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THE SECOND HYPER ZAGREB INDEX OF SOME GRAPH OPERATIONS
S. Menaka! and R. S. Manikandan

ABSTRACT. In this paper, some exact expressions for the second hyper Zagreb
index of graph operations such as Join, Composition, Cartesian, Corona and
Tensor products of graphs will be presented.

1. INTRODUCTION

All graphs considered here are simple, connected and finite. Let V(G), E(G),
dg(v) and dg(u, v) denote the vertex set, the edge set, the degree of a vertex and
the distance between the vertices v and v of a graph G respectively. A graph with
n vertices and m edges is called a (n, m) graph. First we present the definitions
and notations which are required throughout this paper.

A topological index of a graph G is a real number which is invariant under
automorphism of GG and doesnot depend on the labeling or pictorial representa-
tion of a graph. The Wiener index [10] is the first and most studied topological
indices and it is defined as

W@ =5 Y douv)

{u,v}CV(G)
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Gutman et.al., [4] introduced the first and second Zagreb indices of a graph
G as follows:

M(G)= Y (de(u)+da(v Z dg(u) and Mp(G) = > de(u
weE(G) ueV(G weE(G)
Shirdel et.al [[9] defined the hyper—Zagreb index as
HM(G)= Y [de(u)+ de(v))?
weE(G)

and presented the exact formulae for the Hyper-Zagreb index of some well-
known graphs.
Farahani et.al [2] defined the second hyper-Zagreb index as

HMy(G) = ) dg(u)dg(v)
weE(G)
A forgotten topological index F-index [3] is defined for a graph G as
Z dg(v) = Y [de(w) + dg(v)].
veV (G weF(G)

In 2018, Nilanjan.De [7] introduced a new index to calculate the F-index and
co-index of some derived graphs. In 2020, Abdu Alameri et.al. [1] named that
index as Y-index which is defined as

= D dil
veV(Q)
V.R. Kulli [6] introduced the first and second Gourava indices and defined as
GO\(G) = > (da(u) + da(v) + (da(w)de(v))
weE(G)
and

GOy(G) = > da(u)de(v)(da(u) + da(v)).

weE(G)

The Join G| + G of graphs GG; and G, is a graph G| + (G, with vertex set
V(G1) UV(G,) and edge set E(G1) U E(G2) U{uv:u € V(Gy) and v € V(G2)}

[E(Gy + Go)| = [E(G)] + |E(Go)| + [V(G)] [V (G2)] -

The composition GG1[G3] of graphs G; and G, with disjoint vertex sets V(G)
and V(G) and edge sets E(G;) and E(G») is the graph with vertex set V(G;) x
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V(Gs) and w = (uy,vy) is adjacent to v = (ug, vo) Whenever u; is adjacent to u,
or u; = u, and v; is adjacent to v,.

The Cartesian product of the graphs G; and G5 denoted by G[1G, is the graph
with vertex set V(G1) x V(G,) and two vertices (uy, u2) and (v, v,) are adjacent
whenever (i) u; = vy and ugvy € E(Gs) or (ii) us = vy and ujvy € E(Gy).

The corona product of the graphs G; and G5 denoted by G; ® G5 is the graph
obtained by taking one copy of G; and |V (G,)| disjoint copies of Go, and then
joining the " vertex of G, to every vertex in i'* copy of Gb.

The tensor product of the graphs GG; and G5 denoted by G| x G is the graph
with vertex set V(G;) x V(G2) and edge set is defined as

E(Gl X Gg) = {(ul,vl)(U2,02> T ULUL € E(Gl) and V1Vy € E(Gg)}

In this paper, we calculate the second hyper Zagreb index for Join, Compo-
sition, Cartesian, Corona product and tensor products of graphs. We begin this
paper with the following Lemmas.

Lemma 1.1. [5/8]
(@) If a is a vertex of G + G5 then we’ve

dor () = 4 101 (@ V(G2 Fa € V(G
G1+Ga da,(a) + |V (Gy)|, ifa € V(Gs)

(b) If (a,b) is a vertex of G1[G] then dg,c,)((a, b)) = [V(G2)|da, (a) + de, (D).
(C) dG1DG2<<u’i7Uj)) = dGl ('LLl) + dGQ(’l}j), where (Ui, ’Uj) S V(G1DG2)
(d

dG1 (U) + na ’lf u € V(Gl)
dG1®G’2(u) = . .
de,(u) +ne  if ue V(Gq;) for some 0 <i<mn;—1,

where u € V(G © G3) Go; is the ith copy of the graph G5 in G ® Go.
(e) dGleQ(uian) = dG1 (Ui)dGQ(Uj), Where (Ui,Uj) € V(Gl X Gg)

