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CONNECTION BETWEEN FUZZY PROXIMITIES AND FUZZY
UNIFORMITIES

Md. Arshaduzzaman

ABSTRACT. The present paper introduces the concept of fuzzy proximity and
fuzzy uniformity. Moreover every fuzzy uniformity induces a fuzzy proximity
and vice- versa. Here we shall study some connection between fuzzy unifor-
mities and fuzzy uniformities induces fuzzy proximities in a canonical way and
vice-versa.

1. INTRODUCTION

Many concepts of general topology were extended to fuzzy set theory after
the papers of Zadeh and Chang. Fuzzy uniformities were introduced by Lowen
and Hutton, [1]]. The two approaches are quite difficult. The one proposed by
Hutton suits in a better manner to Fuzzy set theory.

The concept of Fuzzy proximity till then was unsatisfactory. Its “Fuzzyness”
was rather poor since these proximities were in a canonical one-one correspon-
dence with the usual proximities.
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Moreover the open sets of the induced topologies are crisp and though every
Lowen fuzzy uniformities induces a fuzzy proximity, this correspondence cannot
work well since the two structures do not give the same fuzzy topology.

For the re reasons, anther definition of fuzzy proximity was given by Artico
and Moresco, [3]] which enables to associate a topology in a completely different
way. Moreover every fuzzy uniformity induces a fuzzy proximity and vice-versa.

1.1. Notations and preliminaries. (L, V, A,) is a (complete) completely dis-
tributive lattice with order reserving involution (= complementation).

Given a set X, any element of L¥ is called fuzzy set. If Y is a subset of X, we
shall use the same letter Y to indicate the element of L*. We define:

fx)=1lifz € Y
f(z) = Ootherwise.

i.e.a € L,z € X; as denote the elements of L* which takes the value ‘a’ at the
point x and 0 elsewhere, ax is said to be a fuzzy point and x its support. Also
Ix=x. If 4 € LX. We say that ax belongs to u or that ax is a fuzzy point of
pifa < p(x).

L¥ inherits a structure of Lattice with order reversing involution in a natural
way by defining Vv, A, ’ point wise (same notation of L is used.)

If f: X — Y isafunction and u, v belong to LX, LY respectively, are usual
we put

[T ) (z) =v (f(z)) = (vof) (z) forx € X
f)(y)=suwp{p(z): v € X, f(x) =y} fory €Y
f W) =vA fx)andf (f(pn) > p

Clearly f f< (v) € LX, f(n) € LY.
Moreover f* preserves complementation, arbitrary unions and arbitrary in-
tersections and that:

fVierm) = ,gf (i)
A fuzzy topological spaces is a pair (X, 7) where 7 € L* contains the con-
stants O and 1 is closed under finite intersection and arbitrary unions. The
elements of 7 are called open and their complements closed.

Given a fuzzy topological space (X, 7) a fuzzy set u € L* is said to be 7 —nhd
(or simply nhd) of ax if there exists v € 7 such that ax < v < u. Clearly a
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fuzzy set is open iff it is a nhd of any of its points, interior and closure of fuzzy
sets are defined in the usual way.
If (X, 7) and (Y, 7’) are fuzzy topological spaces a function f : X — Y is said
to be continuous if < (v) € 7 for every v € T'.
Now we use the definition of fuzzy uniform space given by Huttorn. We
denote the set of maps. U : LX — LX which satisfy
@® U(©)=0
) U : L* - L*
(iii) U (_U ,ui> = v U () forp, u; € L
i€l i€l
If U, V belongs to Z, we define U A V to be the infimum of U and V in Z which
turns out to satisfy

UAV) ()= A (U (1) V (2)) -

H1Vp2=p

Moreover we define
Ut (p)=inf {p: U (p) < u'},
an element U such that U = U~ is called symmetric.

Definition 1.1. A fuzzy uniformity on X is a subset o of Z such that

(U P F o

(Uy) U € pandU <V € ZimpliesV € @

(Us) UV € pimpliesU NV €

(Uy) U € g implies there exists V € psuch thatV oV < U
(Us) U e gimpliesU™" € p

Subbasis and basis of a uniformity get the obvious significance. Clearly (Us)
may be replaced by: o has a basis of symmetric elements.
Given a function f : X — Y, foranyV : LY — LY, we define

(V) L* — L*by
foWV) () == (V(f (W)

forany u € L.
It is clear that V satisfies (i) to (iii), then f~ (V') satisfies (i) to (iii) too.
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If (X, p) and (Y, U) are uniform spaces, a function f : X — Y is said to be a
uniform map if for every V' € U, the element f* (V') belongs to p.
Hutton showed that any Fuzzy uniformity o induces a fuzzy topology by

putting o € 7, iff
p=sup {p € LX . U(p) < pforsomelU € 0}

Moreover every uniform map from (X, p) to (Y, U) is continuous equipping
X and Y with the induced fuzzy topologies.

