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MORPHISM OF m-BIPOLAR FUZZY GRAPH
Ramakrishna Mankena, T.V. Pradeep Kumar, Ch. Ramprasad!, and J. Vijaya Kumar

ABSTRACT. In this article, weak, co-weak, isomorphism and morphism between
two m-bipolar fuzzy graphs (m-BPFGs) are defined and studied their various
properties.

1. INTRODUCTION

Fuzzy sets are introduced for the parameters to solve problems related to
vague and uncertain in real life situations were given by Zadeh [8] in 1965. The
limitations of traditional model were overcome by the introduction of bipolar
fuzzy set concept in 1994 by Zhang [9]. This was further improved by Chen et
al. [3]] to m-polar fuzzy set theory.

Free body diagrams using set of nodes connected by lines representing pairs
are good problem solving tools in non-deterministic real life situations. Thus,
Rosenfeld [6] first initiated the fuzzy graphs by taking fuzzy relations on fuzzy
sets in 1975. Akram [1] introduced the notion of bipolar fuzzy graphs and stud-
ied some isomorphic properties on it. Rashmanlou et al. [7]] studied categorical
properties of bipolar fuzzy graphs. Ghorai and Pal [4,5] introduced generalized
m-polar fuzzy graphs and studied some isomorphic properties and density of
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an m-polar fuzzy graph. Bera and pal [2] introduced the concept of m-polar
interval-valued fuzzy graph and studied the algebraic properties like density,
regularity and irregularity etc. on m-PIVFG.

This paper attempts to develop theory to analyze parameters combining con-
cepts from m-polar fuzzy graphs and bipolar fuzzy graphs as a unique effort.
The resultant graph is turned to m-BPFG and studied properties on it.

2. PRELIMINARIES

All the vertices and edges of an m-polar fuzzy graph have m components and
those components are fixed. But these components may be bipolar. Using this
idea, m-BPFG has been introduced.

Before defining m-bipolar fuzzy graph, we assume the following:

For a given set V/, define an equivalence relation <» on V xV —{(k,k) : k € V'}
as follows:(ky,l1) <> (ko,l2) < either (k1,1;) = (ko,l2) or ky = I, 11 = ko.

The quotient set got in this way is denoted by V=.

Definition 2.1. An m-bipolar fuzzy set (m-BPFS) S on V is defined by S(s) =
[{[pr0V(s), proV3(s)], [p20 ¥4 (), P20 VE(s)], - - [P 0 V(5), P oVR(5)])} for all
s € V or shortly S(s) = {{[p; o ¥5(s), p;j o ¥5(s)|j2; |s € V) } where the functions
p;jove: V —[0,1] and p; o 9%: V — [—1, 0] denote the positive memberships and
negative memberships of the element respectively.

Definition 2.2. Let S be an m-BPFS on a set V. An m-bipolar fuzzy relation on
aset Sisan m-BPFS T of V. x V, T(s,t) = {([p1 o ¥}(s,t),p1 o Y}(s,1)], [p2 ©
Yh(s,t), p2 0 VI(s, )], .. ., [pm © VH(8, 1), pm © VI (s,t)]}) for all s,t € V or shortly
T(s,t) = {{[pj o ¥7(s,t),p5 0 (s, t)]jL1)]s,t € V} such that p; o i(s,t) <
min{pj © ¢g(s>7pj © 7/12(75)}»29]' © ¢%(Svt> = max{pj © wg(‘g)?p]' © wg@)h fOl’ every
j=1,2,...,mands,t €V.

Definition 2.3. An m-bipolar fuzzy graph (m-BPFG) of a graph Gx = (V,E)
is a pair G = (V,5,T) where S = ([p; o ¥, p;j o &|TL),pj o ¥s: V — [0,1]
and p;j o Yg: V — [~1,0] is an m-BPFS on V; and T = ([p; o ¢, p; o Y}]TL,),
pj o Y <Vj — [0,1] and p; o Y7} <Vj — [=1,0] is an m-BPFS in <V? such that
piovr(k,1) < min{pjovs(k), pjodg(l)}, pjoti(k, 1) = max{p;os(k), pjovs(l)}
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for all (k1) € V2, j = 1,2,....m and p; o v2.(k,1) = p; o vk, 1) = 0 for all
(k1) evﬁ—E.

