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ON LAPLACIAN SPECTRA OF SOME CORONA PRODUCT GRAPHS AND
APPLICATIONS

Idweep J. Gogoi, Bablee Phukan, Aditya Pegu, and A. Bharali'

ABSTRACT. The corona operations on graphs have attracted many researchers
because of its applications in various fields. Many variants of the corona op-
eration are defined over the years and their spectral properties have also been
studied. In this paper we consider the spectra of some of these corona graphs
namely; weighted edge corona product graphs, subdivision double corona, Q-
graph double corona and total double corona. In this note, we correct some of
the results proposed in the literature and also derive expressions for the num-
ber of spanning trees and Kirchhoff index of the above mentioned graphs as
applications.

1. INTRODUCTION

We consider simple and connected graphs throughout this paper. For a graph
G = (V, E) with vertex set V(G) = {vy,vs,...,v,} and edge set E(G) = {ey, e,
...,en}, the Laplacian matrix is defined as L(G) = D(G) — A(G). Here D(G)
is the diagonal matrix with diagonal entries as the degrees of the vertices of G
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and A(G) is the adjacency matrix. The Laplacian spectrum is the collection of
all the eigenvalues of L(G) together with its multiplicities.

Let G be a connected graph with n vertices and m edges. The subdivision
graph S(G) for graph G is formed by adding a new vertex to every edge of G.
The Q(G)-graph for the graph is the one obtained by adding a new vertex to
every edge of GG and joining these new vertices by edges if they lie on adjacent
edges of G. The total graph T'(G) has its vertex set as the union of the set of
vertices and set of edges of G and two vertices are adjacent if and only if the
corresponding elements of G are adjacent.

The corona operations was first introduce by Frucht and Harary [4]. Let G,
and G5 be two graphs on disjoint sets of n and m vertices, respectively. The
corona G o Gy of Gy and G [|16] is the graph obtained by taking one copy of G,
and n copies of G5, and then joining the i*" vertex of G; to every vertex in the
it" copy of Gs.

A lot of research have been done so far on corona of graphs and its vari-
ants, also there spectra are described in [1,5,7,9,(10,12-415]. Barik & Sahoo
(2016), introduced some more variants of corona graphs in [2]]. They have also
described the Laplacian spectra and eigenvectors for these graphs. We have con-
sidered the double corona graphs mentioned in [2] and the definitions are as
follows: Let G be a connected graph with n vertices and m edges. Let G; and
and G, be graphs with n; and n, vertices respectively. The Subdivision double
corona of G, G and G5, denoted by G*)o{G}, G5}, is defined as the graph ob-
tained by taking one copy of S(G), n copies of G; and m copies of G5 and by
joining the " old vertex of S(G) to every vertex of the i* copy of G and the
4" new-vertex of S(G) to every vertex of j* copy of G,. Similarly, if we replace
S(G) with Q(G)(T(G)), then the resulting graph is the @)-graph( total) double
corona and denoted by G@0{G, G2} (GMo{G1, G,}).

Let there be two graphs G, with order n, and size m,, G, the copy graph with
order n, and size m,, respectively. The edge corona G, ¢ G, [7] of Gy and G, is
generated by making one copy of Gy and m; copies of (G5, joining each vertex of
the i'" copy of G, to the two end vertices of the i'* edge of ;. For the weighted
edge corona product graph [3]], we assign a unit weight on the initial graph G,
and weight factor r, 0 < r < 1 on the copy graph Gb.
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There are many applications of Laplacian eigenvalues of a graph. Two of such
applications are to determine the number of spanning trees and Kirchhoff index
of the associated graphs.

Definition 1.1. Number of spanning trees: [11]

The number of spanning trees of a given graph G is the number of subgraphs
which contains each vertices of G. Also, all those subgraphs must be trees. It can be
expressed in terms of Laplacian eigenvalues as

1 IN(G)|
T(G) = T iy
| N(G) | 1_!
where | N(G) | and p; are respectively the order and Laplacian eigenvalues of G.

Using resistive electrical networks Klein and Randi¢ (1993) [8] introduced a
novel distance function called resistance distance. Here the graph is viewed as
an electrical network and each edge is replaced by a unit resistor.