2. THE SECOND HYPER ZAGREB INDEX OF JOIN OF GRAPHS

In this section, we find the exact value of the second hyper Zagreb index of
Join of graphs.
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Theorem 2.1. Let GG;,i = 1,2 be a (n;, m;) graph. Then

HM,(G1 + G2) = HM>(G1) + n3HM (G1) + namy + 2n,GO»(Gh)
+ 203 My (Gy) + 2n3 M (Gy) + HMs(Go) + niHM(Gs)
+ nimsg + 2n1GOs(Ga) + 217 Mo(Ga) + 2ni My (Ga)
+ My (G1) M1 (Go) + ning My (Gy) + nyiniMy(Gy) + nin
+ dnima My (G) + 4mina M1 (Gy) + 16mymaning + 4mynan?

2.2
+ 4ninsme

Proof.
HM(G1 + G3) = Z d201+02(x)d2G1+G2(y)
zyeE(G1+G2)
Z dG1+G2 G1+G2 Z dG1+G2 G1+G2 (y)

zycE(G1) zy€E(G2)

+ Z d2G1+G2 (x)dQG1+G2 (y)
xy€{ry: €V (G1),yeV(G2)}

- Jl + JQ + Jg,

where J;, J, and J; are the terms of the above sums taken in order which are
calculated as follows.

Jl = Z dG1+G2 G1+G2 (y)

zy€E(G1)

= > | [(dgl(:r) + n2> (dg1 (y) + nz)} 2

:EyEE(Gl

- Y [t (e det) oz

zyeE(G1)

= HMQ(Gl) + HQHM<G1) + n2m1 + 2n2GOQ(G1) + 2n2M2(G1) + 2n2M1(G1)

J2 = nyGE(Gg) d2G1+G2 (x)dQG1+G2 (y)
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= 5 [t n) (se 0]

zyeFE(G2)

= > [dG2 (z)de, (y) + ny (dag () + da, (y)) + n?} 2

(EyEE(GQ)
= HM;y(Gy) +niHM(G2) + nimgy + 2n2 My (Gy) + 203 M1 (Go) + 2n1GO4(Gs)

Jom 3 (dersca(o)avrcs <y>)2

zye{zy: zeV(G1), yeV(Ga)}

= 5 [ o) ()]

zeV(Gy) -
yeV(G2)

= Z -dGl (x)dGz (y) + nldG1 ($) + nQdG2 (y) -+ ngnl}

xGV(G1) -
yeV(Ga2)

= Ml(Gl)Ml(Gg) + n%nng(Gl) + nlnng(Gg) + TL??’L; + 4n1m2M1(G1)

+ dmyng My (Go) + 16mymoning + 4minani + 4ninsms

Adding Ji, J,, J; we get the desired result. O

3. THE SECOND HYPER ZAGREB INDEX OF THE COMPOSITION OF TWO GRAPHS

In this section we find the exact value of the composition of two graphs.

Theorem 3.1. Let G;,i = 1,2 be a (n;, m;) graph. Then

H My (G1[Gs)) = nSHMy(Gr) + ns My (Go)F(G1) + mi(M;(G))?
+ 4mony GOy (G1) + dmany My (G1) M1 (Go) + nagmsaY (G1)
+naMi(G1)HM(Gs) + 16m3aniMy(Gy) + 2n5M, (G1) Ma(Gy)
+ 4mynyGOy(Gy) + ni HMy(Gy) + 2n3 F(G1) M, (Gy).
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Proof.
- 12
HM>(G1[Gs]) = > dey(Ga) (U, ©)-dey (65 (0, Y)

(u,z)(v,y)€E(G1[Ge]) = -
weFE(G1)

- 12

+ Z dGl[G2] <u7 x)'dGl[G2] (u7 y)

(u,2)(u,y)€E(G1[Ge]) = -
:cyEE(GQ)

=K + Ky

where K, and K, are the terms of the above sums taken in order which are
calculated as follows:

2
Kl - Z |:dG1[G2} (u7 x)'dGH ([G2] (Ua y):|

(w,2) (v,y) EE(G1[G2])
uweE(Gy)

= > > Y andal + dg, (¢ )) (”2dG1 (v) + dc&(?/))} 2

€V (G2) yeV (G2) weE(Gr)
= nS H My(Gh) + ny My (Ga) F(Gh) 4 may(My(G2))?
+ 4m2n2G02(G1) + 16m§n§Mg(G1) + 4m2n2M1 (Gg)Ml (Gl)

2
K2 - Z |:dG1[G2} (U” x)‘dGl[Gz] (U, y):|

(u,z)(u,y)EE(G1][G2])
zyeE(G2)