Definition 2.4. An m-BPFG G = (V,S,T) of a graph Gx = (V, E) is strong if for
every (s,t) € Eand j = 1,2,...,m satisfying p; o (s, t) = min{p; o ¥%(s),p; o
V() }py o (s, t) = max{p; o Y§(s), pj o YE(t) }-

Definition 2.5. Let G = (V, S,T) be an m-BPFG of G* = (V, FE)).The complement
of Gisan m-BPFG G = (V,S,T) of G* = (V, <Vj) such that S = S and T is defined
by pj o Ur(s,t) = [p; 0 UL(s, 1),y 0 (s, 8)],py 0 UL(s,8) = {p; 0 VA(s) Aps o
Ve(t)} — pj o vp(s,t),pj 0 Yi(s,t) = {pj 0 V&(s) V pj o ¥s(t)} — pj o Yi(s, ) for
every (s,t) € <Vj and j =1,2,...,m.

Definition 2.6. The degree of a vertex s € V inan m-BPFG G = (V, S, T) is defined
as do(s) = {Ipy © d6(5):py © O = ([T ot py 0 Vs, epr py o

(s,t)eEE
Wi (s, t)] > Every vertex in an m-BPFG G = (V, S, T) has the same degree then
j=1
G = (V,S8,T) is regular.

3. ¢-MORPHISM ON m-BPFGs

In this section, homomorphism, isomorphism, morphism between two m-
BPFGs are defined and some of its properties are studied.

Definition 3.1. Let G = (V3,51,T1) and Gy = (V3, S, Ty) be two m-BPFGs of the
graphs G7 = (V1, Ey) and G = (Va, Ey) respectively, for j = 1,2,...,m.
(i) A homomorphism between G; and G5 is a mapping ¢: Vi — V; such that
(@) p;oul, () < py ot (9(a), ;v (a) 2 piod, (6(e)) forall a € Vi
and
(b) pjour, (e, B) < pjov, (8(a), ¢(B)), pjovy, (o, B) = pjoi, (d(ev), d(B))
for dll (a, B) € V2.
(i) A weak isomorphism between (G; and G5 is a bijective mapping ¢: V; — V3
such that
(a) ¢ is a homomorphism and

(b) pjorpl (a) = pjod, (¢(a)), piovs (o) = pjos,(d(a)) forall a € V1.
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(iii) A co-weak isomorphism between GGy and G+ is a bijective mapping ¢: V|, —
V5, such that
(a) ¢ is a homomorphism and
(B) pjoyr, (o, B) = pjovr, (d(a), 9(B)), pjory (o, B) = pjoi, (d(ar), d(B))
for dll (a, 8) € V2.
(iv) An isomorphism between (G and G- is a bijective mapping ¢: Vi — V,
such that
(@) pyoul, (0) = pyorh, (6(a). p;0u%, (@) = pyo v, (9(a)) for all a € Vi
and
() pjovy, (o, B) = pjovy, (d(a), ¢(B)), pjort (o, B) = pjov, (B(a), d(B))
for dll (a, B) € V2.

Definition 3.2. Let G = (V4,51,T1) and Gy = (V4, S, T,) be two m-BPFGs of the
graphs G; = (W4, E1) and G = (V,, Es) respectively. Then a bijective mapping
¢: Vi — Vs is called an m-BPF morphism or m-BPF ¢-morphism if there exists two
numbers z; > 0 and z, > 0 such that for j = 1,2,...,m.
(@) pjovs,(o(a)) = z1pjov§ (a), pjovy, (¢(a)) = z1pjois, (o) for all o € Vi
(b) pjovr, (d(a), ¢(B)) = zapjoty, (o, B), pjoii, (d(a), d(B)) = z2pjout (av, B)
for dll (a, 8) € V2.
In such a case, ¢ is called (z1, zo) m-BPF ¢-morphism from G onto Gy. If 21 = 2z, =
z, we call ¢, an m-BPF ¢-morphism Whenz = 1, we obtain usual m-BPF morphism.

Example 3.1. A morphism between two m-BPFGs G| and G has given below.

A< | LAS, A0.46], [0.35, <0.4) B < [0.4, -0.5], [0.3, -0.4] A <|0L9, <092, (0.7, -0.8] = B < |08 -L0]), 0.6, -0.5] >

< [0.2, -0.2], [0.2, -0.25] = < |0.6, -0.6], [0.6, -0.75] =

< [0.2, -0.25], |0.1, -0.2] = =[0G, <0.9], [0.3, <0.45] =
£10.2, 03], [0.1, -0.15] > 1005 =03 103043

< 0.6, -0,75], [0.3, -0.6] >

C < |05, 0.5, [0.4, -0.45
C' < [1.0,-1.0], [0.8, -0.9)

@) G (b) G,

FIGURE 1. ¢-morphism of m-BPFGs G, and G,

/

Here, there is a m-BPF ¢-morphism such that ¢(A) = A", ¢(B) = B
C/,Zl = 2,22 = 3.