Definition 1.2. Kirchhoff index: [8] If G is a connected(molecular) graph then
the Kirchhoff index of G denoted by Kf(G) is the sum of resistance distances between
all vertex pairs in G, namely

Kf(G) = Z T'ij?
i<j
where r;; is the resistance distance.
The Kirchhoff index [6,/17]] can expressed as the reciprocal of the Laplacian
eigenvalues of G, namely

IN(G)I

KHG) =ING) | Y Mi

The Laplacian spectra of some double corona graphs which are proposed in
[[2] given as follows.

Lemma 1.1. [2] Let G be a r-regular graph on n vertices and m edges. Let G
and G, be any two graphs on n, and n, vertices, respectively. Then the laplacian
spectrum of G¥o{G, Gy} consists of
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(i) all roots of the equation
M —(ng+ng+r+4)A°
+((n1 +1)(ng +3) +2(r + 1) + nar + X(G))N?
—(r(n2+ 1) +2(n1 + M(G) + D)X+ N(G) =0,
fori=1,2,...,n;

(11) no+3+4/(n2+3)2—

5 i repeated m — n times each;
(iii) \;(G;) + 1 repeated n times, for i = 2,3, ..., ny;
(iv) A;(Gs2) + 1 repeated m times, for i = 2,3,..., ns.

Lemma 1.2. [2|] Let G be a r-regular graph on n vertices and m edges. Let G,
and G, be any two graphs on n, and n, vertices, respectively. Then the laplacian
spectrum of GQo{G, Gy} consists of

(i) all roots of the equation
M — (g +ng +1r+N(G) F 4N
+((n1 + 7+ 1) (ng + X(G) +3) + 2(M(G) + 1) — r)A\?
—(r(ne + Mi(G) +3) + 24+ N(G))(ny +r+ 1) —2(2r — N(G)))A
+X(G)(r+1) =0,
fori=1,2,...,n;

.oy n2+2r+3+4/(na+2r+1)24+4n .
(i) = (22 A2 epeated m — n times each;

(iii) \;(Gy) + 1 repeated n times, for i = 2,3, ..., n4;
(iv) \i(Gs) + 1 repeated m times, for i = 2,3, ... ,ny.

Lemma 1.3. [2] Let G be a r-regular graph on n vertices and m edges. Let G,
and G4 be any two graphs on n; and ns vertices, respectively. Then the laplacian
spectrum of GMo{G,, Gy} consists of

(i) all roots of the equation
M~ (ny +ng + 7+ 20(G) +4)N°
+((ny + 7+ X(G) + 1) (ng + M(G) +3) + 30(G) — 7 +2))\?
—(r+XN(G)(n2+ XN(G)+3) + 24+ N(G))(ny + 7+ N(G) + 1)
=22r = M(G))DA+ N(G) + 1) (N (G) +2) + N(G) — 2r =0,

fori=1,2.... n;
(11) no+2r+3++/(na+2r+1)2+4ng

5 repeated m — n times each;
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(iii) A\;(G1) + 1 repeated n times, for i = 2,3,...,n1;
(iv) A;(Gs) + 1 repeated m times, for i = 2,3,..., ns.

2. LAPLACIAN SPECTRA OF THE WEIGHTED G ¢ Go

Recently, Liu et al. in their paper entitled "On the Generalized Adjacency,
Laplacian and Signless Laplacian Spectra of the Weighted Edge Corona Net-
works" have studied a class of the weighted edge corona networks and tried
to obtain the generalized adjacency, Laplacian and signless Laplacian spectra in
association with two discrete structures. The spectra obtained in [3] have been
found to be prone to some errors. Here we report the corrected versions of some
of the results proposed in [3]].

In the section 3 of [3]], the Theorem 3.1 for the spectra of generalized Lapla-
cian of the weighted edge corona networks is found to be incorrect which can
be verified by the following example. Consider the graphs G; and G which is
shown in the Figure(1|and let the weight factor be 1. Now according to the above
theorem we obtain the eigenvalues of L(G; ¢ Gs) for the aforementioned graph
to be 8, -2, 9.65685425, 9.65685425, -1.65685425, -1.65685425, 11.4031243,
-1.40312425, 4, 4, 4, 4, whereas the actual eigenvalues of L(G; ¢ GG3) should
have been 0, 1.1716, 1.1716, 2, 4, 4, 4, 4, 6, 6.8284, 6.8284, 8. The corrected
version of the theorem should be as follows.

