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COVID-19 ANALYSIS BY SEIR MODEL WITH MULTIPLE CONTROLS
Naga soundarya lakshmi V.S.V.! and A. Sabarmathi

ABSTRACT. A SEIR mathematical model with multiple controls self - preven-
tion, treatment and vaccination is formulated. The properties of Pontryagin’s
maximum principle were verified and found the optimal levels of controls. Nu-
merical simulations were shown to exhibit the flow of variables with or without
control strategies.

1. INTRODUCTION

The control measures were followed to reduce the spread of the infectious
diseases. As we all know ’Prevention is better than cure’, it is better to be self
preventive which is the primary control measure. The self prevention such as so-
cial distancing, washing hands often, using clean cloth while coughing/sneezing
and self quarantine helps us to prevent the spread of the disease. The medical
care helps to cure the disease and makes to feel better. So treatment plays an
important role as a control measure. Vaccination is another key control measure
which develops an immune in our body and control the infection of the diseases.

Mathematical modeling analysis explains the transmission process and control
of the infectious diseases. Optimal control theory for infectious diseases to used
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to optimize the cost and the recovery individuals. Many Mathematicians used
the Optimal control theory for mathematical models for an infectious diseases.
Particularly, Tunde Tajudeen Yusuf and Francis Benyah [6] derived a SIR model
with vaccination and treatment as control strategies. A.Huppert [2] analysed
the SIR model with vaccination as control strategy. Jakia sultana and Chandra
N.Podder [3]] used the optimal control theory for Nipah virus infections. Gul
Zaman [1]] studied the behaviour of various infectious diseases and its control
strategies. Nita H.Shah [5] formulated a mathematical model for the Human -
Bat population with control strategies. A. Mhlanga [4] formulated and analyzed
the two patch model for Ebola virus disease.

The first COVID - 19 case was reported on 1 April 2020 in Vellore district
of Tamilnadu, India. In this paper, the data of COVID - 19 infection in Vellore
district has been collected from the Vellore Collectorate press release. We have
formulated and analysed a SEIR model for COVID - 19 with multiple controls
self - prevention, treatment and vaccination.

2. FORMULATION OF MATHEMATICAL MODEL AND CONTROL SET

The SEIR model with multiple controls for COVID-19 is represented by ordi-
nary differential equations as follows:

% — WN(t) — BS(H)I() — uS(t) — (ur + us)S(1)
C;_f = BS(I(t) — (1 + a) B(E) — (uy + us) E(t)
en U
- = aE(t) — (v + p+d+ug)I(t)
O (3 wa) (1) + (un + us)S(0) + (o + wa) B() — (1)

where S(t), E(t), 1(t), R(t), N(t) are the Susceptible, Exposed, Infectious, Recov-
ery state, Total population respectively, w - Average birth rate, i - Average death
rate, $ - Transistion infectious rate, v - Recovery rate and d - disease induced
death rate. Here we assume u; - measures for self - prevention, u, - treatment
measures and us - vaccination as the controls for the model.

The transmission of SEIR model for COVID-19 with multiple controls is dia-
gramatically represented as follows.
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FIGURE 1. SEIR model with multiple controls for COVID-19
For this system of equations, we define an objective functional similar as in [|6]

1 (7
(2.2) J= min AI(t)+ —/ (wyus + wous + wau3)dt
0

u1,uz,uz€U 2

which is a free problem system subject to infected.

Here AI(t) is the number of individuals, w;,wy, w3 are the weight parame-
ters for the cost of awareness for self- prevention, treatment and vaccination
respectively.

The control set is defined as

(2.3) U ={(ur(t),uz(t),us(t)) :0<u; <1,0<u, <1,0<uz <1,tel0,1]}.

3. PROPERTIES OF PONTRYAGIN’S MAXIMUM PRINCIPLE

Pontryagin’s maximum principle is a powerful method to compute the optimal
controls. To use this, we have to prove the properties [3]:

Py: The set of controls and the corresponding state variables is non empty.

