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BOUNDS FOR THE ZEROS OF POLYNOMIALS BASED ON CERTAIN
MATRIX INEQUALITIES

Mohammad Odeh

ABSTRACT. The Frobenius companion matrix plays an important link between
matrix analysis and polynomials. In this paper, we apply some matrix inequali-
ties involving spectral norm, spectral radius, numerical radius, and partitioned
matrices to types of Frobenius companion matrix of monic polynomials to de-
rive further new upper bounds for the zeros of polynomials. Using this method,
we found several main results which can be referred to in Theorems 2.1-2.6
showing that some of them are better than some known results such as Fujii
and Kubo [5], Cauchy [4], Kittaneh [11], and Linden [14] by giving an ex-
ample and comparing with them. In addition, we prove new numerical radius
inequalities for 2 × 2 matrices, which are shown in Propositions 2.1-2.3. Then
we applied some of these inequalities to the Frobenius matrix and got the new
upper bounds of the zeros of the polynomials as shown in Theorems 2.8-2.11
then we compared it with some results in the example, and it turns out that it
is better.

1. INTRODUCTION

The problem of Locating the zeros of polynomials has attracted the attention
of many mathematicians, including famous ones like Cauchy and Montel. In
addition to the classical complex analysis methods, matrix analysis techniques
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have been used to obtain upper and lower bounds for the zeros of polynomials.
In the same context, The Frobenius companion matrix plays an important link
between matrix analysis and the geometry of polynomials. It has been used for
the location of the zeros of polynomials by matrix methods (see, e.g., [1,2,4,5,
10–14], and references therein).

Suppose that p(z) = zn+anz
n−1+· · ·+a2z +a1 is a complex monic polynomial

with n ≥ 2 and a1 6= 0. Let z1, z2, z3, . . . , zn be the zeros of p arranged in such
a way that |z1| ≥ |z1| ≥ · · · ≥ |zn| . The Frobenius companion matrix Cp of p is
defined as

Cp =


−an −an−1 · · · −a2 −a1

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .

It is well-known that the characteristic polynomial of Cp is p itself. Thus, the
zeros of p are exactly the eigenvalues of Cp (see, e.g., [7, p. 316]).

Let p1(z) = (z − an)p(z) = zn+1 − bnz
n−1 − bn−1z

n−2 − · · · − b2z − b1. Then
z1, z2, z3, . . . , zn and an are the zeros of p1. The corresponding Frobenius com-
panion matrix Cp1 of p1 is given by

Cp1 =



0 bn bn−1 · · · b2 b1
1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0


.

We have

C2
p1

=



bn bn−1 · · · b2 b1 0

0 bn · · · b3 b2 b1
1 0 · · · 0 0 0

0 1 · · · 0 0 0
...

... . . . ...
...

...
0 0 · · · 1 0 0


,
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and

C3
p1

=



bn−1 b2n + bn−2 · · · bnb4 bnb3 bnb2 bnb1

bn bn−1 · · · b3 b2 b1 0

0 bn · · · b4 b3 b2 b1
1 0 · · · 0 0 0 0

0 1 · · · 0 0 0 0
...

... . . . ...
...

...
...

0 0 · · · 1 0 0 0


,

where bj = anaj − aj−1 for j = 1, 2, . . . , n,with a0 = 0. Let p2(z) = (z2 − anz +

a2n − an−1)p(z) = zn+2 − cnz
n−1 − · · · − c2z − c1 . The corresponding Frobenius

companion matrix Cp2 of p2 is given by

Cp2 =



0 0 cn cn−1 cn−2 · · · c2 c1
1 0 0 0 0 · · · 0 0

0 1 0 0 0 · · · 0 0

0 0 1 0 0 · · · 0 0

0 0 0 1 0 · · · 0 0

0 0 0 0 1 · · · 0 0
...

...
...

...
... . . . ...

...
0 0 0 0 0 · · · 1 0


.

We get

C2
p2

=



0 cn cn−1 · · · c2 c1 0

0 0 cn · · · c3 c2 c1

1 0 0 · · · 0 0 0

0 1 0 · · · 0 0 0

0 0 1 · · · 0 0 0
...

...
... . . . ...

...
...

