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EXACT SOLUTION FOR SAWADA–KOTERA EQUATION USING BACKLAND
TRANSFORMATIONS AND TRAVELLING WAVE SOLUTIONS

Gharib Mousa Gharib and Özen Özer1

ABSTRACT. Nonlinear phenomena are very important in a variety of scientific
fields. Finding solutions of nonlinear partial differential equations is one of the
most difficult problems in mathematics and physics.

A precise solution is derived for these non-linear evolution equations (NLEEs),
which has been illustrated by the solitary wave solutions for the fifth degree
equations, the Sawada-Kotera equation, and then we apply the Backland trans-
formation, which shows a new special precise solution.

1. INTRODUCTION

In the work of Buckland [1,2], Z. Yan [10] and M. Gharib [5], surface trans-
formations are illustrated, then P. Bracken [3] and D. Demskoi [4] develop the
theory of this subject.

This type of study has been applied to non-linear partial differential equations.
Then, an infinite series of solutions is generated using algebraic and mathemat-
ical structures. While most of the equations with non-linear development are

1corresponding author
2020 Mathematics Subject Classification. 47J35.
Key words and phrases. Nonlinear evolution equations; Backland transformations; Pseudo-

spherical surfaces.
Submitted: 15.08.2020; Accepted: 07.01.2021; Published: 24.02.2021.

923



924 G. M. Gharib and Ö. Özer

solved using inverse scattering, such as the KDV and mKDV equations which
represent the pseudo-spherical surface (pss).

In the work of Khater and others [6–8], the function u (x, t) representing
pss has been derived from it; some advanced nonlinear equations have been
derived under special conditions using certain methods in mathematics to arrive
at a new solution for the nonlinear equations, which appears in the research,
Ablowitz, Kaup, Newell, Sequr (SKNS) system [5, 9]; this is very important for
physics in various fields, engineering and applied mathematics.

2. DEFINITION OF THE OPEN PROBLEM

Nonlinear evolution equations (NLEEs) arise throughout Nonlinear phenom-
ena. NLEEs are very useful to describe various nonlinear phenomena of physics,
chemistry, biology and others. A NLEE is represented by a nonlinear partial dif-
ferential equation (NPDE), and it is known that finding the exact solution of
NPDE is not easy but the difficulty increases when we deal with NPDEs of high
orders.

Recently, NLEEs attract the attention of many mathematicians and physicists,
because of it’s several applications. Great efforts have been paid to develop
method for solving NLEEs. The implementation of the geometrical properties
and Backlund transformations (BTs) is one of the modern and useful method in
this area.

We discuss in this study the following certain NLEEs.
The Sawada–Kotera equation. It is defined as fifth order and the form of:

(2.1) ut = u5x + 5uu3x + 5uxuxx + 5u2ux

In this work, we obtain the BTs for (2.1) equations by geometrical method.
Also, we apply the BTs to their solutions and generated new travelling wave
solutions.

3. NONLINEAR EVOLUTION EQUATIONS (NLEES) AND SOME EXAMPLES

The advanced nonlinear equations contain the dimensions of time and space,
and thus serve the various fields of physics, chemistry, engineering and other
sciences. They are represented by partial differential equations (PDE) with their
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marginal and elementary conditions, to facilitate application processes on them
in various fields.

During the last few years several new nonlinear evolution equations have
been formulated depending on the physical phenomenon to be described.

Some of these NLEE are discussed below.
In this work, we consider evolution equations of the form as follows:

∂u

∂t
= F

(
u,
∂u

∂x
, . . . ,

∂nu

∂nx

)
,

for a function u(x, t).
It will be convenient to use the following notation for the derivatives of u:

uix =
∂iu

∂ix
, 0 ≤ i ≤ n.

Some examples for the NLEEs:

(a) the Korteweg-de-Vries (KdV) equation
KdV equation is the simplest wave model that combines dispersion with
non linearity. A model to surface water waves. A simple generalization
of KdV equation is:

ut + uux + uxxx = 0, −∞ < x <∞, 0 ≤ t <∞,

where u is the wave amplitude; x, t are space and time variables respec-
tively.

It is a nonlinear dispersive partial differential equation of third order.
In this equation, the first term is the time evolution term, second term is
the nonlinear term and the third term introduces dispersion.