Ps: The control set U is convex and closed.

P5: The R.H.S. of the state system is bounded by a linear function in the state
and control variables.

P,: The integrand of the objective functional is convex on U and is bounded
below by —ky + k1 |U|", with k; > 0,k > 0,7 > 1.

To prove this we need the following theorem and lemma.
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Theorem 3.1. Existence and Uniqueness Theorem Let g—g = f(z,y),y(zo) = yo and
f(z,y) be continuous on a domain {D = (x,y)/zo —a <z < xo+a;yo —b <y <
yo + b} with the Lipschitz condition ||f(x,y1) — f(x,y2)|| < K||ly1 — yo|| where K is
a positive integer, then there exist bounded solution in D. Further more, if f(x,y)
is Lipschitz continuous with respect to y on a rectangle R = {(x,y)/zo — ¢ < z <
To+ Yo — b <y <yo+ b;c < a} then there is a unique solution y(t) in R.

Lemma 3.1. If f(z,y) has continuous partial derivative g—jf on a bounded closed

J
domain R, is a set of real numbers. Then it satisfies a Lipschitz condition in R.

To prove P;: From (2.1,

(3.1) Fy =wN(t) = BS(t)I(t) — pS(t) — (ur + ugz)S(t)
(3.2) Fy=pSt)I(t) — (n+ ) E(t) — (u1 + ug) E(t)
(3.3) Fs=aFE({t)— (y+p+d+u)l(t)
(3.4 Fy=(y+u)I(t) + (ug +uz)S(t) + (u1 + ug) E(t) — pR(t)
From @), (52), (53) and (1)
OF\| _ 0B L (R (9B
o5 | =% op|1 = Tar | =% 1ar|~"
OB oo, 22 c 0, |22 o, |22] < o
a5 " 1 OFE oI " |OR
OFy _ 9Fy _ |OR (9B _
o5 1= Tor1 = Tar |1 =% [or| ="
OFy| _ - 9Fy _ |OR _(9F] _
o5 1= Tor| = Tar 1 =% [or| ="
Here the partial derivatives are continuous and bounded. Hence there exist a
unique solution of (2.1)).

.. the set of controls and the corresponding state variables is non empty, P is
satisfied.
To prove P5: U is closed, by the definition. Let us take two controls usy, us € U
and a € [0,1] = oaus+ (1 —a)us > 0. Asuy <1 = auy < « and
u3 <1 = (1 —a)us < (1—a).
20 <aus + (1 —a)us < 1,Vus,uz € U. Hence U is convex, P, is satisfied.
To prove Ps:

From (3.1), F} <wN — (uy + u3)S.
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From (3.2), F» < BST — (u1 + uy).

From (3.3), F3 < aF — usl.

From (B.4), Fy < (v + u2)! + (u1 + u3)S + (u1 + up) E.
The state system can be rewrite in the matrix form,

00 o0 0] [S _S
o 00 85 ol |E _E w(t)
F(t,X,U) < .
N | B S Il “28
0 0 o] |r| |s+E+1| L

which can be written as the linear combination of controls,

|G(t, X, U)] < [|m| | X]+||S+ E + 1| [u1(t), ua(t), us(t)]
< Ko [|X] + Jua(t), ua(t), us(t)]] -

As S, E, I, are bounded and K, is upper bound.Hence R.H.S. is bounded by the
sum of state and control variables, P; is satisfied.

To prove P,: The control and state variables are non negative and the control
variables uy,us,u3 € U is also convex and closed. Then the integrand of the
objective functional is convex on the set U. Now,

wiu? + woud + wiu2
2
Y
5., .2, 2 2
(ui +us +u3) = =Ko + Kq(u, ug, us)

J = AI(t) +

> _AI(t) +

SIS

where w = w; +w; + w3 and K, = 3
Here K, > 0 as it depends on I, K; > 0 and = 2 > 1. Hence P, is satisfied.
.. The control system satisfies the properties of Pontryagin’s maximum principle

then there exists an optimal control which we construct in next section.