FIGURE 1. G4, Gy and G, ¢ G,

Theorem 2.1. Let Gy be a di-regular graph with order n, and size mi, Gy be
any graph with order n, and size ms, respectively. Assume that the Laplacian
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spectrum of G; and Gy are [(Gy) = {0 = ugl),ug), et and 1(Gs) = {0 =

,u§2), uf), e ,u%)}. Then the Laplacian spectra of L(G; ¢ Gs) are as follows.

(1) (1)y2 1)y 2 (1)
o 2rt+rdinetp; '/ (2r+rdine+u; —4(2rp; ' +r?nop,; . . 1
) wnzu )y Crards -~ YA ) (G 0Gy) with multiplicity

1,i=23,... n.
(ii) 0, 2r + rdins € I(Gy © Gy) with multiplicity 1.
(i) (sl +2) € U(G) o Gy) with multiplicity mi, j = 2,3, ..., no.
(iv) 2r € I(G1 ¢ Gy) with multiplicity m, — ny (if possible).

Proof. Consider a row matrix .J,,, of order n, whose all elements are 1. Now from
the definition of weighted edge corona product, we have the Laplacian matrix
of weighted G| ¢ G5 as below

L(Gl) + T’dﬂlg[nl —TJn2 ® B(G1>

MO G = g 0 BGOIT H{L(G) +200] © Ty |

Let 1 be the Laplacian eigenvalue of L(G; ¢ GG3) and the corresponding eigen-
vector to be X = [X1 X, -+ X,,,11]7, X; € R™ and X; € R™ otherwise.

Now consider the case . # 2r.
Case I. For X; # 0.

According to the definitions of eigenvalues and eigenvectors, we have

(21) (L(Gl) + rdlnglm)Xl — T’B(Gl)(Xg —|— X3 + s —I— Xn2+1) = [IJXl

i—1 n2—1
A A
™~ -

Consider the set £; = (0,0, - - - O, Iy Oy Oy - - - 0,0, ) Then
(2.2)

—rB(G1)" X1 + rEy[(L(G2) + 21,) @ L, [[Xo -+ Xppa]T = X,
—’I“B(Gl)TXl + TEQ[(L(GQ) + 2]77,2) ® Iml][XQ L Xn2+1]T = /LXVg7

By (2.2)), we get

— e B(G) X1 +2r(Xo + Xg+ -+ Xppy1) = (Xo + Xz + -+ X, 01).

—TTo

(2.3) = (Xo+ Xz + -+ Xppp1) = B(G1)TX,.

w—2r
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Substituting (2.3) to (2.1), we get

—Trn
(L(Gl) + lenglnl)Xl — TB(Gl) (,u — 22T'> B(Gl)TXl = lqu
2r2nod, rne
2.4) = (L(Gl) + rdlngfm)Xl + X — L(Gl)Xl = /LXl

Ww—2r W—2r

2 2 2

== (1 — r )L(Gl)Xl = ([L —rding — ! n2dl)X1.
w—2r w—2r

Let((G1) = {0 = Vs ,u%ll)} be the spectrum of L(G). From (2.4), we
have

p? + pu(—2r — rdiny — ugl)) + (2r + TZTLQ),MZ(I) =0

Now for ,ugl) = 0, we have ;5 = 0, 2r + rdins.
For uél), ce p%ll) we have,
(1) My2 _ 2 (1)
(2.5) 2r +rding + p; £/ (2r +rding + ;)% — 4(2r + r2ng)
Hi2 = )
2
i=23 ... n.

Case II. For X; = 0.

The similar considerations for (2.1) and (2.2) give us

B(Gl)(XQ + X3 + -+ Xn2+1) = 0,
r[(L(Gs) + 210,) @ L, [Xa -+ Xy ] = pl[ Xz -+ Xy a]"

Let the spectrum of L(Gs) is I(G2) = {Nf), u§2), . 7M7(122)}- Then one can easily
get that

(2.6) p=r(? +2),5=2,3,... . n..

Now, from (2.5]) and we obtain (ny—1)m;+2n; eigenvalues of L(G10G5).
Hence p = 2r is also an eigenvalue and its multiplicity m; — n. O
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3. SOME APPLICATIONS

In this section we derive the formulas of the number of spanning trees and
kirchhoff index of the double corona graphs and weighted edge corona product
graphs.