2. SOME RESULTS

Proposition 2.1. Let (X, p) to (Y, U) be uniform spaces f : X — Y a function
and 7' a subbasis of U. Then f is a uniform map iff f< (S) € pforevery S € 7.

Proof. The ‘only if’ part is trivial. For the converse let us suppose that if S;
and S, belong to 7/, then f< (S; A S;) belongs to p; namely we show that
FT (81 A S2) = f (S1) A FT (S52).

First we observe that first number of the quality is les than or equal to the
second one. For the other inequality we have for

p€ L¥andz € X (f(S1) A S7(S2) (u) ()
= o G () V(S (F (12)) (f(2))

andf< (S; A S) () ()

=(S1 A S2) (f () (f (2))
=010 U2 (S1 (v1) V s (v2)) (f(x))

we see that inf v; V vy = f (1), we then have

(fT () Ap) V(T (v2) A p)
=7 () A (f7 (2) A
=fT (nuVu) Ap=f"(f(p) Ap=p
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Moreover fori =1, 2

FO () A p) (y) =sup {7 (vi) A p)(x) @ f(2) =y}
=sup {v; (f(z) A p(z): f(z)=y)}
=v; (y) Asup {u(z) = f(z) =y}
=v; (y) A f(p) (y) = vi(y)

Hence if we take p; = f< (v;) A p, we have py V ps = prand f (u;) = v; and the
conclusion follows. O

Definition 2.1. A Fuzzy proximity on a set X is a function § : L~ x L* — {0, 1}
which satisfies for any u, v, p € L* the following conditions:
(P1) 6(0,1)=0
(P2) & (1, p) =6 (p, 1)
(P3) 6 (p, p) Vo (v, p) =0V v, p)
(Py) if (i, p) = Othereexists v € LX Such that § (1, \) =0, §(p, v') =0
(P5) 0 (u, p) =0, implies p < p'

The pair (X, ) is said to be fuzzy proximity space.

If 6 (n, p) = 0 we say that pandp are far, otherwise we say that they re
proximal. (P, — P,) are the natural extensions of classical case. (P5) needs
some comment since A. Katsaras formulated the analogous axiom in a different
manner. In the case L = {0, 1}, (F5) means exactly that if two subsets intersect
then they are proximal. In the case L = {0, 1} = 1, (P5) means that xand p are
proximal whenever exist + € X such that p(z) + p(x)) 1.

Definition 2.2. Let (X, d) and (Y, n) be fuzzy proximity spaces. A function fis a
proximity map if one of the following equivalent condition holds:

(a) Forevery, v, c € LY, n(v, o) = 0 implies § (< (v), f~ (0)) =

(b) Forevery i, p € L™, 0 (u, p) = 1implies n (fp), f(p)) =1

To see that conditions (a) and (b) are equivalent, we may use part (i) of the
following Lemma.

Lemma 2.1. Let (X, ) be a fuzzy proximity space. For every u, p € L* and
6 (p, p) =1

D n(f(u), f(p) =1
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Gi) If 6 (p, pi) =0 fori=1,...n, thené(/\,ui,\/ Pi ):O.

i=1...n i=1...

Proof. One can use (P3) to prove (i) and (P3) to prove (ii). O

Remark 2.1. Clearly the set of all proximities on a given set X can be equipped with
a partial order by defining 9, finer than 0,(or d2 coarser than d,) if the identity of
X is a proximity map from (X, 01) to (X, d2).

We shall define the fuzzy topology induced by fuzzy proximity.
We take a proximity space (X, ¢) a nd for any, © € L* we put

int (n) =sup {p : 3 (p.4') =0},

and denote it by p° orint (u).

Theorem 2.1. The function int : L*X — L satisfies the interior axioms namely,
we have for u, p € L

(I) int (1) =1

(I) int (p) < p

(I3) int (int () = int p

(1) int (u A p) =int (u) A int (p)

Proof. (I;) and (Iy) follow trivially from (P;) and (Ps) respectively.

(I3) clearly int (int (n)) < int (u)

We now take p suchd (p, p') = 0.

By (P,) there exist ysuch that 6 (p, ) = 0 and § (v, /) = 0; hence p <
int (), p < int(p) and int (y) < int(u) because int is monotone, therefore
v < int (int (n)) for every p, such that ¢ (p, p') = 0.

So that int (int ) > int (u)

(1) Trivially int (u A p < int () A int (p)).

