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CERTAIN SUBCLASSES OF UNIVALENT FUNCTIONS WITH POSITIVE
COEFFICIENTS INVOLVING TOUCHARD POLYNOMIALS

T. Soupramanien1, C. Ramachandran, and Khalifa Al-Shaqsi

ABSTRACT. This work provides an extraordinary view of establishing the con-
nections in between the different set of subclasses that exists in the univalent
analytic functions, thereby utilizing some unique operator related to the con-
volutions that involves the Touchard polynomials. Exactly saying the analytic
univalent function classes along with the positive coefficients in the open unit
disk U are investigated along with those connections.

1. INTRODUCTION AND DEFINITIONS

The application of special function on Geometric Function Theory is a current
and interesting topic of research. It is frequently applied in various branches
Mathematics, Physics, Sciences, Engineering and Technology. The impressing
application of the common oriented hypergeometric functions proposed by L.
de Branges [5] provides the solution for the well known Bieberbach conjecture.
The expanded literature discussion arises here along with the analytical in ad-
dition with the geometric properties that consists of different kinds of unique

1corresponding author
2020 Mathematics Subject Classification. 30C45.
Key words and phrases. Univalent functions, Starlike functions, Convex functions, Hadamard

product, Touchard Polynomials.
Submitted: 07.02.2021; Accepted: 22.02.2021; Published: 26.02.2021.

981



982 T. Soupramanien, C. Ramachandran, and K. Al-Shaqsi

functions that exists specially, particularly for the common approach related to
the Gaussian hypergeometric functions [4,9,10,14,16].

The Touchard polynomials that is analysed and reviewed by Jacques Touchard
[17], is known to be the exponential generating polynomials (see [2, 13, 15])
which is also called as Bell polynomials (see [1]) that comprised of a polynomial
sequence with sub categorised binomial type for X. This is considered to be a
Poisson distribution having a random variable along with the desired value l,
hence the nth instant is E(Xn

κ ) = T(κ, l), predominant to the form:

(1.1) T(κ, l) = eκ
∞∑
n=0

κnnl

n!
.

The coefficients of the Touchard polynomials that exists subsequent the second
force is given as below.

Lately, introduce Touchard polynomials coefficients following the second force
is given as

(1.2) Φ(l, κ, z) = z +
∞∑
n=2

(n− 1)lκn−1

(n− 1)!
e−κzn z ∈ D,

where l ≥ 0, κ > 0, and it is noted that the radius of convergence of above series
is infinity when a ratio test is conducted. The class of the analytic functions in
the unit disk U = {z ∈ C : |z| < 1} is considered to be H.

It is assumed that A is considered to be the class of functions f ∈ H of the
form

(1.3) f(z) = z +
∞∑
n=2

anz
n, z ∈ U.

It is also considered that S be the subclass of A which consists of other functions
that are normalized by f(0) = 0 = f ′(0)− 1 and also univalent in U.

Denoted by V the subclass of A that consists of functions of the form

f(z) = z +
∞∑
n=2

anz
n, an ≥ 0.
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For functions f ∈ A given by (1.3) and g(z) = z +
∞∑
n=2

bnz
n, the Hadamard

product (or convolution)is defined as that of f and g by

(f ∗ g)(z) = z +
∞∑
n=2

anbnz
n, z ∈ U.

Then the linear operator is defined as

I(l,m, z) : A → A

and is defined by the hadamard product or convolution

I(l,m, z)f = Φ(l,m, z) ∗ f(z) = z +
∞∑
n=2

(n− 1)lmn−1

(n− 1)!
e−manz

n,

where Φl
m(z) is the series given by (1.2).

The classM(α) of starlike functions of order 1 < α ≤ 4
3
:

M(α) =

{
f ∈ A : <

(
zf ′(z)

f(z)

)
< α, z ∈ U

}
and the class N (α) of convex functions of order 1 < α ≤ 4

3
:

N (α) =

{
f ∈ A : <

(
1 +

zf ′′(z)

f ′(z)

)
< α, z ∈ U

}
= {f ∈ A : zf ′ ∈M(α)} ,

were identified and discussed by Uralegaddi et al. [18] (see [6, 8]). Also let
M∗(α) ≡M(α) ∩ V and N ∗(α) ≡ N (α) ∩ V.

Couple of two novel subclasses of S namely SP (λ, α, β) and UCV(λ, α, β) are
introduced in this work for discussing with some of the inclusion properties.