0 0 0 · · · 1 0 0


,

where bj = anaj − aj−1 and cj = −anbj + an−1aj − aj−2 for j = 1, 2, . . . , n, with
a0 = a−1 = 0 . Let p3(z) = (z3 − anz2 + (a2n − an−1) z − a3n + 2anan−1 − an−2) p(z)

= zn+3−dnzn−1−· · ·−d2z−d1. The corresponding Frobenius companion matrix
Cp3 of p3 is given by
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Cp3 =



0 0 0 dn dn−1 · · · d2 d1
1 0 0 0 0 · · · 0 0

0 1 0 0 0 · · · 0 0

0 0 1 0 0 · · · 0 0

0 0 0 1 0 · · · 0 0

0 0 0 0 1 · · · 0 0
...

...
...

...
... . . . ...

...
0 0 0 0 0 · · · 1 0


,

where bj = anaj − aj−1, cj = −anbj + an−1aj − aj−2, and dj = −ancj − an−1bj−1
+

an−2aj − aj−3 for j = 1, 2, . . . , n, with a0 = a−1 = a−2 = 0.

In fact, it should be mentioned here that the zeros of p are contained in the
zeros of p1, p2, and p3. So, any upper bound for the zeros of p1, p2, or p3 can be
considered as an upper bound for the zeros of p.

Let Mn(C) denote the algebra of all n×n complex matrices. The eigenvalues of
A are denoted by λ1 (A) , λ2 (A) , . . . , λn (A) , and are arranged so that |λ1 (A)| ≥
|λ2 (A)| ≥ · · · ≥ |λn (A)| . The singular values of A (i.e., the eigenvalues of
|A| = (A∗A)

1
2 ) are denoted by s1 (A) , s2 (A) , . . . , sn (A) , and arranged so that

s1 (A) ≥ s2 (A) ≥ · · · ≥ sn (A) . Recall that s2j (A) = λj (A∗A) = λj (A A∗) for
j = 1, 2, . . . , n. For A ∈ Mn(C), let r (A) , w (A) , and ‖A‖ denote the spectral
radius, the numerical radius, and the spectral norm of A, respectively. Recall
that w (A) = max‖x‖=1 |〈 Ax, x 〉| . Now, If z any zero of p, then

|z| ≤ r (A) ≤ w (A) ≤ ‖A‖ = s1 (A)

(see, e.g., [8]).

2. MAIN RESULTS

In this section, we employ various matrix inequalities involving the spectral
norm, the spectral radius, and the numerical radius to the companion matrices
Cp, Cp1 , C

2
p1
, C3

p1
Cp2,C

2
p2
, and Cp3 to obtain new bounds for the zeros of p.

The following lemma can be found in [7, p. 175].
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Lemma 2.1. Let A = [aij] ∈Mn(C) be a Hermitian matrix written in partitioned
form as

A =

[
Ã x

x∗ ann

]
,

where x ∈ Cn−1 and Ã ∈Mn(C). Then

detA = ann det Ã− x∗
(
adj Ã

)
x,

where adj Ã is the adjugate (classical adjoint) of Ã.

The following Lemma is used in the proof of Theorem 2.1.

Lemma 2.2. Let M =


−an−1 −an−2 · · · −a1 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 . Then

‖M‖2 = α + 1,

where α =
∑n−1

j=1 |aj|
2 .

Proof. The characteristic polynomials of MM∗ is determinant of the partitioned
matrix

tI −MM∗ =



t− α an−1 an−2 · · · a2 a1
an−1 t− 1 0 · · · 0 0

an−2 0 t− 1 · · · 0 0
...

...
... . . . ...

...
a2 0 0 · · · t− 1 0

a1 0 0 · · · 0 t− 1


.

Now using Lemma 2.1, we get

det (tI −MM∗) = (t− 1) det Ã1 − |an−2|2 (t− 1)n−2 ,

where

Ã1 =


t− α an−1 an−2 · · · a2
an−1 t− 1 0 · · · 0

an−2 0 t− 1 · · · 0
...

...
... . . . ...

a2 0 0 · · · t− 1

 .
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Applying Lemma 2.1 to Ã1 again, we get

det Ã1 = (t− 1) det Ã2 − |an−3|2 (t− 1)n−3 ,

where

Ã2 =


t− α an−1 an−2 · · · a3

an−1 t− 1 0 · · · 0

an−2 0 t− 1 · · · 0
...

...
... . . . ...

a3 0 0 · · · t− 1

 .

Continue this process to get

det (tI −MM∗) = (t− 1)n−2
(
t2 − (α + 1) t

)
.

