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FIXED POINT THEORY IN A CONVEX GENERALIZED b-METRIC SPACE
Virath Singh! and Pravin Singh

ABSTRACT. In this paper, we generalize Mann’s iterative algorithm and prove
fixed point results in the framework of a generalization of a b-metric space. A
convex structure is imposed on the generalized space and two strong conver-
gence results are provided for two different contraction mappings. The concept
of stability is extended to the generalized b- metric space.

1. INTRODUCTION

In 1922, Banach, see [5] proved his famous fixed point theorem that every
contraction mapping on a complete metric space has a unique fixed point. Since
then there has been numerous extensions to his work, especially in changing the
underlying structure of the metric space or introducing new contraction types.
Czerwik [_2] relaxed the triangular inequality and formally defined a b-metric
space. In 1970, Takahasi [|6] introduced the concept of convexity in metric
spaces and proved fixed point theorems for contraction mappings in such spaces.
Chen et. al. [1]] discussed fixed point theorems in convex b-metric spaces. Here
we discuss such concepts in a convex generalized b-metric space. Fixed point
theory is important in non linear analysis and functional analysis. It finds appli-
cation in systems of non linear differential, integral and algebraic equations.
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2. PRELIMINARIES

Definition 2.1. [4] Let X # () be a set and «, 3 > 1 be real numbers. A function
p: X xX —[0,00) is called a a5 b-metric if the following hold, for every x,y, z €
X,

D plz,y) =0 <= z=y;

i) pla,y) = < @);
(7i1) p(x,y) < ap(x,z) + Bp(z,y).
The pair (X, p) is called a a5 b-metric space.

Definition 2.2. [2] Let {x,} be a sequence in a a5 b-metric space (X, p). Then,

(¢) The sequence {x,} is said to be convergent in (X, p) if there exists * € X
such that lim,, . p(x,,z*) = 0.
(i3) The sequence {x,} is said to be Cauchy in (X, p). if limy, n—oo p(Tm, Tn) =
0.
(#i7) (X, p) is called a complete af b-metric space if every Cauchy sequence in
X is convergent.

Definition 2.3. [3|] Let [ = [0,1). Define p : X x X — [0,00) and a continuous
function w : X x X x I — X. Then w is said to be a convex structure on X if the
following holds:

p(z,w(, y; 1)) < pp(z,2) + (1= p)p(z,y),
foreach z € X and (z,y; 1) € X x X x L.

Example 1. Let X = [1, 3] and define p by:

el w#y,

p(z,y) =
0, r=y,

(X, p) is a o b-metric space since,

oz, y) < 32t

_ 3bla—zl+2l(—y)l g 2le—zl+ 3 1e—y]

< <13|“|+23zy> s
=\3

3 z,y,z€X

= 3p(z, z) + 6p(2, y).
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Furthermore,

p(1,3) > p(1,2) + p(2,3),
thus (X, p) is not a metric space.
Define w(zx,y; 1) = px + (1 — p)y for u € I, then
p(z,w(z,y; ) = p(z, po + (1 = p)y)
— glz—pa—(1-p)yl
— gluCz=2)+(1-p)(z—y)|

< 3u|(zfx)l+(1*u)l(zfy)\
< Iuglzfxl + (1 _ Iu)3|2*y\
= pp(z,2) + (1 — p)p(z,y)

3. MAIN RESULTS

Theorem 3.1. Let (X, p,w) be a complete convex «, 3 b-metric space and T : X —
X be a contraction mapping, that is there exists A € [0,1) such that p(Tz,Ty) <
Ap(z,y), for all x,y € X. Choose xy € X such that p(xy,Txy) < oo and define
Ty = w(Tn_1, TTp_1; n_1), where

1
1 1

63
0< pip—1 < A< —,
Hn—1 %_)\ 3

for each n € N, then T has a unique fixed point in X.
Proof.