For 0 ≤ λ < 1, 0 ≤ α < 1 and β ≥ 0, we let SP (λ, α, β) be the subclass of
A which consists of certain functions of the form (1.1) thereby satisfying the
analytic criterion

<
{

zf ′(z)

(1− λ)f(z) + λzf ′(z)
− α

}
> β

∣∣∣∣ zf ′(z)

(1− λ)f(z) + λzf ′(z)
− 1

∣∣∣∣ , z ∈ U,

and also, let UCV(λ, α, β) be the subclass ofA consisting of functions of the form
(1.1) and satisfying the analytic criterion

<
{

f ′(z) + f ′′(z)

f ′(z) + λzf ′′(z)
− α

}
> β

∣∣∣∣ f ′(z) + f ′′(z)

f ′(z) + λzf ′′(z)
− 1

∣∣∣∣ , z ∈ U,

We also let S∗P (λ, α, β) ≡ SP (λ, α, β) ∩ V and UCV∗(λ, α, β) ≡ UCV(λ, α, β) ∩ V.
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Note that SP (λ, α, 0) = M(λ, α), UCV(λ, α, 0) = N (λ, α);M∗(λ, α), N ∗(λ, α)

the subclasses are studied by Murugusundaramoorthy [11]. Also SP (0, α, 0) =

M(α), UCV(0, α, 0) = N (α);M∗(α), N ∗(α) the subclasses are studied by Urale-
gaddi et al. [18].

The obtained results reveals that there exists an connection between the dif-
ferent subclasses of the analytic univalent functions with the help of hyperge-
ometric functions (see [4, 9, 10, 14, 16]), the most needed and generally re-
quired conditions are obtained for the functions Φ(l,m, z) to be in the classes
SP (λ, α, β), UCV(λ, α, β) and the connections that exists in between Rτ (A,B)

by the means of applying convolution operator.

2. PRELIMINARY RESULTS

For proving our main results the following definitions and lemmas are manda-
tory.

Definition 2.1. The lth moment of the Poisson distribution is defined as

µ′l =
∞∑
n=0

nlmn

n!
e−m.

Lemma 2.1. For 0 ≤ λ < 1, 0 ≤ α < 1 and β ≥ 0, and if f ∈ V then f ∈
S∗P (λ, α, β) satisfies

∞∑
n=2

[n(1 + β)− (α + β)(1 + nλ− λ)] |an| ≤ 1− α.

Lemma 2.2. For 0 ≤ λ < 1, 0 ≤ α < 1 and β ≥ 0, and if f ∈ V then f ∈
UCV∗(λ, α, β) satisfies

∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)] |an| ≤ 1− α.
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3. MAIN RESULTS

For convenience throughout in the sequel, we use the following notations:
∞∑
n=2

mn−1

(n− 1)!
= em − 1,

∞∑
n=2

mn−1

(n− 2)!
= mem,

∞∑
n=2

mn−1

(n− 3)!
= m2em.

Theorem 3.1. If m > 0 (m 6= 0,−1,−2, . . .), l ∈ N0, then Φ(l,m, z) ∈ S∗P (λ, α, β)

satisfies

(3.1)

(1 + β − λ(α + β))µ′l+1 + (1− α)µ′l ≤ 1− α, if l ≥ 1,

(1 + β − λ(α + β))mem ≤ 1− α, if l = 0.

Proof. To prove that Φ(l,m, z) ∈ S∗P (λ, α, β), then by virtue of Lemma 2.1, it
suffices to show that

∞∑
n=2

[n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!
e−m ≤ 1− α.

Now,

e−m
∞∑
n=2

[n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=2

[n(1 + β − λ(α + β))− (α + β)(1− λ)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=2

[(n− 1)(1 + β − λ(α + β)) + (1− α)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=1

[n(1 + β − λ(α + β)) + (1− α)]
nlmn

n!

= e−m
∞∑
n=1

[
(1 + β − λ(α + β))

nl+1mn

n!
+ (1− α)

nlmn

n!

]

=

(1 + β − λ(α + β))µ′l+1 + (1− α)µ′l, if l ≥ 1

(1 + β − λ(α + β))m+ (1− α)(1− e−m), if l = 0
.
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But this expression is bounded above by 1−α only if (3.1) holds. Thus the proof
is complete. �

Theorem 3.2. Ifm > 0 (m 6= 0,−1,−2, · · · ), l ∈ N0 then Φ(l,m, z) ∈ UCV∗(λ, α, β)

satisfies
(3.2)(1 + β − λ(α+ β))µ′l+2 + (2− α+ β − λ(α+ β))µ′l+1 + (1− α)µ′l, if l ≥ 1

(1 + β − λ(α+ β))m(m+ 1)em + (2− α+ β − λ(α+ β))mem ≤ 1− α, if l = 0

Proof. To prove that Φ(l,m, z) ∈ UCV∗(λ, α, β), then by virtue of Lemma 2.2, it
suffices to show that

∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!
e−m ≤ 1− α.

Now,

e−m
∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=2

n [n(1 + β − λ(α + β))− (α + β)(1− λ)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=2

[
(n− 1)2(1 + β − λ(α + β)) + (n− 1)(2− α + β − λ(α + β))

+(1− α)]
(n− 1)lmn−1

(n− 1)!