Since s2j (Cp1) = λj
(
Cp1C

∗
p1

)
, it follows that

s1 (M) = ‖M‖ =
√
α + 1,

sn (M) = 0,

and

sj (M) = 1 for j = 2, . . . , n− 1.

�

Now we are in a position to derive new bound for the zeros of p.

Theorem 2.1. Ler z be any zero of p, then

|z| ≤

√√√√n−1∑
j=1

|aj|2 + 1 +

√√√√ n∑
j=1

|aj − aj−1|2
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Proof. Let A =


−an−1 −an−2 · · · −a1 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 and

B =


−an + an−1 −an−1 + an−2 · · · −a2 + a1 −a1

0 0 · · · 0 0

0 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 0 0

 .

Then Cp = A + B. So, by the triangle inequality, we have ‖Cp‖ ≤ ‖A‖ + ‖B‖ .
By using Lemma 2.2, we have

‖A‖ =

√√√√n−1∑
j=1

|aj|2 + 1

and by compute ‖B‖ =
√∑n

j=1 |aj − aj−1|
2. Consequently

‖Cp‖ ≤

√√√√n−1∑
j=1

|aj|2 + 1 +

√√√√ n∑
j=1

|aj − aj−1|2,

which yields the desired inequality. �

Theorem 2.2. If z is any zero of p1, then

|z| ≤

(
1 + 2

n∑
j=1

|bj|2
) 1

4

.

Proof. First write the companion matrix of p1 as C2
p1

= L+N + F, where

L =


bn bn−1 · · · b1 0

0 0 · · · 0 0

0 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 0 0

 , N =


0 0 · · · 0 0

0 bn · · · b2 b1
0 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 0 0

 ,
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and

F =

[
0 0

In−1 0

]
,

where In−1 is the identity matrix of order n− 1. Then note that

L∗N = L∗F = N∗L = N∗F = F ∗L = F ∗N = 0.

Since

‖L∗L‖ = ‖N∗N‖ =
n∑
j=1

|bj|2

and‖F ∗F‖ = 1, it follows by the triangle inequality that∣∣∣∣C2
p1

∣∣∣∣2 = ‖L∗L+N∗N + F ∗F‖ ≤ ‖L∗L‖+ ‖N∗N‖+ ‖F ∗F‖

= 1 + 2
n∑
j=1

|bj|2 ,

and so ∣∣∣∣C2
p1

∣∣∣∣ ≤ (1 + 2
n∑
j=1

|bj|2
) 1

2

.

Then the result follows from the fact that |z| ≤
∣∣∣∣C2

p1

∣∣∣∣ 12 . �

Now, using an argument similar to that used in the proof of The following
theorem 2.2 and the fact |z| ≤

∣∣∣∣C3
p1

∣∣∣∣ 13 for every zero z of p1 , we have the
following related bound for the zeros of p1.

Theorem 2.3. If z is any zer of p1 , then

|z| ≤

(
1 + γ + 2

n∑
j=1

|bj|2
) 1

6

,

where γ = |bn−1|2 + |b2n + bn−2|2 + |bn bn−1 + bn−3|2 + |bn|2
(∑n−2

j=1
|bj|
)
.

The following lemma can be found in [9].

Lemma 2.3. Let A ∈Mn(C) be partitioned as

A =

[
A11 A12

A21 A22

]
,
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where Aij is an ni × nj matrix for i, j = 1, 2 with n1 + n2 = n. If

Ã =

[
‖A11‖ ‖A12‖
‖A21‖ ‖A22‖

]
,

then

r (A) ≤ r
(
Ā
)
.

In the following two Theorems we use some parttitions of C2
p1

and C2
p2

to
estimate r

(
C2
p1

)
and r

(
C2
p2

)
to derive new bounds for the zeros of p1 and p2,

respectively.

Theorem 2.4. If z is any zer of p1, then

|z| ≤
(

1

2

[
1 + λ+

√
(1− λ)2 + 4µ

]) 1
2

,

where

λ =

(
1

2

[
|bn−1|2 + 2 |bn|2 +

√
|bn−1|2

(
|bn−1|2 + 4 |bn|2

)]) 1
2

and

µ =

1

2

ξ +

√√√√√ξ2 − 4

n−1∑
j=1

|bj|2
n−2∑
j=1

|bj|2 −

∣∣∣∣∣
n−1∑
j=1

bjbj+1

∣∣∣∣∣
2




1
2

,

where ξ = |bn−1|2 + 2
∑n−2

j=1 |bj|
2 .