= > Y | andcl + de, (x )) (nQdG1 (u) +dg, (y))] 2

ueV(G1) zyc E(Ga
= nomaY (Gy) + n3 My (G1)HM (Ga) + ny HMy(Go) + 2n3F(G1) M, (Gs)
+ 2n2M1 (Gl)MQ(Gg) + 4m1n2G02(G2)

It is easy to see that the summation of K; and K, completes the proof. O

4. THE SECOND HYPER ZAGREB INDEX OF CARTESIAN PRODUCT OF GRAPHS

In this section, we find the exact value of the second hyper Zagreb index of
cartesian product of graphs.
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Theorem 4.1. Let GG;,i = 1,2 be a (n;, m;) graph. Then

HM,y(G10Gs) = moY (Gy) 4+ 2F (G1) M1 (Gs) + 4AM1(G1) Mo (Gs) + M1 (G1)F(Gs)
+ niHM5(Gs) + 4m1GO9(G2) + m1Y (Gy) + 2F (Go) My (Gh)
+4My(G2) Mo (Gy) + Mi(Go) F(Gr) + noH My (Gh)

+ 4mGOy(GY)

Proof.

HM,(G1UG>) = > e, (U, ) dg, 06, (0, )
(u,z)(v,y)€E(G10G2)

- Z Z d2G1DG2<u’ x)déﬂ]Gg(u? Y)

ueV(G1) zyeE(G2)

+ Z Z d2G1|jG2 (uwr)déll:ng (Uv ':C)

z€V(G2) weE(G1)

= X Y lei(w) + dey ()Mo, () + dey (v)]

ueV(G1) zyc E(G2)

+ 3 e, (w) + doy (@) [de, (v) + de, (@)

€V (G2) weE(Gh)

= Sl +52a

where S; and S, are the terms of the above sums taken in order which are

calculated as follows:

Si= 3 Y e (w) + day (@) lde, (w) + de ()]

ueV(G1) zyeE(G2)
= > D g, (u) + g, (2) + 2de, (u)de, ()]
u€V(G1) zy€E(G2)
[dg;, (u) + dé, (y) + 2dc, (u)da, (y)]
=moY (Gy) + 2F(G1) M1 (Ga) + 4M1(Gh) M2 (G2) + My (Gh) F(G3)

+ anM2<G2) + 4m1G02(G2>
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So= 3 Y ldenw) + doy (@) lde, (v) + dey ()

IEV(GQ) u”L)GE(Gl)

= > T [, (w) + d, (x) + 2dg, (u)de, ()]

z€V(G2) weE(G1)
[dg;, (v) + dg, (x) + 2d, (v)de, (2)]

=m1Y (Ga) + 2F(Go) M1 (G1) 4+ 4M1(Go) Mo (G1) + M (G)F(Gh)
+ no HM5(G1) + 4maGO4(Gh)

Adding S; and S; we get the required result. O

5. THE SECOND HYPER ZAGREB INDEX OF CORONA PRODUCT OF GRAPHS

In this section, we find the exact value of the second hyper Zagreb index of
corona product of graphs.

Theorem 5.1. Let GG;,i = 1,2 be a (n;, m;) graph. Then

HM5(Gy © Ga) = ngmy + 2n3 M, (G1) + 4n5Ma(Gy) + nyF(Gy) + HMs(Gy)
+ 2nsGOo(G) + M1 (G1) M1 (Gs) + 4ma My (G1) + no My (G)
+ dmyng My (G) + 16mymang 4 4nimy + nyng My (Gs)
+ nina(ng + 4ms) + ny[ma + 2M1(Gy) + 4My(Gy)]
+ 1 [F(Gs) + HM3(G2) + 2G05(G)]

Proof. The copy of G5 in G; ® G5 corresponding to the vertex v in G, is denoted
by G2,. The edge set of G; ©® G, can be partitioned into three subsets as follows:

Ey={uw € E(G1 ®Gsy) :u,v e V(Gy)}
Ey={uv e E(Gy ©Gy) :ueV(Gy),v e V(Gau)}
E; ={uv € E(Gy,) :u e V(Gy)}
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HM(G oGy = Y (do () + 1) (de, (v) + o)’
weE(Gr)

+ Z Z dG’2 (dGz( )+ 1)2

u€V(G1) zyeE(G2)
+ > D (e (w) +n9)(d,(x) + 1)°
ueV (G1) zeV(Ga)
- Sl + SZ + S37

where S;, S, and S5 are the terms of the above sums taken in order which are
calculated as follows:

Si= Y (da(u) +n2)*(dg, (v) + ns)?

weE(Gr)
= > [dg, () +n3 + 2nade, (w)][dg, (v) + 03 + 2n2dg, (v)]
uweE(Gy)