,0(C) =
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Theorem 3.1. The relation ¢-morphism is an equivalence relation in the collection
of m-BPFGs.

Proof. Let T' be the collection of all m-BPFGs. Define a relation ~on I'xI" as
follows: for G4,G, € I, we say G;~G, if and only if there exists a (21, z2)
m-BPF ¢-morphism from G; onto G5 for some z; # 0,2, # 0. Now we have
to prove that ~is an equivalence relation. First, we see that ~is reflexive by
taking identity mapping from G, onto G, Let Gy,G5 € I' and G;~G,. Then
there exists a (z1, zo) m-BPF ¢-morphism from G onto G, for some z; # 0, z5 #
0 Therefore p; o g (¢(a)) = z1p; o Vg (), p; 0 Vg, (¢(a)) = z1p; o ¥, (a) for
all @ € Vi and p; o ¥, (d(a), ¢(8)) = zap; o U7, (o, B),pj o Vi, (), ¢(B)) =
2p; o Vi (o, B) for all (o, ) € W Consider ¢~ ': Vo — Vi. Let m,n € V.
Since ¢ is bijective there exist «, 5 € V; such that m = ¢(«),n = ¢(5). Then,
pj o U (071 (m)) = pj o ¥ (97 (d()) = pj oyt (a) = Spj o, (d(a)) =
=pj 0 P, (m), pj o i (971 (m), 071 (n)) = pj o ¥, (67 (¢(a)), ¢~ (6(8))) = pj ©
UF (0, 8) = Lp;ot, (6(a), (8)) = Lp;ouh, (mn) for j = 1,2, .., m. Similarly
pjodE (971 (m)) = Spjov,(m), pjovt (6~ (m), ¢~ (n)) = Lpjovf, (¢(a), ¢(B)).
Thus, there exists <Z—11, i) m-BPF morphism from G, to G| Therefore, G, ~G,
and hence ~is symmetric. Again, let G1, G5, G3 € T" be such that G; ~G, and
G2 ~G3. Then there exist a (z, 2) m-BPF ¢ morphism from G, onto G for
some z; # 0,29 # 0 and a (z3, z4) m-BPF ¢ morphism from G5 onto G5 for some
z3 # 0,24 # 0. Then, p; o % (q(a)) = z3p; 0 Vg, (), pj 0 ¥, (q(a)) = z3p; 0 Y, ()
for all @ € V5 and p; o ¥, (q(e), q(B)) = zap; o Y7, (o, B), pj o ¥, (q(a), q(B)) =
z4pj o Y, (o, B) for all (o, B) € Vi, j = 1,2,...,m. Let §: go ¢: Vi — V3. Then
pj o ¥, (6(a)) = pj o v, ((q o d)(a)) = pj ot (a(p(a))) = z3p; o Y5, (d(a)) =
z3z1p; 0 Y, (@) and p; o 9, (5(ar),6(B)) = pj o ¥4, ((g 0 @) (@), (g0 §)(B)) = p; o
wg‘g(q(¢(a))> Q<¢<5))) = Z4pj0w§12 (¢(Oé), ¢(ﬁ)) = 2’422]9]‘017%31 (047 ﬂ)a] = 17 27 R LT
Similarly p; o ¥, (6(a)) = z3z1p; o ¥y (o) and p; o Y7, (6(), 6(8)) = zazep; ©
Y%, (o, B). Thus, 6 is a (2321, 2422)m-BPF morphism from G onto G'3. Therefore,
(G; ~(G5 and hence ~is transitive. So, the relation ~is an equivalence relation
in the collection of m-BPFGs. O

Theorem 3.2. Let G, = (V1, 51,11) and Gy = (Vs, Ss,T3) be two m-BPFGs and ¢
be a (21, z2) m-BPF morphism from G, onto G5 for some z; # 0 and z, # 0. Then
image of strong edge in (G, is also a strong edge in G, if and only if z; = 2.
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Proof. Let («, 5) be a strong edge in GG; such that (¢(a), ¢(5)) is also a strong
edge in G,. Now as G; ~Gy, we have for each j = 1,2,..m. zp; oy, (o, ) =
Py 0 Wi (6(a). 6(8)) = p; 0 U5, (6(a)) A py 0 W5, (9(8)) = 21y 0 U% (@) A z1p;