Proof. By applying Lemma 2.3 to C2
p1
, partitioned as

C2
p1

=

[
S11 S12

S21 S22

]
,
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where S11 =

[
bn bn−1
1 bn

]
, S12 =

[
bn−2 · · · b1 0

bn−1 · · · b2 b1

]
, S21 =


1 0

0 1

0 0
...

...
0 0

 , and

S22 =



0 0 · · · 0 0 0

0 0 · · · 0 0 0

1 0 · · · 0 0 0

0 1 · · · 0 0 0
...

... . . . ...
...

...
0 0 · · · 1 0 0


, we have

r
(
C2
p1

)
≤ r

([
||S11|| ||S12||
||S21|| ||S22||

])

=
1

2

(
||S11||+ ||S22||+

√
(||S11|| − ||S22||)2 + 4 ||S12|| ||S21||

)
.

Since ||S11|| = λ, ||S12|| = µ, and ||S21|| = ||S22|| = 1, it follows that

r
(
C2
p1

)
≤ 1

2

[
1 + λ+

√
(1− λ)2 + 4µ

]
.

Now the desired bound follows from the fact |z| ≤ r
(
C2
p1

) 1
2 . �

The following lemma can be found in [13].

Lemma 2.4. Let G =



cn cn−1 · · · c3 c2 c1
0 0 · · · 0 0 0

1 0 · · · 0 0 0

0 1 · · · 0 0 0
...

... . . . 0 0 0

0 0 · · · 1 0 0


, with n ≥ 4. Then

||G||2 =
1

2

(
1 + α +

√
(1 + α)2 − 4

(
|c1|2 + |c2|2

))
,

where α =
∑n

j=1 |cj|
2 .

Our first theorem is related to the result in [13].
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Theorem 2.5. If z is any zero of p2 and n ≥ 4, then

|z| ≤

1

2

τ +

√√√√√τ 2 + 4

√√√√ n∑
j=1

|cj|2




1
2

,

where

τ =

1

2

1 +
n∑
j=1

|cj|2 +

√√√√(1 +
n∑
j=1

|cj|2
)2

− 4
(
|c1|2 + |c2|2

)
1
2

.

Proof. Let

C11 = [0] , C12 =
[
cn cn−2 · · · c1 0

]
,

C21 =


0

1

0
...
0

 , and C22 =



0 cn · · · c3 c2 c1
0 0 · · · 0 0 0

1 0 · · · 0 0 0

0 1 · · · 0 0 0
...

... . . . 0 0 0

0 0 · · · 1 0 0


.

Then

C2
p2

=

[
C11 C12

C21 C22

]
.

Using Lemma 2.3, we get

r
(
C2
p2

)
≤ r

([
||C11|| ||C12||
||C21|| ||C22||

])

=
1

2

(
||C11||+ ||C22||+

√
(||C11|| − ||C22||)2 + 4 ||C12|| ||C21||

)
.

According to Lemma 2.4, we have that ||C22|| = τ. By simple computations,

||C11|| = 0,

||C12|| =

√√√√ n∑
j=1

|cj|2,

and
||C21|| = 1.
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Consequently,

r
(
C2
p2

)
≤ 1

2

τ +

√√√√√τ 2 + 4

√√√√ n∑
j=1

|cj|2

 .

Recalling that |z| ≤ r
(
C2
p2

) 1
2 . �

Now, in the following Theorem we use the fact r (A) = r (D−1AD) for any
invertiable matrix D to get generalized bound for the zeros of p1.

Theorem 2.6. If z is any zero of p1 and n ≥ 4, then

|z| ≤ 1

2

(
max

{
r1
r2
,
r2
r1
|bn|
}

+ α

+

√√√√√(max

{
r1
r2
,
r2
r1
|bn|
}
− α

)2

+ 4
r2
r3

√√√√n−1∑
j=1

(
rj+2

r1

)2

|bj|2

 ,

where α = max
{
r3
r4
, r4
r5
, . . . , rn−1

rn

}
Proof. Let D = diagonal (r1, r2,...,rn), where r1, r2,...,rn are postive real numbers.
Then

D−1Cp1D =


0 r2

r1
bn · · · rn−1

r1
bn−2

rn
r1

r1
r2

0 · · · 0 0

0 r2
r3

· · · 0 0
...

...
... . . . ...