SQ = Z Z dG2 (dG2( ) + 1)2

ueV (G1) xyeE(G2)
= D> Ao, (@) + 2da, (x) + 1][dg, (y) + 2da, (y) + 1]
u€V(G1) zye E(G2)
=T [m2 + 2M1(G2) + 4M2(G ) + F(GQ) + HMQ(GQ) + 2GOQ(G2>]
53 = Z Z dG1 + ng (dgz(l’) + 1)2

u€V(G1) €V (G2)

= Y > [de, (u) + 2nadg, (u) + n3][dg, (x) + 2dg, (z) + 1]

uEV(Gl) IEV(GQ)
= Ml(Gl)Ml(Gg) + 4m2M1(G1) + nng(Gl) + 4TTL1TL2M1(GQ) -+ 4m1n§
+ nina M1 (Gy) + 16mymang + 4ninams + nins.

Adding S, S; and S5 we get the required result. O
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6. THE SECOND HYPER ZAGREB INDEX OF TENSOR PRODUCT OF GRAPHS

In this section, we find the exact value of the second hyper Zagreb index of
tensor product of graphs.

Theorem 6.1. Let G;,i = 1,2 be a (n;, m;) graph. Then HMy(G1 x G3) =
2H My(G1)HMy(G).

Proof.
HMQ(Gl X G2) = Z d2G1><G2 (U’7 ‘r)delXGQ (U7y)
(U,I’)(U,y)EE(Gl XG2)
+ Z d2G1XG2(u7y)dQG'1><Gz (U’x)

(u,y) (v,2)EE(G1xG2)

= Y Y @& (wd, (@), (v)dE, (y)

w€E(G1) zyeE(G2)

oy, Y dg, (y)dé;, (v)dg, (x)

weE(G1) zyeE(G2)

=2 ) ) d (v)de, (z)de, (y)

weF(G1) zyeE(G2)
- 2HM2(G1)HM2(G2)
HMQ(GI X GQ) = 2HM2(G1>HM2(G2)

REFERENCES

[1] A. ALAMERI, N. AL-NAGGAR, M. AL-RUMAIMA, M. AISHRAFI: Y-index of some graph
operations, International Journal of Applied Engineering Research, 15(2) (2020), 173-179.

[2] M. R. FARAHANI, M. R. RAJESH KANNA, R. PRADEEP KUMAR: On the hyper-Zagreb
indices of some nanostructures, Asian Academic Research, J. Multidisciplinary, 3(1) (2016),
115-123.

[3] B. FURTULA, I. GUTMAN: A forgotten topological index, Journal of Mathematical Chem-
istry, 53(4) (2015), 1184-1190.

[4] 1. GUTMAN, N. TRINAJSTIC: Graph theory and molecular orbitals. Total w-electron energy
of alternant hydrocarbons, Chemical Physics Letters, 17(4) (1972), 535-538.

[5] R. HAMMACK, W. IMRICH, W. KLAVZAR: Handbook of product graphs, CRC press, 2011.

[6] V. R. KULLI: The Gourava indices and coindices of graphs, Annals of Pure and Applied
Mathematics, 14(1) (2017), 33-38.



THE SECOND HYPER ZAGREB INDEX OF. .. 797

[7]1 D. NILANJAN: F-index and Co-index of some derived graphs, Bulletin of the International
Mathematical virtual Institute, 8 (2018), 81-88.

[8] V. SHEEBA AGNES: Degree distance and Gutman index of corona product of graphs, Trans-
actions on Combinatorics, 4(3) (2015), 11-23.

[9] G. H. SHIRDEL, H. REZAPOUR, A .M. SAYADI: The hyper-Zagreb index of graph opera-
tions, Iranian Journal of Mathematical Chemistry, 4(2) (2013), 213-220.

[10] H. WIENER: Structural determination of the paraffin boiling points, J. Amer.Chem. Soc.,

69 (1947), 17-20.

DEPARTMENT OF MATHEMATICS

UNIVERSITY COLLEGE OF ENGINEERING-BIT CAMPUS
ANNA UNIVERSITY, TIRUCHIRAPPALLI

INDIA

Email address: menaka@aubit.edu.in

DEPARTMENT OF MATHEMATICS

BHARATHIDASAN UNIVERSITY CONSTITUENT COLLEGE
KUMULUR, LALGUDI, TIRUCHIRAPPALLI

INDIA

Email address: manirs2004@yahoo.co.in



	1. Introduction
	2. The Second Hyper Zagreb Index of Join of Graphs
	3. The Second Hyper Zagreb Index of the composition of two graphs
	4. The Second Hyper Zagreb Index of Cartesian Product of Graphs
	5. The Second Hyper Zagreb Index of Corona Product of Graphs
	6. The second Hyper Zagreb index of Tensor Product of graphs
	References