5, (8) = 21(pj o U5, (@) A pj o (B)) = zipj o 7, (a, B) for each j = 1,2, ..., m.
Similarly, zop;01)7, (v, B) = z1p;0Uf, (, (), therefore z; = z,. Conversely suppose
that z; = z,.and («, 3) is strong edge in G; then for each j = 1,2,...,m p; o

U (d(a), 0(B)) = zapj o Yip (o, B) = za(p; 0 Yo (a) A pj o (B)) = 2 (ipj o

£,(6(0)) A Lp; 0 04, (8(8))) = (b 0 ¥5,(6(@) A py 0 ¥ (6(8)). Similarly
pj o Vi, (8(), #(B)) = (pj o ¥, (¢(a)) V pj 0 U5, (6(8))). Therefore (¢(a), ¢(8)) is
strong edge in Gs. O

Theorem 3.3. Let an m-BPFG Gy = (V1,S1,T}) be regular. If there is a co-weak
isomorphic from G; = (V1,51,T1) to G = (V4,S2,Ts) then Gy = (Va,S:,T3) is
also regular.

Proof. As an m-BPFG (G is co-weak isomorphic to G, there exists a co-weak
isomorphism ¢: V; — V5. which is bijective such that for j = 1,2,..m. p; o
V3, (@) < pjoig(d(a)),pj oy (a) > pjovg,(é(a)) for all a € Vi and p; o
U (@, B) = pjoi, (d(a), d(B)), pjovy, (o, B) = pjovy, (¢(a), ¢(8)) for all (a, B) €

Vi’. As G is regular, we have) , .5 pj; oy (a, 3) = constant foralla € V3
(a,ﬁ)€E1

Now >° sa)ze(s) Pjo¥n,(0(), 6(B)) =22 azs pjo iy (a, B) = constant for
(¢(a),d(B))cE2 (o,B)EEL
all o € V. Similarly, >~ )26 pjo¥l (é(a), ¢(8)) = constant for all o € V;.
(¢(),0(B))€E2
Therefore G5 is regular. O

Theorem 3.4. Let an m-BPFG G, = (V4,51,T1) be strong. If there is a weak
isomorphic from G, = (V1,51,T1) to Go = (Va, Sa,T») then Gy is also strong.

Proof. As (G, is weak isomorphic to GG,. Then there exists a weak isomorphism
¢: Vi — V,. which is bijective such that for j = 1,2,..m. p; o ¢g (a) = p; o

5,(0(a)), pj o V5, (@) = pj o ¥, (¢()) for all v € Vi and p; o ¥y, (o, B) < p; 0
U, (d(a), 9(8)), pj 0 ¥, (e, B) = pj 0 b, (d(a), ¢(8)) for all (a, ) € VE. As Gy is
strong, we have p; o 7. (a, 3) = min(p; o g (a),p; 0 g (B)), for all (o, B) € Ei.
Now p; o ¥, (d(e), 6(8)) = pj o vy, (a, 8) = min(p; o ¥, (@), p; © U5, (8))
min(p; o ¥g,(d(a)),p; o ¥5,(#(8))). By the definition, p; o ¢, (¢(a), ¢(5))
min(p; o g, (¢(a), (¢(8)) for (¢(a), ¢(8)) € E». Therefore, p; oy, (¢(), ¢(8))

IIA
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min(p; o Vg, (¢(a)), p;j o V5, (¢(8))). Similarly, p; o ¢y, (¢(), ¢(8)) = max(p; o
Ve (p()), pj o V% (#(3))). Hence, G, is strong. 0

Theorem 3.5. Let an m-BPFG G5 = (V4, Sy, Ts) be strong regular. If there is a co-
weak isomorphic from Gy = (V3,51,T1) to Gy = (Va,S5,T) then Gy = (V4,51,T1)
is also strong regular m-BPFG.