0 0 0 rn−1

rn
0

 .
and

r (Cp1) = r
(
D−1Cp1D

)
≤ r

([
‖N11‖ ‖N12‖
‖N21‖ ‖N22‖

])
,

where

N11 =

[
0 r2

r1
bn

r1
r2

0

]
, N12 =

[
r3
r1
bn−1

r4
r1
bn−2 · · · rn

r1
b1

0 0 · · · 0

]
,

N21 =


0 r2

r3

0 0
...

...
0 0

 , and N22 =


0 0 · · · 0
r3
r4

0 · · · 0
...

... . . . 0

0 0 rn−1

rn
0

 .
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Applying Lemma 2.3, we have

r (Cp1) ≤ r

([
‖N11‖ ‖N12‖
‖N21‖ ‖N22‖

])

=
1

2

(
‖N11‖+ ‖N22‖+

√
(‖N11‖ − ‖N22‖)2 + 4 ‖N12‖ ‖N21‖

)
.

By tedious computations, one can show that ‖N11‖ = max
{
r1
r2
, r2
r1
|bn|
}
, ‖N12‖ =√∑n−1

j=1

(
rj+2

r1

)2
|bj|2, ‖N21‖ = r2

r3
, and ‖N22‖ = α, it follows that

r (Cp1) ≤
1

2

((
max

{
r1
r2
,
r2
r1
|bn|
}

+ α

)

+

√√√√√(max

{
r1
r2
,
r2
r1
|bn|
}
− α

)2

+ 4
r2
r3

√√√√n−1∑
j=1

(
rj+2

r1

)2

|bj|2

 .

Now the desired bound follows from the fact that |z| ≤ r (Cp1) . �

The following two lemmas are well-known and they can be found in [15]
and [16, p. 133], respectively. The first lemma gives a useful formulation of the
numerical radius.

Lemma 2.5. Let A ∈Mn(C). Then

w (A) = max
θ∈R

∣∣∣∣ Re
(
eiθA

)∣∣∣∣ .
Lemma 2.6. Let Tn be the n× n tridiagonal matrix given by

Tn =


0 1

2
0 · · · 0

1
2

0 1
2
· · · 0

0 1
2

0 · · · 0
...

...
... . . . 1

2

0 0 · · · 1
2

0

 .

Then the eigenvalues of Tn are

λj = cos
jπ

n+ 1
for j = 1, 2, . . . , n.
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Proposition 2.1. Let A,B,C,D ∈Mn(C). Then

w

([
A B

C D

])
≤ max (w ( ReA) , w ( ReD)) +

1

2
w
(
eiθB + e−iθC∗

)
.

Proof. Let M =

[
A B

C D

]
. Using Lemma 2.5, we have

∣∣∣∣ Re
(
eiθM

)∣∣∣∣ = r
(

Re
(
eiθM

))
=

1

2
r

(
eiθ

[
A B

C D

]
+ e−iθ

[
A∗ C∗

B∗ D∗

])

=
1

2
r

([
eiθA+ e−iθA∗ eiθB + e−iθC∗

eiθC + e−iθB∗ eiθD + e−iθD∗

])
.

By applying the triangle inequality of the numerical radius norm and Lemma
2.5, we get

w (M) ≤ 1

2

(
w

([
eiθA+ e−iθA∗ 0

0 eiθD + e−iθD∗

])

+ w

([
0 eiθB + e−iθC∗

eiθC + e−iθB∗ 0

]))

= max (w ( ReA) , w ( ReD)) +
1

2
w
(
eiθB + e−iθC∗

)
.

The following lemma 2.7 gives a bound for the spectral radii of matrices . �

The following lemma can be found in [12].

Lemma 2.7. Let A,B ∈Mn(C). Then

r (AB) ≤ 1

4
(‖AB‖+ ‖BA‖

+

√
(‖AB‖ − ‖BA‖)2 + 4 min (‖A‖ ‖BAB‖ , ‖B‖ ‖ABA‖)

)
.

