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ROUGH FUZZY GRAPH CELLULAR AUTOMATON

B. Praba1 and R. Saranya

ABSTRACT. Combining the concept of graph cellular automaton and rough set
theory, we introduce a new class of automaton rough graph cellular automa-
ton to broaden the scope of this two complex systems. The generations of
rough graph cellular automaton also predicted using basic linear rules of cellu-
lar automaton. This concept of rough graph cellular automaton is extended to
define rough fuzzy graph cellular automaton whose generations are also pre-
dicted. We covered the defined concept with some suitable examples. Overall
our study revealed another core of cellular automaton in different manner.

1. INTRODUCTION

Over the past 10 years, the development of cellular automaton attracted the
researchers. Rough set theory and graph theory is another two important com-
plex systems and the attention of several researchers turned towards the two
dynamical systems. The journey of cellular automaton started in the year 1950
by John Von Neumann. John Conway developed the concept ’Game of Life’ [1]
which influenced the research field of CA. Graph cellular automaton was started
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to develop in the year of 2001. David O’sullivan defined a model graph cellu-
lar automaton[2].In 2017, Krzysztof Malecki developed the concept of relation
based neighbourhoods of cells by using graph cellular automaton[3].In 2014,
Bartlomiej Placzek make the use of rule identification and neighbourhood se-
lection to reduce a set of decision rules[4].The development of CA will increase
rapidly in the upcoming years. V. Poupet defined the 3D cellular automaton
with the help of 2D automaton [5]. The application of graph cellular automa-
ton in generating languages is discussed by B. Praba and Saranya. R by using
the time evolution function [6,7,8].Section 2 deals with some of the basic defini-
tions which is required to study the rest of the sections, In Section 3 we defined
the concept of Rough Graph Cellular Automaton with the aid of information
system, Section 4 we defined Rough Fuzzy Graph Cellular Automaton followed
by a conclusion.

2. PRELIMINARIES

In this section we discuss the basic definitions which is required to study the
rest of the sections.

Definition 2.1. For any set X ⊆ U , the lower approximation is defined by P− (X)

= {x ∈ U | [X]P ⊆ X} and the upper approximation P− (X) = {x ∈ U | [X]P
∩ X 6= ∅}. The rough set corresponding to X in the approximation space P, is
defined by an ordered pair RS (X) = (P− (X) , P− (X)) [7].

Definition 2.2. I=(U,A,N) is an information system, where U is a nonempty fi-
nite set of objects and A is the nonempty finite set of fuzzy attributes. R is an
indiscernibility equivalence relation on U and N is the finite set of decision vari-
ables N = {m1,m2, . . . ,mr} and ∀mi ∈ N , µmi

: U → [0, 1] such that µmi
(xi)

also ∀mi ∈ N , ηmi
: U → P(U) is the neighbourhood function such that for

any x ∈ U, ηmi
(x) contains those elements of U, having almost the same opinion

with respect to the decision mi[7].ηmi
(x) = {y ∈ U | 0 ≤ |µmi

(x) − µmi
(y)| ≤

δmi
} ∀mi ∈ N, x ∈ U, ηmi

(x) ⊆ U and hence the corresponding Rough set is
RS(ηmi

(x)) = (ηmi
(x)−, ηmi

(x)−) where, ηmi
(x)− = {y ∈ U | [y]p ⊆ ηmi

(x)} and
ηmi

(x)− = {y ∈ U | [y]p ∩ ηmi
(x) 6= φ}
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Definition 2.3. Cellular automaton is a collection of cells which is in the form of
grid. The colour of the grid indicated the life of each cell in the grid. Based on the
neighbourhood cell a cell’s life is assigned at any time.

Rule 1, Rule 2, Rule 4, Rule 8 and Rule 16 are the fundamental basic rules. All
the other rules can be obtained by using this 5 rules. Rule 32, Rule 64, Rule 128
and Rule 256 are also known as fundamental basic rules which was obtained with
the transpose operation of the 1,2,4,8 and 16 respectively.

Definition 2.4. Graph Cellular Automaton (GCA) is defined as G = (V, I, δ)

where V is the non empty set of vertices/cells in the grid. I is the input symbol and
δ is the time evolution function defined by δ : V × I → V .

3. ROUGH GRAPH CELLULAR AUTOMATON

In this section we extend the concept of GCA to define rough graph cellular
automaton (RGCA). Also we find the generation of RGCA using basic linear
fundamental rules[6].

Definition 3.1. Let I0 =
(
G, R̃, η

)
where G is a graph cellular automaton (V, I, δ)

and R̃ is an equivalence relation defined on the vertices of G. For each x ∈ I,ηx :

V (G) → P (V (G)). This ηx acts as a neighbourhood function with respect to the
input symbol x.