Proof. As an m-BPFG @ is co-weak isomorphic to GG,.Then there exists a co-
weak isomorphism ¢ : V; — V5 which is bijective such that for j = 1,2,....m
Py 0 V%, (a) < p; 0 UL, ($(0)), p; 0 0%, () = p; 0 %, (é(a)) for all a € Vi and p; o
U (o, B) = pjoi, (d(), ¢(8)), pyoi, (v, B) = pjovy, (¢(a), #(B)) for all (a, B) €
W- pj o ¥, (@, B) = pj o i, (¢(a), (8)) = min(p; o ¥5, (¢(a)), pj © 15, (6(8))) =
min(p; o @/ng(a),pj o gbgl(ﬁ)) But, by the definition, p; o 1/)%(04, B) < min(p; o
2 (0),p; 0% (8)) for all (a, 8) € V2. So, p; 0 4 (a, B) = min(p; o % (o), p o
5, (B)) for all (a,B) € E,. Similarly, p; o ¥, (o, ) = max(p; o ¥§ (), p; o
1/131( )V(e,B) € Ey. Therefore G is strong. Also for o € Vi, azs pjo
U, (

(a,B)EEL
a,B) =30 sz PjoVvn(d(a),¢(8))= constant and
(¢(),0(B))EE

Y opioth(aB)= > piovh(6(e),6(8)) = constant,

aZp () #9(B)
(e,B)€EL (#(c),(B))EE2
since GG, is regular. Therefore G, is regular. O

Theorem 3.6. Let G; = (V4,51,T1) and Gy = (V3,Ss,T3) be two isomorphic m-
BPFGs. Then (G is strong regular if and only if G, is strong regular.

Proof. As an m-BPFG @ is isomorphic to G5, there exists an isomorphism ¢ :
Vi — V, which is bijective such that for j = 1,2,...,m, p; o ¥g () = p; o

5,(¢(@)), pj o U5, (a) = pj o ¥, (¢(a))Va € Vi and p; oy, (o, B) = pj o ¥, (6(a),
B(B)). 1y o U4, (0, 8) = by 0 U4,(6(a), 6(3)¥(, ) € Vi. Now Gy is strong
if and only if p; o wgl(a,ﬁ) = min(p; o wgl(a),pj o wgl(ﬁ)), pj o Vi (a, B) =
max(p; o wgl(a),pj o wgl(@))V(Oz,ﬁ) € F, if and only if p; o ¢§2 (p(a),p(B)) =
min(p; o g, (#(a)), pj o v, ((8))), pj o vy, (¢(a), 9(8)) = max(p; o v, (¢(a)), p; o
Ve, (0(8)))V(é(a), #(B)) € E, if and only if G, is strong. As G is regular if

and only if for all @ € V1,>° axs pj o9 (o, ) = constant and ) x5 p;o
(a,ﬁ)GEl (C!,B)GEl

V% (o, B) = constant if and only if for all ¢(a) € Vo, > sa)zas) ;o UVh (d(a),
(¢(a),¢(B))EE2
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¢(8)) = constant and 3,245 Pi © ¥, (¢(@), ¢(3)) =constant, if, and only if,
G, is regular. O

Theorem 3.7. A strong m-BPFG G = (V, S, T) is strong regular if and only if its
complement G = (V, S, T) is strong regular.

Proof As an m-BPFG G = (V, S,T) is strong m-BPFG, then G = (V, S, T) is also
strong m-BPFG where S = S and T is defined by p;o7(a, B) = [pj oy? (e, B),pj0

Y20, 8)], by 0 (e 8) = (s 0 () A p; oWE(B)} — by oWh(ax, ), py o vp(en, B) =

{pjové(a) Vpjoi(B)} — pjoYi(a, B)for every (o, ) € <Vj andj =1,2,...,m.
Now G is strong regular if and only if p; o ¢%.(ov, B) = {p; 0% () Apjop%(B)}, pjo
(e B) = {ps 0 ¥(a) V p; 0 wA(A)} if and only if p; 0 ¥2 (e, B) = {p; 0 () A
pj o vg(B)} — pj o (e, B) = pj o (e, B) — pj o Yp(a, B) = 0, pj o (e, B) =
{pjos(a) Vpjovs(B)} —pjovi(a, B) = pjodi(a, B) — pjo (e, B) = 0 if and
only if p; o Y2 (a, 8) = 0,p; o ¥2%(e, f) = 0 if and only if G = (V, S, T) is strong
regular. O

CONCLUSIONS

We studied the properties of weak, co-weak, isomorphism and morphism be-
tween two m-BPFGs in this article. In future we intend to extend our work to
study the properties of strongly edge irregular m-BPFGs.
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