Proposition 2.2. Let B,C ∈Mn(C). If M =

[
0 B

C 0

]
, Then

w (M) ≤ 1

8

(
‖BC∗‖+ ‖CB∗‖+

√
σ2 + 4 min (‖B‖ ‖C∗BC‖ , ‖C‖ ‖B∗CB‖)

)
,

where σ = ‖BC∗‖ − ‖CB∗‖ .
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Proof. Let M =

[
0 B

C 0

]
. Using Lemma 2.5, we have

∣∣∣∣ Re
(
eiθM

)∣∣∣∣ = r
(

Re
(
eiθM

))
=

1

2
r

(
eiθ

[
0 B

C 0

]
+ e−iθ

[
0 C∗

B∗ 0

])

=
1

2
r

([
0 eiθB + e−iθC∗

eiθC + e−iθB∗ 0

])

=
1

2
r

([
0 eiθB

eiθC 0

][
e−iθB∗ 0

0 e−iθC∗

])
.

Using a commutativity property of the spectral radius, we have∣∣∣∣ Re
(
eiθM

)∣∣∣∣ =
1

2
r

([
e−iθB∗ 0

0 e−iθC∗

][
0 eiθB

eiθC 0

])

=
1

2
r

([
0 B∗B

C∗C 0

])

=
1

2
r

([
0 |B|2

|C|2 0

])

=
1

2

√
r
(
|B|2 |C|2

)
=

1

2
r (|B| |C|) .

By applying Lemma 2.7 and Lemma 2.5, we get

w (M) ≤ 1

8
(‖BC∗‖+ ‖CB∗‖

+
√
σ2 + 4 min (‖B‖ ‖|C| |B| |C|‖ , ‖C‖ ‖|B| |C| |B|‖)

)
.

Using the fact ‖|C| |B| |C|‖ = ‖C∗BC‖ and ‖|B| |C| |B|‖ = ‖B∗CB‖ , we have

w (M) ≤ 1

8

(
‖BC∗‖+ ‖CB∗‖+

√
σ2 + 4 min (‖B‖ ‖C∗BC‖ , ‖C‖ ‖B∗CB‖)

)
.

�

Now, we are in a position to derive a new bound for the zeros of p3.

Theorem 2.7. If z is any zero of p3, then

|z| ≤ cos
π

n+ 3
+ cos

π

n+ 3
+

1

2
w (β) ,
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where β =
[
e−iθ 0 0 eiθdn eiθdn−1 · · · eiθd2 eiθd1

]
.

Proof. Partition Cp3 as

Cp3 =

[
L11 L12

L21 L22

]
,

where

L11 = [0] , L12 =
[

0 0 0 dn · · · d1

]
,

L21 =


1

0
...
0

 , and L22 =


0 0 · · · 0 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .

Since w ( ReL11) = 0, and since by Lemma 2.6, we have w ( ReL22) = cos π
n+3

.

Using Proposition 2.1, we get

w (Cp3) ≤ cos
π

n+ 3
+

1

2
w
(
eiθL12 + e−iθL21

)
,

where eiθL12 + e−iθL21 = β.

Now the desired bound follows from the fact that |z| ≤ w (Cp3) . �

The following lemma can be found in [3].

Lemma 2.8. Let T =

[
0 X

Y 0

]
with X ∈Mk×m(C) and Y ∈Mm×k(C). Then

w4 (T ) ≤ 1

16
‖P‖2 +

1

4
w2 (XY ) +

1

8
w (XY P + PXY ) ,

where P = |X∗|2 + |Y |2 .
We use a numerical radius inequality in the following Proposition to establish

a new bound for the zeros of p3.

Proposition 2.3. Let B ∈ Mk×m(C), C ∈ Mm×k(C), and D ∈ Mm(C), and let

M =

[
0 B

C D

]
. Then

w

([
0 B

C D

])
≤ w (D) +

(
1

16
‖N‖2 +

1

4
w2 (BC) +

1

8
w (BCN +NBC)

) 1
4

,



BOUNDS FOR ZEROS OF POLYNOMIALS. . . 835

where N = BB∗ + C∗C.

Proof. Let U =

[
0 0

0 D

]
and V =

[
0 B

C 0

]
. Then M = U + V. Using the

triangle inequality and Lemma 2.8, we get

w (M) = w (U + V )

≤ w (U) + w (V )

≤ w (D) +

(
1

16
‖N‖2 +

1

4
w2 (BC) +

1

8
w (BCN +NBC)

) 1
4

,

as required. �

The following lemma can be found in [6, pp. 8-9].

Lemma 2.9. Let Ln be the n× n matrix given by

Ln =


0 0 · · · 0 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .

Then
w (Ln) = cos

π

n+ 1
.