For the converse, we see that in a completely distributive lattice, the infinite
distributive law holds, hence we have

int (u) A int(p) =sup {v : d(v,u) =0} Asup{o : 6 (0, p) =0}

=sup{vAc:dp)=0=05(c:p)}
<sup {t:d(t p V) =0}
sup {t : 6 (t, p A p) =0}

int (u A p) O
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Definition 2.3. The fuzzy topology induced by fuzzy proximity ¢ is denoted by 75
and consists of all fuzzy sets € L~ such that p = int (u).
Clearly the closure of 1 in the topology 75 denoted Cl.s (1) or Cl(p) is given by

(int (1))"
Remark 2.2. (I) If L = I then uis a 75— nhd of ax iff for every b<a we have
d(bx, I — p)=0
(ID : If (X, 0) is a classical proximity space, for any u € L*, we put
coz(p)=(xr € X : p(x) > 0)and

define 6 (11, p) = 0 iff coz () dcoz (p).

Then § is fuzzy proximity and 75 open fuzzy sets are exactly the characteristic
functions of the sets which are open in the topology induced by 6.

(II1) The fuzzy proximity introduced by Katsaras [2] satisfy conditions IP; —
P;) and the ¢§ of the example above is a Katsaras proximity. Furthermore, given
a Katsaras proximity 7, it is clear to prove that there exists a classical proximity
& such that § = n; indeed for A, B subset of X. We put A8 B iff An B.

To prove that § is a usual proximity and 0 = 7, we consider the fact that for
every i, p € I~ we have that the closure of ;1 introduced by Katsaras (denoted
by iz in this example) is a characteristic function and

pnp iff pp iff coz (p) ncoz (p)iff coz (w) d coz (p)

iff 6 (11, p) = 1. Thus Katsaras proximity are in a canonical 1-1 correspondence
with the usual proximities.

Proposition 2.2. Let (X, §), (Y, n) be f proximity spaces. If : X — Y is proxim-
ity map, then it is continuous equipping X and Y with the induced fuzzy topologies.

Proof. Let vbe 7, - open seti.e. vsup {o : n(c,v')=0}.
Hence [ (v) =sup {f* (o) : n(o,v") =0}
<sup {p:d(p, [ (v) =0}
ie. f< (v) =int (f (v)) isats — open set. O
Proposition 2.3. Let § be a fuzzy proximity on X. Then,

(@D 6 (u, p) =04ff 6 (1, p) = 0;
(i) p=sup {v : 0 (u, p) =6 (v, p) foreveryp € L¥}.
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Proof. The ‘if part’ is trivial, for the converse let us take v such that § (7', ) =
0=46 (p, 7). Hence 7' < int (i) so thaty > (int (i) = fand§ (p, p) = 0.

By (i) we get that i < sup {v : & (1, p) =6 (v, p) foreveryv € L*}.

We then take v < i such that v (u, p) = § (v, p) for everyp € L and we put
t=pV v. Weseethatt > andd (t, p) for every p € L*.

Since ' < (i)’ = int (¢'); by the definition of int there exists ¢ < ¢'. such
that § (i, o) = Owhile(P5) implies ¢ (¢, o) = 1 which is a contradiction. O

3. CONNECTION BETWEEN FuUzzYy PROXIMITIES AND FuUzZzy UNIFORMITIES

Now we shall study some connection between fuzzy uniformities and fuzzy
proximities. We shall show that any fuzzy uniformity induces a fuzzy proximity
in a canonical way and vice-versa.

Let o be a fuzzy uniformity and for p, p € L* we define

de (1, p = 0) iff there exists

Ue€ pst.Uu <p.
Theorem 3.1. §,, as defined above is a fuzzy proximity.

Proof. We shall verify properties (P1-P5)

(Py) - is trivial.

(P) dp (i, p) = 0 (p, 1), since for U € o, U (u) < o iff U™ (p) < p.
(P3) It is sufficient to prove that

Op (1, p) = 0= d(v, p)
implies d,, (#V v, p) =0 since the converse is trivial.
U < p, V) < p,wehave (U A V) (nV v) < p and then

dp (1 V v, p) = 0.
(Py) Letd, (i, p) =03U € psuchthat U (u) < p. We take V' € 9, then
V =V~1 and

V(V(p) <0 = Vip) < (V)

Hence for v = V (p) we have §, (1, v) =0 =9, (p, 7).
(P5) Trivial.
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Remark 3.1. We say that a fuzzy uniformity ¢ is separated if for given points ax,
by such that ax < (by) there exists U € g such that:

U(ax) < (by).

Theorem 3.2. Let o be a fuzzy uniformity, then p and ¢, induce the same topol-
0gy.

Proof. Given a fuzzy set uy,we see that {v : 3U € gsuch thatU (v) < p} =
{v: 6, (v, ¢ =0} and the supermum of the first member of the equality is the
interior of i in the topology induced by g, while the supermum of the second
one is the interior of y in the topology induced by 6. O
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