P(Ln; 1) = (0, W, Tins pin)) < (1= pin) p(an, Tn)

p(xn, Tay,) < ap(x,, Ta, 1) + Bp(Tx, 1, Txy,)
ap(w(@n_1,Txp_1;pn-1), TTp_1) + BAp(Tp_1,xy)
< aptn1p(Tn—1, Txn 1) + BN = pn1) p(n—1, Ty 1)
= [aptn—1+ BAL = pn—1)] p(@n—1, Txp—1)

IN

1
(3.1 < @p(xn_l, Tx, 1)

(3.2) < p(xp_1,TxH 1)
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Hence {p(x,,Tz,)} is a decreasing sequence of non-negative reals for sequence
{z,}. Hence, there exists v > 0 such that lim,, . p(z,, Tx,) = 7. If v > 0 then
letting n — oo in (3.2) we have v < ~, a contraction. Hence v = 0 and from
(3.1) it follows that lim,,_,o p(zy, Tx,) = 0. We now show that {z, } is a Cauchy
sequence. Let m > n then
p(xma xn) < @P(ﬂfm anrl) + 5P($n+17 mm)
0P i) + Blap(Trsr, Tuss) + Bp(nes, 1)
ap(Tp, Tni1) + Bap(Tnir, Tnsa) + B2p(Tnsa, Tm)

< CYP(%u Tpi1) + Bap(Tny1, Tnyo) + 52P($n+2, Tin)

+ 6m_n_1p($m—la $m)
m—n—1
3.3) <o Z ﬁkp(l’wrk, Tptkt1)

Now from (3.1)) and (3.2) it follows that

P(Tn, Tpi1) = p(Tn, Wns T pin)) < (1 — pn) p(20, Ty)
< p(zp, Txy)

(xn 1 qun 1)

< Wﬂ(ﬁn—k; T‘xnfk) .

Hence
1
(3.4) P(Tntks Tntky1) < @P(%aT%)-
Substituting (3.4) in (3.3)), we obtain
m—n—1 1
(T, ) < @ @p(xn,Txn)
k=0
[e’¢) 1 k
< ap(z,, Tx, (—)
( ); 3
= op p(Tn, Txy)
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Hence lim,;, ;00 p(Tm, xn) = 0, which implies that {z,} is a Cauchy sequence.
By the completeness of X there exists z* € X such that lim,, ., p(x,,2*) = 0.
We now verify that z* is a fixed point of 7'

p(z*, Tx* ) ap(x”®, x,) + Bp(, n, Tx*)
ap(x”, xn) + B lop(zn, Tan) + Bp(Tay, Ta")]
ap(x*, x,) + Bap(xn, Tr,) + B2 Ap(x,, o)
(3.5) = (a+ 62/\)

| /\

(x*, 2,) + Bap(z,, Tx,,).

Let n — oo in (3.5), we conclude that p(z*, Tx*) — 0, hence Tx* = z*. If 2™ is
another fixed point of T, then

p(a*, ) < p(Tx*, Tz™) < Ap(z*, ™).

Hence p(z*,2**) = 0, otherwise A > 1, is a contradiction and the fixed point is
unique. O

Theorem 3.2. Let (X, p,w) be a complete convex «, 3 b-metric space and T :
X — X be defined by p(Tx,Ty) < Xp(z,Tx)+ p(y, Ty)], for all z,y € X and

for 0 < )\ < 5—14 Choose rq € X such that p(xo, Txg) < oo and define =, =

W(@p—1, TTp1; fin-1), where

for each n € N, then T has a unique fixed point in X.

Proof.

p<$n>$n+1) = p(mmw(na Tay; Vm)) < (1 - Mn)p(xanxn)

p(xn, Txy) < ap(zn, Tr,_1) + Bp(Txp_1, Tx,)

ap(@n, Trn) + BN [p(n-1, Tn1) + p(2n, Ty)]

= ap(w(@n-1,TTn_1; prn-1), Txn_1) + BAp(Tp_1,Txp_1)

+ BAp(2n, Txy)

= iy 1p(Tn_1, Txn1) + BAp(Tp_1, Txn_1) + BAp(2p, Txy,).