Theorem 2.8. If z is any zero of p, then

|z| ≤ |an|+ cos
π

n
+

1√
2

(
1

4
(ψ + 1)2 + |an−1| (|an−1|+ ψ + 1)

) 1
4

,

where ψ =
∑n−1

j=1 |aj|
2 .

Proof. Let

M11 = [−an] , M12 =
[
−an−1 −an−2 · · · −a2 −a1

]
,

M21 =


1

0
...
0

 , and M22 =


0 0 · · · 0 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .
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Then

Cp =

[
M11 M12

M21 M22

]
.

So, by the triangle inequality, we have

w (Cp) ≤ w

([
M11 0

0 0

])
+ w

([
0 M12

M21 M22

])
.

By computation, w

([
M11 0

0 0

])
= w (M11) = |an| and by using Proposition

2.3, we get

w

([
0 M12

M21 M22

])
≤ w (M22)

+

(
1

16
‖N‖2 +

1

4
w2 (M12M21) +

1

8
w (M12M21N +NM12M21)

) 1
4

,

where N = M12M
∗
12 +M∗

21M21. Using Lemma 2.9, we have w (M22) = cos π
n
. But,

by computations, w (M12M21) = |an−1| , w (M12M21N +NM12M21) = 2 |an−1|
(ψ + 1), and ‖N‖ = (ψ + 1) . Consequently,

w (Cp) ≤ |an|+ cos
π

n
+

1√
2

(
1

4
(ψ + 1)2 + |an−1| (|an−1|+ ψ + 1)

) 1
4

.

Recalling that |z| ≤ w (Cp) , the result follows. �

Theorem 2.9. If z is any zero of p1, then

|z| ≤ cos
π

n+ 1
+

1√
2

(
1

4
ξ2 + |bn| ξ + |bn|2

) 1
4

,

where ξ = 1 +
∑n

j=1 |bj|
2 .

Proof. Partition Cp1 as

Cp1 =

[
D11 D12

D21 D22

]
,
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where

D11 = [0] , D12 =
[
bn bn−1 · · · b2 b1

]
,

D21 =


1

0
...
0

 , and D22 =


0 0 · · · 0 0

1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .

Then By using Proposition 2.3, we get

w (Cp1) ≤ w (D22) +

(
1

16
‖A‖2 +

1

4
w2 (D12D21) +

1

8
w (D12D21A+ AD12D21)

) 1
4

,

where A = D12D
∗
12 + D∗21D21. Using Lemma 2.9, we have w (D22) = cos π

n+1
.

But, by using simple computations, we have w (D12D21) = |bn| , w(D12D21A

+ AD12D21) = 2 |bn| ξ, and ‖A‖ = ξ. Consequently,

w (Cp3) ≤ cos
π

n+ 1
+

1√
2

(
1

4
ξ2 + |bn| ξ + |bn|2

) 1
4

.

Recalling that |z| ≤ w (Cp1) . �

The following two theorems, however, can be proved similarly as in Theorem
2.9.

Theorem 2.10. If z is any zero of p2, then

|z| ≤ cos
π

n+ 2
+

1

2

(
1 +

n∑
j=1

|cj|2
) 1

2

.

Theorem 2.11. If z is any zero of p3, then

|z| ≤ cos
π

n+ 3
+

1

2

(
1 +

n∑
j=1

|dj|2
) 1

2

.
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Example 1. Consider the polynomial p(z) = z3 + 1
2
z2 + z + 1. Then the upper

bounds for the zeros of this polynomial p(z) estimated by different mathematicians
are as shown in the following table

Bound Value
Fujii and Kubo [5] 1.7071

Cauchy [4] 2

Kittaneh [11] 1.9652

Linden [14] 1.8333

But if z is a zero of the polynomial p(z) = z3 + 1
2
z2 + z+ 1, then Theorem 2.2 gives

|z| ≤ 1.3296, Theorem 2.9 gives |z| ≤ 1.6508, Theorem 2.10 gives |z| ≤ 1.6951, and
Theorem 2.11 gives |z| ≤ 1.6621 which are better than all the estimates mentioned
above.

Finally, we remark that lower bound counterparts of the upper bounds ob-
tained in this paper can be derived by considering the polynomial z

n

a1
p
(
1
z

)
whose

zeros are the reciprocals of those of p. This enables us to describe annuli in the
complex plane containing all the zeros of p. Moreover, for k < n, compression
matrix inequalities may be applied to Ck

p in order to obtain further bounds for
the zeros of p.
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