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QUASI-CARTESIAN COMPOSITIONS IN AFFINE SPACE CONNECTION,
FOUR DIMENSIONAL WITHOUT TENSOR

Musa Ajeti

ABSTRACT. Let Ay be an affine space connected without tensor in A4 ( [1H4]),
where are presented reciprocal compositions as X, x Xo,Ys X Y5 and Z x
Z5. Each of these compositions are of (¢qC, ¢C) (Quasi-Cartesian) kind, each
of these has in its own the manifold base. Spaces which accept these kinds of
compositions are significant. New types of compositions X,, x X,, are created
by using parallel and Quasi parallel oriented conditions with P(X,,) and P(X,,)
positions, as well as the transformations of connections. These kinds of tenses
are gained and proved. In this work symmetric affinor connections are counted
correctly, which will signify Riemannian’s connections and Equi-affine as well
as the transformations of connections.

1. INTRODUCTION

Let be A, a space with symmetric connected affinor without tensor defined
with T} s(afy = 1,2,3,4)(afy - are coefficients of connections). Let us consider
the composition X, x X,,,, two different manifolds X, and X,, (n+m =4 = N)in
space Ay. For any point of space composition Ay (X, x X,,), there are two posi-
tions of manifolds which we can notice with P(X,,) and P(X,,), ( [1,/2,5,(7,8D.
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We know that the composition is thoroughly defined by the space affinor a?
which completes the conditions ( [8~11]). We have studied the transformation
of symmetric connections, composition of affinor which completes the condition
from complete components of the curve by adopting the coordinates of compo-
sitions which we notice the special Riemannian and Equi affine.

2. PRELIMINARIES

Let us take Ay(N = 4) a space with symmetric affine connection presented
with I} 5(afy = 1,2,3,4). With A4, we consider the topological compositions
X, x X,, of two basic manifolds X, and X,,. We have put down above with
P(X,) and P(X,,) are parallel or Quasi-parallel turned to any line of manifolds
Ay and we can say X,, x X, is of the type (¢K, ¢K) ( [1,/2,11-13]).

The definition of composition is called a special composition in A, of an affinor
field a2 which completes ( [5-911])

and contract condition
5
a,Vsa), —a,Vsag = 0,
where V is a covariant of derivation by respecting the connection I') ;(a8y =

1,2,3,4). Affinor o is called affinor of composition ( [1-4,(7,11,(13,15,/16]).
Projected affinor are given:

n 1 n 1

o = 500 +af), G = (03 +af),
which complete the equations

B B
a, +a, =0° a,—d’=a

B
)

(21) nB nv nvV mB md mo nB  mv
Ao Qg =y, Qo Qg =0y, Q- ag=0.

With adopted coordinates, affinor’s matrix a?, Zi and T&LZ have this form ( [1-4]):

&0 n : m 0 0
(2.2 <a§>:<g _51.), <ai>:(fg 8) <a§>:<0 5)
J J

where 67 is a unit affinor.
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For one arbitrary vector v we get decomposition v, = Zivﬁ + Eivﬁ then
T8 € P(X,) and 6o € P(X).

Let us take the composition X,, x X,, of the type (¢K,¢K) where positions
P(X,) and P(X,,) are turned Quasi-parallel along every line of A, respectively
([146-9,13]). According [6] the compositions X, x X,, is of the type (¢K, ¢K),
then and only then if it is worth

nvmpB mv nB

(2.3) V.a? —27,(a,a, — a,a,) = 0.
According the equation (2.3)) we have 7, which is equally with
—1n Im
(2.4) T, = —ai‘lfg — —ai\I!U,
m n
then
1
(25) \:[[0' - §agv0'a57

because we notice ¥; and V.

Vector 7, is called the vector turned Quasi—parallel where as ¥, - is called
Cartesian vector. With adopted coordinates of the equation isin [1,2,9,11]]
and we have:

(2.6) Tk = okw,, T =6t

U, and ¥; in equation are given in the equation (2.5) and the expression
V,a? in equation (2.3) is

1 2 3 4
Vgafi =V, (vﬁva + 00, — V70, — vﬁva),
1 2 3 4
whereas the expression in brackets of the equation (2.3) is:

vmpB v 1 2 3 4 3 4 1 2
ZQZLU - gaag = (21)”% + g”va) . (131’81)5 + g%g) — <g”vg + 14)"1)0) . (21)6% + 12)’81)&>

or
nvnb v v 3 4 »3 !
a,a, — aoag = 111 (gﬁvg + gﬁvg) — P <v Vo —l—’g Vo |-

Then the equation (2.3) has the form:

v 1 2 3 4
To0® — TooP — TooP + To0f 4+ TovP—
1 v 1 1 1 2 1 3 1 4

2.7)
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According the equation (2.7) curvature has the form R, =0, in space A, as

usually of Riemannian:

(2.8) gy = 0l — 051%, + T% % —T% I,

and A, is equi-affine with the square base N = 4. 94, a,.5.0, according [18,9,(12-
15]]. So, space A, is equi-affine then and only then where:

o 0.

aBy —

It stands the condition, because the space A, is from the composition X,, x X,,
of the type (¢K, ¢K) with suited compositions will be:

1Rq 1Rg

1jk> ijk”

3. SPECIAL PRODUCTS

If compositions X,, and X,, are of the type (¢C,qC), then positions P(X,,)
and P(X,,) are parallel turned along every line of base manifold A,. The lack of
parallel curve or Quasi parallel along one of the compositions X,, x X,, is signed

with (-,-).

