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ON P,-C-CLOSED SPACE IN BITOPOLOGICAL SPACE
Nosaiba M. Omer!, Hasan Z. Hdeib, Eman M. Almuhur, and Manal Al-Labadi*

ABSTRACT. In our paper, we introduce a new concept concerning C-closed
topological spaces. A pairwise C-closed bitopological space differs than what
was discussed in [4], namely, P, — C-closed spaces. Also, we obtain many re-
sults concerning properties of pairwise sequential spaces namely, P;-sequential
spaces and investigate the relationship between them.

1. INTODUCTION

A bitopological space say (X, 7, 7) is typically a non-empty set X together
with two topologies 7; and 7, defined on it, First, the study the study of bitopo-
logical spaces was initiated by J. C. Kelly [1] where he published in london
mathematical society in 1963 and thereafter lots of papers have been proposed
in order to generalize familiar topological concepts to bitopological ones.

In this paper, we introduce the concept of pairwise C-closed bitopological
spaces namely, P, — C-closed spaces and we discussed some their properties.

The purpose of this research paper is to discuss the P, —C-closed spaces in the
light of its hereditary properties. We also show that a pairwise sequential space,

namely, P;-sequential forms a subclass of the class of P, — C-closed spaces.
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2. PRELIMINARIES

Throughout this article, (X, 7) is used to denote a topological space and
(X, 7, 7) to denote bitopological space. Also we use N, R, ¢p (X) to denote
the set of all real numbers, natural numbers and the tightness of X with respect
to 7, U 1» respectively. The notations of P, — cl(A) and P;,—cluster point of A
are denoting the closure of A with respect to 7; U 7, and cluster point of A with
respect to 71 U 7, respectively.

3. P,- C-CLOSED SPACE

Kilicman and Salleh [2] defined many concepts in bitopological space (X ,71,7)
such as P;-open set and P;-closed set where a set U is said to be P,—open if U is
(11 UTy)-open in X and a set F is said to be P,—closed if F' is (7; U 1»)-closed in
X. Moreover, they defined that a bitopological space (X, 7y, ) typically is said
to be P»-compact if every P;-open cover of X has a finite subcover.

Definition 3.1. A bitopological space (X, 11, 7) called P;- countably compact if
each countable P;-open cover of X has a finite subcover.

Definition 3.2. A bitopological space say (X, T, 1) is called P, — C-closed space
if each P,- countably compact subset of X is P;-closed.

Remark 3.1. A bitopological space (X, i, 73) is P — C-closed if each non P;-closed
subset B of X contains a sequence that has no P;-cluster point in B.

Theorem 3.1. Each supspace of P»-C-closed spaces is P,-C-closed.

Proof. Let (X, 7, 72) be a P, — C-closed space and (Y,7"1,7 ") be a subspace of
it. Let F be a P,- countably compact subset of Y. Now let U = {Ui :i € N} be a
countable open cover for F' where Ui is a P;-open subset of X Vi € N, then U
NY is Py-open subset of Y Vi € N and O= {(UiNY) : i € N} is also a countable
Py-open cover for F. Since F is P»- countably compact subset of Y, there is a

finite subcover {UiNY :i=1,2,...,n} of O such that F C |J (UinY) C |
=1 =1
Ui. Hence, F' is Py-countably compact subset of X. Now, since X is P»-C'-closed,

then F'is P;-closed subset of X, so X-F'is a Pj-open subset of X. But Y N (X-F)
=Y-Fis Pl—open subset of Y, hence F'is P,-closed subset of Y. O
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Definition 3.3. A bitopological space say (X, ,7) is called P;-Sequential if each
non Pj-closed subset B of X contains a sequence which is a P;-converging sequence
to a point in X \ B.

Definition 3.4. A bitopological space (X, T,73) is called P;-Hausdor f f space if
for each x # y in X, there are Pi-open sets W and G where x € W, y € G and
wWnaG=0.

Definition 3.5 (2). A space (X, 1, 7») is called a P;-regular space if for every point
x € X, and each P,-closed set A such that x ¢ A, there are P;-open sets G and W
Py-open sets where x € G, A€ W, and GNW = ().