Definition 3.2. Consider a graph information system I0. For q0 ∈ V , x ∈ I,
ηx (q0) ⊆ V , its corresponding roughset with respect toR is defined by, RS (ηx (q0)) =(
ηx (q0)− , ηx (q0)

−) where ηx (q0)− =
{
y ∈ V | [y]p ⊆ ηx (q0)

}
and ηx (q)

−={
y ∈ V | [y]p ∩ ηx (q0) 6= ∅

}
. We call RS (ηx (q0)) as the rough set induced by I0.

Note that a graph information system basically consists of a GCA, equipped with
an equivalence relation on its set of vertices together with the neighbourhood func-
tion defined for each of the input symbol.Let η− =

{
ηx (q0)− |x ∈ I, q0 ∈ V

}
and

η− =
{
ηx (q0)

− |x ∈ I, q0 ∈ V
}

. Using this η− and η−, the following definition can
be obtained.

Definition 3.3. Let I0 is a graph information system.Rough Graph Cellular Au-
tomaton (RGCA) corresponding to I0 is defined by an ordered pair G (I0)
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=
(
G (I0)− , G (I0)

−) where G (I0)− is the lower approximation rough graph cel-
lular automaton defined by G (I0)− = {V, I, δ−} where V is the set of vertices in
G, I is the non empty set of input symbol on G and δ− is the transition function
defined by η− and G (I0)

−is the upper approximation rough graph cellular automa-
ton defined by G (I0)

− = {V, I, δ−} where V is the set of vertices in G, I is the non
empty set of input symbol on G and δ− is the transition function defined by η−.This
can be used to generate the lower approximation rough graph cellular automaton(
G (I0)−

)
and the upper approximation rough graph cellular automaton

(
G (I0)

−).
Example 1. Consider the following graph cellular automaton,

FIGURE 1. GCA F (G0) with input symbols I = {a, b}

In the graph cellular automaton, V = {q0, q1, q2},I = {a, b}. The corresponding

adjacency matrix isA (G) =

 a a 0

a b a

0 0 a, b

; I0 =
(
G, R̃, η

)
is a graph information

system with input symbol where the equivalence classes induced by the neighbour-
hood function are X1 = {q0, q1} and X2 = {q2}. To calculate the neighbourhood
function for ηa and ηb. Let us adopt the following procedure. For a ∈ I, let µa (q0) =

num. of incoming edges with input symbol atoq0+num. of outgoing edges with in-
put symbol atoq0,µa (q0) = 1, similarly we calculate the value which is given in the
following table.
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TABLE 1. Table description

V µa µb ηa ηb

q0 1 0 q0,q1,q2 q0

q1 1 1 q0,q1,q2 q1,q2
q2 2 1 q0,q1,q2 q1,q2

Now we define the function ηa by ηa : V (G) → P (V (G)) defined by ηa (q0) =

{q ∈ V |µa (q0)− µa (q) ≤ δ} where δ is a threshold. On taking δa = 1 and δb =

0.5, ηa and ηbis given in table 1.(table2). Therefore η− = {X1 ∪X2, U, U} and
η− = {X1 ∪X2, )U,U}.

Hence RS (ηa (q0)) = {X1 ∪X2, X1 ∪X2}, RS (ηa (q1)) = {U,U} and so on.
Then the lower approximation rough graph cellular automaton and the upper ap-
proximation rough graph cellular automaton are shown in fig 2. and fig. 3 respec-
tively.

FIGURE 2. Lower Approximation Rough Graph Cellular Automa-
ton

(
G (I0)−

)

Hence A
(
G (I0)−

)
=

 a a a

a a a, b

a a a, b

 and A
(
G (I0)

−)=
 a, b a, b a

a, b a, b a, b

a, b a, b a, b

.
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FIGURE 3. Upper Approximation Rough Graph Cellular Automa-
ton

(
G (I0)

−)

4. GENERATIONS ROUGH GRAPH CELLULAR AUTOMATON

In this section we predict the generation of rough graph cellular automaton
using basic linear rules.

Definition 4.1. Kth generation rough graph cellular automaton which is defined
by Gk (I0) =

(
Gk−1 (I0)− , Gk−1 (I0)

− , R
)

where,Kth generation lower approxima-
tion rough graph cellular automaton is Gk (I0)− =

(
Gk−1 (I0)− , R

)
defined by

A
(
Gk (I0)−

)
= R ◦ A

(
Gk−1 (I0)−

)
where A

(
Gk−1 (I0)−

)
is the (k − 1)th genera-

tion of lower approximation rough graph cellular automaton and A
(
Gk (I0)−

)
is

the kth generation lower approximation rough graph cellular automaton, R is the
rule matrix. Similarly to find the kth generation upper approximation automaton
is defined by Gk (I0)

− =
(
Gk−1 (I0)

− , R
)

and it is calculate by the adjacency matrix
rule. The RGCA is said to be definable at time t if Gt (I0)− = Gt (I0)

−.