3.1. For subdivision graph, ()-graph, and 7-graph double corona.

Theorem 3.1. Let G be a r-regular graph on n vertices and m edges. Let GG; and
G5 be any two graphs on n, and ny vertices, respectively. Then
(@) 7(GDo{G1,Go}) =

2" (r (a4 D) +2(m + 1) Ty Xi(G) [T M (G +D)™ 172 (Ni(G2)+ )™
n(n1+1)+m(n2+1) :

(D) K f(G®o{Gr, Ga}) = n(ni+1)+m(ngt1)x | B2tAmn 5o —n ot
n m (n141)(n2+3)+2(r+1)+nar r(ne+1)+2(n1+X:(G)+1)
21:22 (Ni(G2)+1) + = r(nzj—l)-l-z(”l-i-l =+ 21 2 - i (Cl;)

Proof. The proof goes like this, for tree number, using Definition and by the
following cases we have,

Case I: For \; # 0. By the relation between coefficients and roots of a polynomial
we have,

T1X2X3T4 = )\i(G)u

where 1, x4, z3&x, are roots of equation in Lemma [1.]]
case II: For \; = 0,
The fourth order equation of Lemma 1.1|reduces to the cubic equation,

N —(ny+ng+r4+4) A+ ((n1+1) (ne+3)+2(r+1) +nor) A —r(ny+1)+2(ny+1)) = 0.
Let y1, y2, y3 be its roots, then
Y1Yays = 1r(na + 1) +2(ny + 1)),

Again,

ng+3+4/(n2+3)0° -8 np+3-— (n2+3)2—8_2
5 = 2.

2

For Kirchhoff index,
By Definition [1.2|and by the following cases, we have
Case I: For )\; # 0. Using the relation between coefficients and roots of the
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equation in Lemma we have

T1To3 + To3Ty + T103T4 + T12274 = T(ng + 1) + 2(ny + N(G) + 1)

and
1 1 1 1 _ X1X9%3 + ToT3T4 + T1T3T4 + T1X274
33—1 * ZU_Q * 33—3 SB_4 B T1T2X3T4
r(ng + 1) +2(ny + N(G) + 1)
a Ai(G) '

Case II: For \; =0,
The fourth order equation of Lemmall.1]reduces to the cubic equation A\*— (n; +
no+r+ 4N+ ((ng + 1) (ng +3) +2(r + 1) + nar)A —r(ng + 1) + 2(ny + 1) = 0.
Let y1, 2, y3 be its roots, then y1ys + yays + y1ys = (n1 + 1)(n2 +3) +2(r + 1) +
nat, Y1yays = r(ne + 1) + 2(ny + 1) and

1 1 1 _ Yt yeys +iys (ng+ 1)(ng +3)+2(r+1) + nar

o Y2 Y3 Y1Y2Y3 r(ng +1) +2(n; +1)

Again
2 (%) + 3

2
+ =
n2+3—|—\/(n2+3)3—8 712+3— (NQ+3>3—8 2

Combining the above cases and using Lemmal(l.1|we get the required result. O

Similar results corresponding to ()-graph and 7T'-graph can also be obtained as
follows, we omit the proofs as they are mutatis mutandis.

Theorem 3.2. Let G be a r-regular graph on n vertices and m edges. Let G| and
G4 be any two graphs on n; and n vertices, respectively. Then

(@ 7(GWo{G,Go}) =
(rna+r+2n1+42)-TTi o Mi(G) (r+1)-(2r+2)™ -T2 (N (G)+1) ™ TT;25 (A (G2)+1)™
n(ni+1)+m(na+1) :
(i) Kf(G@o{G,Gs}) =n(ny +1)+m(ny+ 1)

> Zn 7’712+T+2711+2+(27‘+7L1+3)>\i(G)+n1n2+3n1+rn2+n2+2r+5+(m—n)(n2+27’+3)+
=2 Xi(G)(r+1) rno+2n1+r+2 2r+2

2is ey T it Tn @) |

Theorem 3.3. Let G be a r-regular graph on n vertices and m edges. Let G| and
G4 be any two graphs on ny and ns vertices, respectively. Then
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. _ (rne4r42n142) T o (M (G)+r) (A (G)+2)+X (G) —2r)-(2r42) "
(1) T( T O{G17G2}) - : : 2 n(ni+1)+m(na+1)

[L2,(N(Gy) + 1) - TT2,(Ai(G2) + 1)

(11) Kf(G(T)O{Gl,GQ}) = n(m + 1) + m(ng + 1) X nlnztizgﬁzﬁf;2r+5 +

Zn rn2+(2r+n2+8+n1)/\i(G)+2)\?(G)+T+2+2n1+(m n)(na+2+3) +Z
=2 A2 (G)+3Xi(G)+rXi(G) 2r42

2 TGy T

22 Mw} -

3.2. For weighted edge corona product graphs. From Theorem it is seen
that if GG; is a unicycle graph then 2r is not the eigenvalue of the weighted edge
corona graphs G| ¢ G5 as m; — ny = 0. So, there arises two cases.