= e−m
∞∑
n=1

[
n2(1 + β − λ(α + β)) + n(2− α + β − λ(α + β)) + (1− α)

] nlmn

n!

= e−m
∞∑
n=1

[
(1 + β − λ(α + β))

nl+2mn

n!
+ (2− α + β − λ(α + β))

nl+1mn

n!

+(1− α)
nlmn

n!

]

=


(1 + β − λ(α + β))µ′l+2 + (2− α + β − λ(α + β))µ′l+1

+(1− α)µ′l, if l ≥ 1

(1 + β − λ(α + β))m(m+ 1) + (2− α + β − λ(α + β))m

+(1− α)(1− e−m), if l = 0.
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But this expression is bounded above by 1−α only if (3.2) holds. Thus the proof
is complete. �

4. INCLUSION PROPERTIES

A function f ∈ A is said to be in the class Rτ (A,B), τ ∈ C\{0}, −1 ≤ B <

A ≤ 1, if it satisfies the inequality∣∣∣∣ f ′(z)− 1

(A−B)τ −B[f ′(z)− 1]

∣∣∣∣ < 1, z ∈ U.

This class was introduced by Dixit and Pal [7].
It is of interest to note that if

τ = 1, A = β and B = −β (0 < β ≤ 1),

we obtain the class of functions f ∈ A satisfying the inequality∣∣∣∣f ′(z)− 1

f ′(z) + 1

∣∣∣∣ < β z ∈ U,

which was studied by (among others) Padmanabhan [12] and Caplinger and
Causey [3].

Lemma 4.1. [7] If f ∈ Rτ (A,B) is of the form (1.3), then

|an| ≤ (A−B)
|τ |
n
, n ∈ N\{1}.

The result is sharp for the function

f(z) =

z∫
0

(
1 + (A−B)

τtn−1

1 +Btn−1

)
dt, z ∈ U; n ∈ N\{1}.

Making use of the Lemma 4.1 we will study the action of the Poissons distri-
bution series on the class UCV∗(λ, α, β)

Theorem 4.1. Let m > 0 (m 6= 0,−1,−2, · · · ), l ∈ N0. If f ∈ Rτ (A,B), then
I(l,m, z)f is in UCV∗(λ, α, β) satisfies

(4.1) (A−B) |τ |

(1 + β − λ(α + β))µ′l+1 + (1− α)µ′l ≤ 1− α, if l ≥ 1

(1 + β − λ(α + β))mem ≤ 1− α, if l = 0
.
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Proof. Let f(z) be of the form (1.3) belong to the class Rτ (A,B). By virtue of
Lemma 2.2, it suffices to show that

∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!
e−m|an| ≤ 1− α.

Since f ∈ Rτ (A,B), then by Lemma 4.1, we have

|an| ≤
(A−B) |τ |

n
.

Thus, we have

e−m
∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!
|an|

≤ (A−B)|τ |e−m
∞∑
n=2

[n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!

= (A−B)|τ |e−m
∞∑
n=2

[(n− 1)(1 + β − λ(α + β)) + (1− α)]
(n− 1)lmn−1

(n− 1)!

= (A−B)|τ |e−m
∞∑
n=1

[n(1 + β − λ(α + β)) + (1− α)]
nlmn

n!

= (A−B)|τ |e−m
∞∑
n=1

[
(1 + β − λ(α + β))

nl+1mn

n!
+ (1− α)

nlmn

n!

]

= (A−B)|τ |

(1 + β − λ(α + β))µ′l+1 + (1− α)µ′l, if l ≥ 1

(1 + β − λ(α + β))m+ (1− α)(1− e−m), if l = 0

But this last expression is bounded by 1 − α, if (4.1) holds. This completes the
proof of Theorem 4.1. �

Theorem 4.2. Let m > 0 (m 6= 0,−1,−2, · · · ), l ∈ N0, then the integral operator

L(l,m, z) =

z∫
0

I(l,m, t)

t
dt

is in UCV∗(λ, α, β) if inequality (3.1) is satisfied.

Proof. Since

L(l,m, z) = z +
∞∑
n=2

(n− 1)lmn−1

(n− 1)!
e−m

zn

n
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By virtue of Lemma 2.2, we need only to show that
∞∑
n=2

n [n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

n(n− 1)!
e−m ≤ 1− α.

or, equivalently
∞∑
n=2

[n(1 + β)− (α + β)(1 + nλ− λ)]
(n− 1)lmn−1

(n− 1)!
e−m ≤ 1− α.

The remaining part of the proof of Theorem 4.2 is similar to that of Theorem
3.1, and so we omit the details. �

Remark 4.1. For µ = 0, the Theorems 3.1 - 4.2 which correspond the results very
recently reached by Murugusundaramoorthy and Saurabh Porwal [11].

Remark 4.2. For µ = 0 and λ = 0, the Theorems 3.1 - 4.2 which correspond the
results reached by Uralegaddi et al. [18].
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