Example 2. For the above lower approximation rough graph cellular automaton(
G (I0)−

)
(figure.2), by using rule 4 of cellular automaton the next generation of

figure 2 is obtained using the following way.
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A
(
G1 (I0)−

)
=M4 ◦ A

(
G0 (I0)−

)
.

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0





a

a

a

a

a

a, b

a

a

a, b


=



a

a, b

0

a

a

0

0

0

0


.

Hence A
(
G1 (I0)−

)
=

 a a, b 0

a a 0

0 0 0

.

Similarly for upper approximation rough graph cellular automaton,

A
(
G1 (I0)

−) =
 a, b a, b 0

a, b a, b 0

0 0 0

 ,
and so on. By repeatedly applying rule 4 the generations of RGCA can be obtained
and it can be noted that A

(
G4 (I0)−

)
= A

(
G4 (I0)

−). Hence G is definable at time
t = 4.

5. ROUGH FUZZY GRAPH CELLULAR AUTOMATON (RFGCA)

In this section we consider a fuzzy graph F =
(
V, I, δ̃

)
where V is the non

empty set of vertices, I is the set of input symbols and δ̃ is the fuzzy transi-
tion function defined by δ̃ : V × V × I → [0, 1] which represents the grade of
membership of the edges (ie). δ̃ (q0, q1, a) represents the grade of membership
of the edge from q0 to q1. Let F be a fuzzy graph. Then we define a fuzzy
set µ on the set of verties V as follows µx : V → [0, 1] defined by a fuzzy set
µx (V ) = maxVi

(
δ̃ (V, Vi, x)

)
. Note that a grade of membership of vertex V .

Definition 5.1. Consider a fuzzy graph F , then the fuzzy graph information sys-
tem is defined by Ĩ0 =

(
F, R̃, η̃

)
where F is a graph defined by

(
V, I, δ̃

)
,R̃ is an

equivalence relation defined on the vertices of F. For each x ∈ I,ηx : V (F ) →
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P(V (F )). This ηx acts as a neighbourhood function with respect to the input sym-
bol x and the neighbourhood function is defined by

η̃x (V ) = Vi ∈ V |µx (Vi − µx (Vj) ≤ δx)

where the fuzzy vertex membership value µ is a mapping µ : V → [0, 1] and it is
defined by µ (Vi) = maxVj

(µ (Vi, Vj)). Fuzzy graph information system induced
by an input symbol with fuzzy vertex membership value is known as fuzzy graph
cellular automaton F̃

(
Ĩ0

)
. The corresponding fuzzy adjacency matrix for F̃

(
Ĩ0

)
fuzzy graph cellular automaton is denoted by Ã

(
F̃
(
Ĩ0

))
.

Let Ĩ0 is a fuzzy graph information system and F̃ ia a fuzzy graph cellular au-
tomaton, then for q0 ∈ V, x ∈ I,ηx (q0) ⊆ V , its corresponding rough set with
respect to R is defined by RS (ηx (q0)) =

(
ηx (q0)− , ηx (q0)

−), where ηx (q0)− =

{y ∈ V | [y]R ⊆ ηx (q0)} and ηx (q0)
− = {y ∈ V | [y]R ∩ ηx (q0) 6= φ}. We call

RS (ηx (q0)) as the rough set induced by I0. Let η− =
{(
ηx (q0)−

)
|x ∈ I, q0 ∈ V

}
and η− =

{(
ηx (q0)

−) |x ∈ I, q0 ∈ V }. Using this η− and η−, the following defini-
tion can be obtained.

Definition 5.2. Let Ĩ0 =
(
F, R̃, η̃

)
is a fuzzy graph information system and F̃ is a

fuzzy graph cellular automaton, then the Rough Fuzzy Graph Cellular Automaton

is defined by and ordered pair F̃
(
Ĩ0

)
=

(
F̃
(
Ĩ0

)
−
, F̃
(
Ĩ0

)−)
where F̃

(
Ĩ0

)
−

is a lower approximation rough fuzzy graph cellular automaton and F̃
(
Ĩ0

)−
is

an upper approximation rough fuzzy graph cellular automaton. Ã
(
F̃
(
Ĩ0

)
−

)
is

the fuzzy adjacency matrix of the lower approximation rough fuzzy graph cellular

automaton and Ã
(
F̃
(
Ĩ0

)−)
is the adjacency matrix of the upper approximation

rough fuzzy graph cellular automaton.