4. EXISTENCE OF OPTIMAL CONTROL

The properties for Pontryagin’s maximum principle are satisfied, which con-
verts (2.1 into a problem of minimizing.
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An Hamiltonian H is defined as

wiu?  woui  wsul

H(S,E,I,R) = AI(t) + +

2 2 2
+ As(wN — BST — puS — (uy + u3)S)
(4.1) + Ap(BSI — (u+ a)E — (g + up)E)

+ A(@E — (v +p+d+u)l)
+ Ar((v +u2)l + (ug +u3)S + (w1 +us)E — uR).

The adjoint system is given by

dX
d_tS = As(BI + p+ur + ug) — AgBI — (ur + u3)Ag
dA
d_tE = AE(,u + o+ u + u2) — oA — )\R(Ul + UQ)
dX
Ef:AwS—MﬁS+M@+u+d+m%%v+wMR—A
dAr
— = U\
di HAR
with the final conditions A\s(7") = Ag(T") = \((T') = Ag(T") = 0 for free problem.
The optimal controls can be obtained from the optimality conditions, g—i =

0; 21 — . 24 — () we have
) Qug ) Qug

S(As — Ar) + E(Ap — Ag)

i = - ,
. EQw—2r)+ 10\ — Ag)
u2 - W )

Ag — A
uy = —S( 5 R>.

w3

Hence the optimal controls are

w1

E — I\ —
Uy = MIN (1, max (O, Az = Ar) + 1(Ar AR))) ,
Wa

Uz = min (1,max (O, M)) )
w3

uy = min (1, max (0, S(\s = An) + E(Ap — AR))) ,
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5. NUMERICAL ANALYSIS

The birth rate is w = 0.0477 and death rate is ;1 = 0.0203 for Vellore district
and the transmission rate is § = 0.011, the recovery rate is v = 0.96 and the
death rate is d = 0.017 for COVID-19.
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FIGURE 2. Transmission of COVID-19 in Vellore district
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FIGURE 3. Flow of Variables with respect to Time with multiple controls

Figure (2) represents the Confirmed cases, Recovered cases and Death cases
of Covid-19 in Vellore district as on 30.11.2020. Figure (3) shows the flow of
Susceptible, Exposed, Infectious and Recovery for the model.
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Flow of the variables with and without controls
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FIGURE 5. Infectious and Recovered class

Figure (4) (left) shows that the Susceptible with all the controls is less than
the Susceptible without controls, also Susceptible with vaccination is less than
Susceptible with self prevention and treatment and figure(4) (right) shows that
the Exposed with all the controls is less than the Exposed without controls, also
the Exposed with vaccination is higher than the Exposed with Self-Prevention
and treatment.

It is clear from figure (5) (left) that the Infectious with all the controls is
less than the Infectious without controls, also the Infectious with vaccination is
higher than the Infectious with Self-Prevention and treatment and from figure
(5) (right) that the recovery with Self-Prevention and treatment is higher than
the recovery without controls, the recovery with vaccination and the recovery
with all controls.



COVID-19 ANALYSIS BY SEIR MODEL WITH MULTIPLE CONTROLS 1589
6. CONCLUSION

A SEIR model with multiple control measures self - Prevention, treatment
and vaccination was formulated. Properties of Pontryagin’s maximum principle
were verified. By Pontryagin’s maximum principle, the optimal levels of con-
trols were analysed. Transition of COVID-19 in Vellore district and the flow of
variables with controls with respect to time were exhibited in numerical simu-
lations. The graphs in the Susceptible, Exposed, Infectious and recovery class
with and without controls shows Vaccination can reduce the Susceptible, Ex-
posed and Infectious can be controlled with all the controls and Recovered can
be increased by Self-Prevention and treatment.
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