficiently large n, we can obtain
L) (LMTP)"
I'((n+1)5)

Finally, according to Theorem 3.1 (see [29]), T" is a contradiction; thus, Y has
a unique fixed point and satisfies the solution of (2.1). O
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4. REGIONAL CONTROLLABILITY OF THE SEMI-LINEAR SYSTEM

In this section, we formulate and prove conditions for the approximate regional
controllability of the semi-linear control system results with fractional evolution.

We define the bounded and linear operator © : L((0,77]; L*(Q2)) — L*(Q2) by
T
Oh = / (t — )P Ss(t —v)h(v)dv,  h(.) € L*((0,T]; L*(Q))
0

and O, : L*(Q) — L*(w), ©,h = x,0h. In what follows, we assume that Ss(t)y, €
Im®,,. We denote the Nemytskil operator corresponding to the nonlinear function
N by

An t Li_g((0,T]; L*(Q)) — L*(Q) An(y)(t) = N(t,y(t)).
Then, the mild solution can be presented as
y(.,u) = tP7185(t)yo + OBu(t) + Ax(y(t)) ¥ t € (0,T].

From definition (2.2), we know that if for any y, € L*(Q) and u(.) € U, the
system (2.1) is w-approximately regionally controllable on (0,77 if and only if
{x,K7}(f) = L*(w). Equivalently, if for any ¢ > 0 and every desired state at time
T denoted y, € L*(w),

(4.1) lya — X y(Touw)|| = llya — T° " x, 95(T)yo — OuwBue — X, An(ye) |,

where x_vy. = x,y(t; 0, yo, u.), then system (2.1) is approximately regional control-
lable on (0, 7]. Now, we can introduce the following suppositions:

(1) (Hj) There exists a constant L’ such that

ING.2) = Nyl < 2Lz -yl

_gOT1:22(9)
(2) (Hy) Foralle > 0,3 ue L*(0,T); L*(2)) satisfies

(4.2) 10.(¢) — ©uBul,, <

L2(w

and

(4'3) HBu<')||L2((O7T];L2(Q)) S q||<(')||L2((0,T];L2(Q))7
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where ((.) € L*((0,T]; L*(R?)) and ¢ is constant which is independent of
((.) satisfies

L'Mgq T ,
(4.4) ) (”25 — 1) E, (L'MT) <1.

Given that (H}) is stronger than (H3), if (H,), (H2) and (H}) hold, according to the-
orem 3.2, the control system (2.1) has a unique mild solution on L?_,((0,T7]; L*(2)).

Lemma 4.1. (see, [29]) We suppose that N satisfies the conditions (H,) and (Hj).
Then, the following inequalities are satisfied by the mild solution of system (2.1):

Ioy(t:0, 90, w2 (orpezew) < vER, (eMT),  Vu(.) € L2((0,T): L*(Q)).
For any ul(‘)a u2<) € L2((07T]7 L2(Q>>J
Ix,y1(.) — wa2(-)||L§_ﬁ((o,T];L2(w)) <pl,  (IMT)||Buy(.) — Bua()l 20,

where

M 1
Y= 5 [Hyou+( 26_1>(HBUHLZ(Q)+IW(t)IILz(m)ﬁ ,

and j1 = % Q/%) VT.

Proof. The proof is similar to lemma 4.1 in [29]. O

Lemma 4.2. (see [30], [29]) Let S(t) be a differentiable semigroup generated by A.
Then, for y € L*(Q), we have

Ss(t)y € D(A) vVt >0,

Sﬂ(t)SB(Z) = S@(Z)Sﬁ(t) Vt,z >0,

and
d S3(t)y d Ss(t)
B s\L)y
=253(t)———— Vit .

i Sﬁ( ) i Vit >0
Theorem 4.1. Assume that hypotheses (Hy), (H}) and (H,) are satisfied. Then,
system (2.1) is approximately regional controllable on (0,T] if A generates a differ-
entiable semigroup S(t) € L?(Q).
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Proof. Let y; € D(A). Since D(A) € L?(2), we can prove by D(A) C {x,Kr(N)}
the set of reachable states equivalently, if for any ¢ > 0 and every desired state at
time 7" denoted y, € L2(w) there is a control function u.(.) € U, satisfies