Theorem 3.2. Let (X, 1, 72) be a Pi-Hausdorff space, the sequence (y,,) be a con-
vergent sequence in X, then (y,) has one limit point exactly.

Proof. Suppose the contrary, Then y,, — y and y,, — = for some y # x, then there
are disjoint P;-open sets G and W with y € G, x € W. Hence, there exists Ng €
N so that y,, € G for every n>Ng and Ny, € Nsuch that y,, € W for every n> Ny,
choose N = max{Ng, Ny}, Thus, there exists N €N such that y, € G, y, € W
for each n > M. But G N W = @, which is naturally contradiction. O

Theorem 3.3. If (X, 7y, 7) is Pi-Hausdorff, P;- sequential space, then X is a P,-
C-closed.

Proof. Let B be non P;-closed subset of a space X. Now, since X is P;- sequen-
tial, there exist a sequence (y, ) which is P,-converging to a point in X \ B say v,
by uniqueness of limit point of the sequence in P;-Hausdorff space, we conclude
that a seq (y,) has no P;-cluster points in B. So, we get the result. O

Theorem 3.4. If X is Pi-Hausdorff, and each P,-countably compact subset of X is
P;- sequential, then X is a P,-C-closed space.

Proof. let B be P»-countably compact subset of X, and assume that B is not P;-
closed in X, then there exists y € P,-cl(B) \ B, let C = B U {y}, then C is also
P,-countably compact. Now, B is not P;-closed in C, since C' is P;- sequential,
then there exists a sequence (y,,) in B such that y,, P;-convergent to C'\ B = {y}.
Therefore, there exists sequence y,, in B has no P;-cluster points in a set B. This
is naturally contradiction. O
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Definition 3.6. A subset B of a space (X, 1, 7) is called P,-dence in X if P;-
cl(B) = X. X is P,- separable if there is a countable set B which is P;-dence in
X.

Definition 3.7. In the space (X, 11, 7), the density of X with respect to 7, U 7o,
which is denoted by dp,(X), is the least cardinality of a P;-dence subset of X.

Definition 3.8. A bitopological space (X, 11, 12) is called P;-left-separated if there is
a well-ordering "<" on a space X such that for every y € X, theset {z € X :y < z}
is P-open supset of X.

Definition 3.9. A family 1. of non-empty subsets of a space X is irreducible if there
are no members of i are contained in the union of another members of u. A space
X 1is called Pi-irreducible if each Pi-open cover of a space X has an irreducible
Py-open refinement which covers X.

Corollary 3.1. Every P,-countably compact and P;-irreducible spaces is P,-compact.
Theorem 3.5. Every P,-Hausdorff, P;-left-separated space X is a P,-C-closed space.

Proof. We claim that each P,-countably compact subset of X is P;-closed by
showing that it is P-compact. Since each subset of P;-left-separated is P,-left-
separated, using the previous corollary, it is sufficient to show that X is P;-
irreducible, so Let < be a well-ordering on X, thenV y € X, the set H, = {z €
X :y < z} is P- open supset of X. Suppose that ;1 be a P,- open cover of
X. Choose yo = min.X and Wy, = Gy € u such that yy € Gy. Assume that
for every 8 < o, we have y3 € X, G € p and Wj is Pi-open subset of X such
that yg = min (X \ U g-<g Wp.) and ys € Wz C GgN H,, . Then, we have
oo = {Wj : f<a} is Pj-irreducible open refinement of u. Now, if X \ Uo, # 0,
take y, = min. (X \ Uo,). Choose Ga € u > y, € Ga, and let Wa=Gan
Hy,. then 0,41 = o,U W, is P,- irreducible. Continue such steps and let §
be the smallest ordinal such that U o5 = X, then o4 is required P;-irreducible
refinement of u. Thus, X is P;-irreducible. O

Corollary 3.2. Every bitopological space includes a P;-left-separated, P;-dence
subspace.

Possible applications of this study can be found in problems of [3, 4, 5] and
6] -
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