Case 1: For the initial graph G; which is not unicycle.

In the section 5 of [3], the theorem 5.1 gives the number of spanning trees and
Kirchhoff index of weighted edge corona network is also found to be erroneous,
which can be verified from following example.

Consider the graph G; and G, which is shown in the Figure [2| and let the
weight factor be 1. Now according to the above theorem we obtain the value
of number of spanning trees to be 339738624 and the Kirchhoff index to be
117.33333 whereas their actual values should be 33556455.31 and 77.999276
respectively.

X

FIGURE 2. G, Gy and G, ¢ G,

The correct version of the Theorem 5.1 presented in [3] is as follows.

Theorem 3.4. Let G be the d-regular graph(not unicycle graph) with order n,
and size my, G the any graph with order ny, and size ms, respectively Assume
that the LaplaClan spectra of Gy and Gy are I(G1) = {0 = ul ,,ug ). ,um)} and
[(Gg) ={0= N1 ,M?,...,Mm }. Then one has
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(@) (G o Ga) = 20 (2 4 rding) [T (i + nar?u”) T2 [r (1 +

ni+ming
2)]™.

(11) Kf(GloGQ) = (n1+m1n2> |:Zn_1 2r+dinar+p,

i=2 50 Ly 51‘)

(1)

n m (mi1—ny)
+Zjiz T(#;2)1+2)—|— 12r Ly

1
m]‘
Proof. The order of the weighted edge corona graphs G; ¢ G,
(31) ’ N(Gl < Gg) ’: ny + mins.

Secondly, let y = \/(2r + dynar + ™2 = 4(2rpY + ngr2uY). Then

(1) 1

)
+ 2r + dinsr +
XH 172 i = — X _ H(QTMZQ) Ty 7”2[12 ))

H 2r + dingr + ug

2 2 ,
=2 = =2
This gives
IN(G) n1 n2
(3.2) H = 2r(my —ny)(2r + rdins) H 2m + n27’2,u§1)) H[T(Mf) +2)|™
i=2 =2 j=2

Combining (3.1) and (3.2)), one gets the desired result of the number of span-
ning trees as below

2r(my —ny) Mo () 2 ONTT s @) L ovim
(@G = ST ar kv [ 4t [T rss? + 21

For the Kirchhoff index, one obtains
(1)

L 2 = 2 220+ dynor +
> ot R Dy >

i 2rtdingr g+ x0T 2t dinar o — x0T 2rp A+ nar?y

This leads

2r + dlngr + ;LE . my (my —nq) 1
Z Z " @ o (@ +rdiny)
— 2ru + nor?p; = (e +2) r (2r + rdiny)

Thus one gets

( ) n m mi1—n
+ Zin (i (2)1+2) + ( 12r 1)+

K J(Gr o Ga) = (m + mny) {2@

1=2 27,“51)_,’_,,1 7,,2 51)

1
(2r+rding) :|
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The desired results thus holds.

Case 2: For the initial graph G; which is unicycle.

Similarly the corrected version of Theorem 5.2 presented in [3]] can be stated as
follows. O

Theorem 3.5. Let G| be the d,-regular graph(not unicycle graph) with order n,

and size my, G the any graph with order ny, and size ms, respectively. Assume
that the Laplacian spectra of Gy and Gy are [(Gy) = {0 = u{", u8", ... i)} and
U(Go) ={0=p?, u?,..., p2}. Then

6)) T(Gl S Gg) — (@rtrding) H?:12(2TM(1) + HQTQIMEI)) H;Lig[T(H@) + 2)]m1.

ni+ming % J
(1)

. . ny 2r+dinor+pu; na m 1
() K[f(G10G2) = (nitmin,) [Ziz PO B TP 1) @) |

The proof is similar to the above theorem.
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