(45) ”yd - wa(Ta U’E)”LQ(w) = Hyd - TB_leSB<T)yO - @wBue - @wAN<y6)HL2(w)-

Firstly, we know that for any y, € L*(Q), 7% 'x,S5(T)yo € D(A); therefore,
for all y, € D(A), there exists a function ((,) € L*(w) such that ©,( = y; —
T, S5(T)yo-

Then, (4.5) can be written

lya — x, y(T, ue)HLQ(w) = |©.,¢ — ©,Bu, — @wAN(ZJE)HLQ(w)

For any ¢ > 0 and u;(.) € U by (4.2) in (H,), there exists us(.) € U, such that
€

lya — T X, S5(T)yo — Ol (y1) — O Bual| 12w < 52

Since x,y(T, uz) = TP 'x_S5(T)yo — OuBus — O, AN (y2)

lya — TP X, Ss(T)yo — Ouln (1) — OuBus|| 12
lya — 777X, Sa(T)yo — OuAn(y1) — X y(T u2) + T x, Ss(T)yo
+OLAN (Y2) | 22(w)

= |lya — xy(T,u2) + Ou[AN(12) — An (vl 2() < 55

(4.6)

Taking (4.6) and using (4.2) in (H,) again, there exists u3(.) € U such that
0. 1An(y2) = An(y)) = OB < 55
Using (4.3) in (H,), we obtain
[ Bus ()| r2(0) < qllAn(y2)(-) = An(y1) ()l ez 0,722 )
From Lemma (4.1), we obtain

[1Bus( 2 < qL'T" ya() — 1 ()l 2o.ryz2 o)
= ql'|ly2(.) — yl(')Hinl((O,T];LQ(Q))
< qL’,uE( L'MT)||Buy(.) — Bua(.)||L2(0)

where y = % (, /ﬁ) VT.

ol
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Let w; = uy — u3, wy € U. Then, we obtain

lya — 77X, S5(T)yo — OuwlAn(y2) — OB ||
= lya — T 'x,S8(T)yo — OuAn(y2) — O, Bus + O, Bus|
= |lya — 77 x,,S5(T)yo — OuAn(y1) + OuAN(y1)
—0OuAN(y2) — O,Buy + 6,Bus||
< lya — T'x,S5(T)yo — OuAn(y1) — O, Bus||
0, Bus — Ou[AN(y2) — OuAN(y1)]]
<(5+5)€

Thus, we can obtain a sequence {u,} C U by induction as follows:

1 1
=T ST hn—Ouwl) =6, Bl < (g5 00+ o ) el Ve (0.7),

and
| Buss(.) = Bun(ll 2y < aLHE,,, (I'MT)|Bunsa () = Bun(.) | 20)-

Using (4.4) in (H,), it easy to determine that {Bu,, n = 1,2,---,} is a Cauchy
sequence on L*((0,T]; L*(Q)). Then, {Bu,, n = 1,2, --- } has a subsequence Buy,
(where K is positive integer number) which converges, i.e., Ve > 0, and Bu,(.) €
L*((0,T); L*(Q2)) satisfies

||@wBun+1(.) — @wBun()HL?(w) S

NN e

Therefore, we obtain

lya — T 'x.,S8(T)yo — OulAn (Yx) — OuBuk || 2(w)
= |lya — T7'x,,S8(T)yo — OulAn (yx) — OuBug 41
+O0,Bugi1 — @wBuKHLZ(w)
< lya — T77'x. S5(T)yo — Ol (yx) — Ou Buk 1|22 (w)
+H|OuwBug 11 — OuBug||12(w)
<(H++m)eti<e

Now, this proves y, € D(A) and then, y; € {x, Kr(N)}; thus, system (2.1) is
approximately regionally controllable on (0, 7. O
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