(b) Sine Gordon (SG) equation
The typical type of SG equation is given by

utt + uxx + sinu = 0,

where u is the real scalar field. It was first studied in the course of inves-
tigation of surfaces of constant Gaussian curvature. It has a wide range
of applications in physics, solid state physics, mechanical transmission
lines, crystal dislocation, shape waves et c.
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(c) modified KdV (mKdV) equation
The general form of mKdV equations is

ut +
(
au+ bu2 + cu3

)
ux + βu3x +

d

2t
u = 0.

(d) fifth-order evolution equations
The general form of fifth-order evolution equations is

(3.1) ut = u5x +G (u, ux, . . . , u4x) .

As particular case of (3.1) the following the fifth-order KdV equation

ut = u5x + 10uu3x + 20uxuxx + 30u2ux.

(e) the Sawada–Kotera equation

ut = u5x + 5uu3x + 5uxuxx + 5u2ux

4. BACKLUND TRANSFORMATIONS FOR THE SAWADA-KOTERA EQUATION

(4.1) ut = u5x + 5uu3x + 5uxu2x + 5u2ux

Consider the following AKNS eigenvalues problem:

ΦX = PΦ,

Φt = QΦ,(4.2)

where Φ =

[
φ1

φ2

]
, P and Q are 2×2 null-trace matrices

P =

[
η q

r −η

]
, Q =

[
A B

C −A

]
and η is a parameter independent of x and t, while r, A,B and C are assumed
to be functions of differentiable functions fij depending on u and its derivatives
considered as:

A =
f22
2
, B =

f12 − f32
2

, C =
f11 + f32

2
,

q = u =
f11 − f31

2
, r =

f11 + f31
2

.(4.3)
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Equation (4.3) will be reduced to:

(4.4) P =

[
η f11−f31

2
f11+f31

2
−η

]
Q =

[
f22
2

f12−f32
2

f11+f32
2

−f22
2

]
.

From the Equations (4.1) and (4.4), we get the following scattering problem:

∂φ1

∂x
− ηφ1 = qφ2

∂φ2

∂x
+ ηφ2 =

f11 + f31
2

φ1,(4.5)

in which eigen functions φ1 and φ2 evolve in time according to

∂φ1

φt
=
f22
2
φ1 +

f12 − f32
2

φ2(4.6)

∂φ2

φt
=
f11 + f32

2
φ1 −

f22
2
φ2.(4.7)

The integrability condition reads

(4.8) Pt −Qx + PQ−QP = 0,

or it is in component form

Ax + uC − rB = 0

ut −Bx − 2Aq + 2ηB = 0

rt − Cx − 2ηC + 2Ar = 0.

Konno and Wadati and Shimizu, introduced the function

Γ =
φ1

φ2

,

differentiating equation (4.2) with respect to x and t, respectively. Using Equa-
tions (4.8), (4.5),(4.6), (4.7), (4.3), then, Eqs. (4) are reduced to the Riccati
equations:

∂Γ

∂x
= 2∂Γ + q − rΓ2(4.9)

∂Γ

∂t
= B + 2AΓ− CΓ2.
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Consider

A = u3x − uux −
1

2
η(2uxx − u2)

B = uxx +
1

2
u2,

C = −u+
1− η2

4
− u4x + ηu3x +

1

2

(
−6u− 1− η2

)
u2x − u2x

+ ηuux − u3 +
u2

2

(
1− u2

2
− 1

)
r =

1

2
.

Then by equation (4.9), we obtain

(4.10)
∂Γ

∂x
= 2ηΓ +

u− 2

2
+

1

2
Γ2.

Choosing Γ ′ and u′ as follows:

Γ′ =
1

Γ
,

(4.11) u′ = −1

2
+

[
2Γx

1 + Γ2

]
,

or

(4.12) u′ = −1

2
+ 2

∂

∂x
tan−1Γ,

thenG′ and u′ satisfy equation (4.10) and u′ is a new solution. Equation (4.12) is
called BT equation Constructing a Second Solution from a Known Travelling
Wave Solution

(4.13) u(x, t) = −1

3
+

2

1 + cosh ∂
,

where ∂ = x− t, k = 1. So,

A =(
25η+24 sinhρ+ 76a cosh ρ+ 192 cosh ρsinhρ−216 sinh3ρ+ 78a cosh2 ρ

+28ηcosh3ρh2ρ+ 168 cosh2 ρsinhρ−72ηcoshρsinh2ρ

)
72 coshρ+ 108 cosh2 ρ+ 72 cosh3 ρ+ 18 cosh4 ρ+ 18

(4.14)