Example 1. Composition X,, x X, is of the type (—,qC) if positions (X,) are
parallel turned along to every line of base manifold A,. We get types off composi-
tions X,, x X, which has the form (-,qC) dhe (qC,-) which are given: (qY,,—) =
characteristic of e invariants will be:
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whereas characteristics with vector’s net (v, v, v, Z) is:
1 2 3

(3.1) T+ Ton =10 5,
J J 2

and coefficients of connections have the form:

Fi

sj

4. QUASI-CARTESIAN COMPOSITIONS IN Ay

According [1},5,/7-9] we have the different equations which follow

14
Vavf = I;va, ngag = —Thvg.

14

Let us take the composition X, x X, with signs of connected coefficients «, 3,
v, 0, v €{1,2,3,4},4,7,5, k1 € {1,2},7,7,k,1 € {3,4}.

Theorem 4.1. Composition X, x X, is of the type (qC, qC) if coefficients of equa-
tion complete the condition

rh = okw;, TF =6k,
ij iJ i
Proof. According the equation
nB nv no nv nomv nomv
4.1) a4, Vat, —a,Voas — ¥, (aﬁaa + aﬁaa> =0,

according 32 and [|5,,7,9,11,13/,14] it is worth

L4 1 1 v v 2 2 v
Vgag = Tozljﬁva — T, 00, + TovPv, — ngﬁva
v 2V v

3 3 v 2
3 v v v
— T %0, + TyvPv, — Tyv’0, + Tov v,
v v 3 4 4 v 4

v

Then equation (4.1) we contract with independent net vectors (111, v, Y, g) then

we get the equation:

4.2) a)
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3 4 3 3 3
7;04 - aaaj;a - \IJUU Vo = j;aga = \I/UU;, j;aga =0
b) 4 n 4 4 4
T,—a’1T, — VY, v%v, =0 T,*=0, Tyw*=WV,0°
2 ) 23 o 4 2
n 1 1 1
all, — V070, =0 T,v° =V,07, T, =0
O = 3 P
n
all, — V070, =0 T,07 =0; Ty =W,0°
3 31 32
n 1 1 1
alTy — V070, = 7;011)“ = \I/O.v:, J;QQQJ” =0
d) . 5 , = , 5
alT'y — V070, =0 T, =0; Tyv° =V
4 4 4 1 4 2 4
From equation (4.2) cases (a-d) it is worth
i - i ~ i . i .
(4.3) T, = (5’%\1101@8"; Tavko‘ = (5,2\1',11):; T = 0;9s; Ty = 0}, Vs,
s k s s s

Equation (4.3) can be written according (3.1)) in this form
[h = 0105, L =0iu,,

which even proves the theorem. 0

g8

Theorem 4.2. Composition Y, x Y, is of the type (¢C,qC). If V,WS = P,W5,

Q

then P,W® — B, ﬁavza — 50, W
a k s s

Proof. We act identically as with the Theorem 4.1 with the contraction indepen-
dent net vectors (zlj, v, 0, g) solved and we have:

3 3

PWe=v W* PW*=0
1 1 1 4
3 3

PWe=v W* PW*=0
2 3 2 2 4
4 4

Paﬂga =0; POCVKO‘ = \IJOM{O“

(4.4) ) )

PW*=0, PW*=V¥ W<
2 3 9 4 2
1 1

PWe=v W* PW*=0
3 1 3 4 1
1 1

PW*=0, P,W*=0
3 2 4 2
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2 2
PW* =0, P,W*=v¥, W
3 1 3 2 3

2

I/I{a =0, P,W*= \Daﬂia

2

IS
S

In equation (4.4) expressions W* will be replaced with

W =0 +0%, W=0v*+0% W*=0"—0% W=0v"—10%
1 1 3 2 2 4 3 1 3 4 2 4

then equation (4.4) has the form:

3
P, (vo‘ — vo‘> =V, (UO‘ + vo‘> R (va — va> =0
S\ 3 1 3 f\ 2 4
3 3
P, (UO‘—UO‘) =y, (2}0‘4—va>7 P, (v*—0v*) =0
5 \1 3 2 4 2\ 2 4
4 4
P, <v°‘ — vo‘) =0; P,(v*— Ua> =V, (va + va>
S\ 3 2\ 2 4 1 3
4 4
(4.5) : 2 )
P, <’U°‘—|—v°‘> =V, (va—v"); P, (v*+0vY) =0
3 \1 3 1 3 £\ 3
1 1
P, <v°‘ + vo‘> =0; P, <va + vo‘) =
3 2 4 4 2
2 2
P, (vo‘ + va> =0; P, (va + UO‘> =V, (vo‘ — vo‘)
1 3 3 4 1 3

3
2 2
P, <v°‘ + U") =0; P, (vo‘ + v“) =", <v°‘ — v°‘> .
1 3 2

4 2 4 4

According to any equality of equation (4.5) by factorizing them we have

3 3 3 3 3 3
Po—P=U,+V3; P,—P=0 <= P=P < I3,=1%,
1 1 1 2 1 2

3 3 3 3 3 3
P—P3=VUy4+Vy; PB,—P=0 > PB=P +— TI5,=0%,
2 2 2 2 2 2
4 4 4 4
(46) Pl—P3:0, PQ—P4:\111+‘I/3
1 4 1 4
4 2

4 4
Pl—sz(); PQ—P4:‘I/2+\111
2 2 2 2

1 1 1 1
Ph—Py=V, V3 P+P=W¥,—-U,
3 3 4 4
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1 1 1 1
Po+Py=0; P,+P=0
3 3 4 4
2 2 2
P1—|-P3:O7 P2+P4:\Ij1—\1/3
3 3
2 2
P1+P3: s P2+P4:\I/2—‘1/1
4 4 4 4

For equation are worth these connections F% =0, Ffﬁj =0and I}, = 0,
F% = 0. This shows that the theorem is proved. By using [13-16]] and equation
we get

Rijp =0 or Rz =0.

J

g

Consequence 4.1. If compositions X, x X, and Y, x Y, are symmetric of this
kind (qC, qC'), then space Ay is affine space.

Proof. If compositions X, x X, and Y, x Y, are symmetric of this kind (¢C, ¢C),
then from the Theorem 4.1 and Theorem 4.2 we get I') 5, = 0. So, in this way
A, is affine space. O

5. TRANSFORMATIONS OF CONNECTIONS

Let we take the space A, with symmetric affine connection I}, (afy =
1,2,3,4). Coefficients of connections, in order it to be the space of composition
X, x X,, must be of type (¢C,qC). Space A, is called composition of Quasi-
Cartesian. According (4.1)), composition X,, x X,, is of the type (¢qC, ¢C'), then,
and only then, when A} ; = 0.

Let us consider connections

1o _ 10 o
(51) Faﬁ - Faﬁ + Boaﬁ’

where B7; a deformed is tensor. After I'7; is symmetric and the tensor of the

g (e g
curve 'I'7 5 is given with T3 = Bz — B, , and 'I']; is symmetric and only sym-
- «

metric if BY; = Bg,.
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We notice from 'V and ' R” . derivation of covariant and curve of the tensor

afo

is in relation with the connections 'I' ;. According (5.1]) we get
(5.2) 1V,al = Vaal + Bl a’ — B, al.
Then (2.5) and (5.2) enables

(5.3) v, =V, + lcﬂ (B7 a’ — BY a”’) )

2 g op—o oo TV

With equation (2.4) and (5.3)) we count
~ 1 1 n 1m
(5.4) Pa = Pa — 50y (Byyay — Biya)) | —al + —af ).
2 P m n
Then, after replacement of the equation (5.2)) and (5.4) in

~ n n ~ n m m n
og = al 'Vsal — af 'Veal — 20, (agag + agag) :

and taking in consideration the equations (2.1]), we get the following equation

v _n? Y a0 nB G
ap = WV, —azVea, — 20, | agas +agag | -

We get
Zﬂ = 35 + ng,
where:
(5.5) Bly=al (K}, — K§,ay) — aj (K} af — K2,ay) +

P KT at wory (L L
+a? (K7 ,aly — K al,) —agag+ —agag | .

From equation (5.5) it follows ng = 0 and @15 = 0, then, and only then, if
Bgﬁ = 0. With suited coordinates according (2.2)) and (5.5) we get:

i _pi_pi _opio_opi o i
jk‘_Bjk_Bjk_ jk_Bjk_Bjk_07

i i L

With adopted coordinates from (2.6), (2.7) and (@), we get:

i 1 i\ i i 1 Y]
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In the case when Q] = @35 = 0, by respecting the adopted coordinates (2.7)),
(2.8) and (5.6), we count on following components of tensors curve R, and

1R'Y

[1]
[2]
[3]
[4]
[5]
(6]
[7]

(8]
[9]

[10]

[11]

[12]
[13]

[14]

[15]

afo?

where

Ry = {05,0Ky, + (005 + K5 Ki; + KU03 K} + 2{655 007 + Ko}

i pl i3
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