Example 3. Consider the following FGCA (fig.5) Where V = {q1, q2q3},I = {x, y}
and δ̃ is defined by δ̃ (q1, x) = (q1, q2) /0.5 ;δ (q3, x) = (q3, q1) /1 + (q3, q2) /0.3 +

(q3, q3) /0.3; δ (q2, y) = (q2, q2) /0.2 + (q2, q3) /0.8;δ (q3, q2) /0.5 + (q3, q3) /0.5.

Ã
((
F̃
(
Ĩ0

)
x

))
=

 1 1 0.7

0 0 0.3

0 0 0

; Ã

((
F̃
(
Ĩ0

)
y

))
=

 0 0.5 0.2

0 0 0.2

0 0 0

; Ĩ0 is an

fuzzy graph information system. The fuzzy vertex membership value is µx (q0) =

max {1, 1, 0.7} = 1. Similarly for the remaining µ value is given in table 3.
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TABLE 2. table description

V µx µy ηa ηb

q1 1 0.5 q1 q1, q2

q2 0.3 0.2 q2, q3 q1, q2

q3 0 0 q2, q3 q2, q3

Consider the equivalence classes areX1 = {q1, q2} andX2 = {q3} andRS (ηa (q1)) =

{∅, X1}, RS (ηa (q2)) = {X2, U},and so on. Then the lower approximation Rough
Fuzzy Graph Cellular Automaton and the upper approximation RFGCA are shown
in fig4. and fig.5 respectively.

FIGURE 4. Lower Approximation Rough Graph Cellular Automa-
ton F̃

(
Ĩ0

)
−

FIGURE 5. Upper Approximation Rough Graph Cellular Automa-
ton F̃

(
Ĩ0

)
−
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6. GENERATIONS OF ROUGH FUZZY GRAPH CELLULAR AUTOMATON

In this section the generation of Rough Fuzzy Graph Cellular Automaton is
predicted. As discussed above the kth generation rough fuzzy graph cellular
automaton is predicted using the basic linear rules of cellular automaton.

Definition 6.1. Kth generation lower approximation rough fuzzy graph cellular

automaton is defined by F̃k

(
Ĩ0

)
=

((
F̃k

(
Ĩ0

)
−
, F̃k

(
Ĩ0

)−)
, R

)
where kth gen-

eration lower aproximation rough fuzzy graph cellular automaton is defined by

F̃k

(
Ĩ0

)
−
=

(
F̃k−1

(
Ĩ0

)
−
, R

)
it is calculated by

Ã

(
F̃k

(
Ĩ0

)
−

)
= R ◦ Ã

(
F̃k−1

(
Ĩ0

)
−

)
,

where Ã

(
F̃k−1

(
Ĩ0

)
−

)
is the (k − 1)th generation lower approximation rough

graph cellular automaton and Ã

(
F̃k

(
Ĩ0

)
−

)
is the kthgeneration lower approx-

imation rough fuzzy graph cellular automaton, R is the rule matrix. Similarly,
the kth generation upper approximation rough fuzzy graph cellular automaton is

defined by F̃k

(
Ĩ0

)−
=

(
F̃k−1

(
Ĩ0

)−
, R

)
and it calculated using the adjacency

matrix.

Example 4. For the lower approximation rough fuzzy graph cellular automaton

(figure.6) the adjacency matrix is Ã
(
F̃0

(
Ĩ0

)
−

)
=

 b b 0

b b a

0 0 a, b

;

Ã

(
F̃1

(
Ĩ0

)
−

)
=M4 ◦ Ã

(
F̃0

(
Ĩ0

)
−

)
.

Hence Ã
(
F̃1

(
Ĩ0

)
−

)
=

 b 0 0

b a 0

0 a, b 0

. Similarly for upper approximation rough

graph cellular automaton,

Ã

(
F̃0

(
Ĩ0

)−)
=

 a, b a, b 0

a, b a, b a

a, b a, b a, b

 ;
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Ã

(
F̃1

(
Ĩ0

)−)
=

 b 0 0

b a 0

0 a, b 0

 .

7. CONCLUSION

We defined rough graph cellular automaton and the generations of rough
graph cellular automaton is predicted.The rough fuzzy graph cellular automaton
enables us to compare two machines. In order to demonstrate the usefulness of
fuzzy graph cellular automaton and to strengthen the theoretical approach of
FGCA, the first study of this kind was performed in the area of rough set theory
and also the fuzzy vertex membership value specified in the information table
reduce the level of uncertainity. Nonetheless, the progressive development of
cellular automaton, the extended version of this defined concept with real world
simulation will take place in our next implementation.
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