(4.15) B =
cosh3ρ−45 cosh2ρ−21 coshρ+ 72 sinh2 ρ+ 25

54 coshρ+ 54 cosh2 ρ+ 18 cosh3 ρ+ 18
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C =
428 cosh2 ρ− 288a sinhρ− 51η2 − 20 cosh ρ− 508 cosh3 ρ− 560 cosh4 ρ

+32 cosh5 ρ− 2268 sinh2 ρ− 2592 sinh4 ρ− 111η2coshρ− 648η sinh3 ρ

+864 cosh ρ sinh2 ρ+ 864η cosh2 ρsinhρ− 648ηcoshρ sinh3 ρ+ 576η cosh3 ρsinhρ

−42η2 cos h2ρ+30η2 cos h3ρρ sinh2 ρ− 216η2 cosh ρ sinh2 ρinh2ρ− 364


270 coshρ+ 540 cosh2 ρ+ 540 cosh3 ρ+ 270 cosh4 ρ+ 54 cosh5 ρ+ 54

(4.16)

r =
1

2
,

q =
u− 2

2

(4.17)

are a solution of the generalized Sawada-Kotera equatipon equation (4.1). Thus,
we get

r

C + r
=

−135 coshρ−270 cosh2ρ−270 cosh3ρ−135 cosh4ρ−27 cosh5ρ−27 288ηsinhρ−115 coshρ+51η2 − 698 cosh2 ρ+ 238 cosh3 ρ+ 425 cosh4 ρ

−59 cosh5 ρ+ 2268 sinh2 ρ+ 2592 sinh4 ρ+ 111η2coshρ+ 648η sinh3 ρ

−sh2ρsinhρ+ 648ηcoshρ sinh3 ρ− 0η2 cosh3 ρ+ 3η2 cosh4 ρ+ 15


and

ξ = 1 +

∫
−135 cosh ρ− 270 cosh2 ρ− 270 cosh3 ρ− 135 cosh4 ρ− 27 cosh5 ρ− 27 288ηsinhρ−115 coshρ+51η2 − 698 cosh2 ρ+ 238 cosh3 ρ+ 425 cosh4 ρ

−59 cosh5 ρ+ 2268 sinh2 ρ+ 2592 sinh4 ρ+111η2coshρ+ 648η sinh3 ρ

−sh2ρsinhρ+648ηcoshρ sinh3 ρ− η2 cosh3 ρ+3η2 cosh4 ρ+ 15



(4.18)

δ = C
(36 sinh2ρ−36 cosh2ρ−11 cosh3ρ−39 cosh ρ−14)

27 cosh ρ+27 cosh2ρ+9 cosh3ρ+9

+

 (25η−53 coshρ+24 sinhρ+ 76a cosh ρ+192 coshρsinhρ−75 cosh2ρ

−47 cosh3ρ−11 cosh4ρ+36 sinh2ρ− 216 sinh3 ρ+ 78a cosh2 ρ+28η cosh3 z

+a cosh4 z− 72η sinh2 ρ+ h2ρ+168 cosh2ρsinh ρ−72ηcoshρsinh2σ−14)


72 cosh ρ+108 cosh2ρ+72 cosh3ρ+18 cosh4ρ+18
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Substituting equations (4.14),(4.16), (4.17),(4.18), we have following equa-
tion

(4.19) Γ = (C + kr)−1 [(A+ kη) + ωcothω (ζ + c2)] ,

where ω2 = δ

Then, substituting equation (4.19) into BTs equation (4.11) to find a new
solution u′of the generalized Sawada-Kotera, equation (4.1) corresponding to
the known solution equation (4.13):

u′ = −1

2
+

[
2Gx

1 +G2

]

5. FUTURE STUDIES

In this work, we introduce some open problems that appeared in our study
of Backlund transformations to nonlinear evolution equations which describe
pseudo spherical surfaces.

These problems can be summarized as follow:
Problem 1: How can we find the functions fij which defined in equations

describe pseudo spherical surfaces definition?
Problem 2: How to find exact solution of NLEE for simple nonconstant and

travelling wave cases?
Problem 3: How can derive Backlund transformations for the fifth order

NLEE?
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