IN
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We observe that 0 < 1 — ), and hence

Ay —1 + B)‘
1—pBA
< p(xn_lézxn_1)7
as proved in Theorem [3.1] Hence p(x,,Tz,) is a decreasing sequence that con-
verges to zero and hence is a Cauchy sequence. If lim,,_,, p(x,,z*) = 0, then

p(xna Txn) S p(l'n—la T*rn—l)

pla*, Ta*)

IN

ap(z®, xn) + Bp(wn, Ta")
ap(x*a xn) + B[CYP(-TTL, Tl‘n) + Bp(Tl‘n, Tl'*)]
ap(x*, x,) + afp(a,, Te,) + BN p(zn, Tx,) + p(a*, Ta*)).

IN

IN

Then it follows that

(1= 8%\ p(a*, Ta*) < ap(x*, z,) + (afN) p(@n, Ty)
p(x0, T'xo)
ﬁ2n ’

Letting n — oo, we obtain p(z*, Tx*) = 0, so z* is a fixed point of T". If z** is
another fixed point of T, then

< ap(a*, z,) + (af?A)

pla* ™) = p(Ta*, Tx™) < Mp(z*, Tx*) + p(™, T2™)] =0,
proving that the fixed point is unique. O

Lemma 3.1. Let {y,}, {2.} be non-negative sequences satisfying y,+1 < z, + hy,
foralln e N, 0< h <1, lim,_, 2, =0, then lim,,_.o y, = 0.

Definition 3.1. Let T be a self map on a complete a3 b-metric space (X, p). The
iterative procedure x,.1 = f(T,x,) is weakly T-stable if {x,} converges to a fixed
point x* of T and if {y,} is a sequence in X such that lim,, o p(Yn+1, f(T,yn)) =0
and {p(yn, Ty,)} is bounded then lim,,_,. y, = x*.

Theorem 3.3. Under the assumptions of Theorem if in addition lim,,_,« jt, =
0, then Mann’s iteration is weakly T-stable.
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Proof. From Theorem x* is a fixed point of 7" in X. If {y,} is a sequence
such that lim,, . p(Yns1,W(Yn, TYn; tn)) = 0 and {p(yn, Ty,)} is bounded, then
P(Ynt1,2%) < p(Ynt1, W (Y TYns 11n)) + Bp(W (Y, TYns pin), 2°)
< P(Ynt1, W (Yn, Tyns in)) + Bloo(w(yn, Ty tin), Tiyn)
+ Bp(Tyn, Tz")]

< ap(Ynr1, W(Yns TYns 1)) + Bpinp(Yn, Tyn) + B2 Ap(yn, )

= 2 + BAp(yn, 7).
Since 3?°\ < 1 and {p(y,, Ty,)} is bounded, lim,, ., 2, = 0 and hence by Lemma

lim,, o0 p(Yn, 2*) = 0. O

Theorem 3.4. Under the assumptions of Theorem if in addition lim,, o jt, =
0, and if «, B, A satisfy additionally 161/3;/3 < 1 then Mann’s iteration is weakly T-
stable.

Proof. From Theorem [3.2)z* is a fixed point of 7' in X. If {y, } is a sequence such
that limy, 00 P(Yns1, W(Yn, TYn; itn)) = 0 and {p(yn, Ty,)} is bounded, then
p<yn+1a ZE*) S ap(yn+1> W(yn, Tyn; ,Un)) + Bp(w(yna Tyn; ,Un)a ZL‘*)
< ap(Yni1, @ (Yn, Tyns 1)) + Bap(w(Yn, Tyns i), Tyn)
+ ﬁzp(Tyn, z*).

Now,

P(TYn,z*) = p(Tiyn, Tx*) < Xp(Yns Tn)
< Aap(Yn, °) + ABp(a™, Tyy).

From which we get
Ao

T * < *
p(Tyn, ") < l_wp(ym:r );
. Aafd? .
Pt 27) < ap(Ysr, (Y, TYni ) + Bttt p(yn, Tyn) + 17— Aﬁp(yn, )
Aa3? .
Since ff‘f; < land {p(y,, Ty,)} is bounded, lim,,_, 2, = 0 and hence by Lemma

lim,, o0 p(Yn, 2*) = 0. O
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