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NUMERICAL QUENCHING OF A SEMILINEAR HEAT EQUATION WITH A
SINGULAR BOUNDARY OUTFLUX

Anoh Assiedou Rodrigue !, Coulibaly Adama, N'Guessan Koffi, and Toure Kidjegbo Augustin

ABSTRACT. In this paper, we study the semidiscrete approximation for the fol-
lowing semilinear heat equation with a singular boundary outflux

0
a—?:umju(l—u)‘f’, 0<z<l1 t>0,

ur(0,8) =0, wuy(1,t) = —u(l,t)"9, ¢t>0,

u(x,0) = up(x), 0<x<1.
We find some conditions under which the solution of a semidiscrete form of
above problem quenches in a finite time and estimate its semidiscrete quench-
ing time. We also establish the convergence of the semidiscrete quenching time
to the theoretical one when the mesh size tends to zero. Finally, we give some
numerical experiments for a best illustration of our analysis.

1. INTRODUCTION

In this paper, we consider the semilinear heat equation with a singular bound-
ary outflux

(1.1 U =Uge + (1 —u)?, O<z<l1, t>0,
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(1.2) uz(0,8) =0, wuy(1,t) =—u(l,t)"% t>0,

(1.3) u(z,0) = ug(x), 0<x <1,

where p, ¢ are a positive constants and u, : [0,1] — (0, 1) is nonincreasing and
satisfies the compatibility conditions:

up(0) =0, uy(1) = —ue(1)79.

Definition 1.1. We say that the solution u of (1.I)-(1.3) quenches in a finite time
if there exists a finite time T, such that ||u(.,t)||. < 1 fort € [0,T,) but

limyr, ()]0 = 1,

where ||u(.,t)||oc = max{|u(z,t)| : 0 < z < 1}. The time T, is called quenching
time of the solution u.

The theoretical study of quenching problems with various boundary has been
the subject of investigations of many authors (see [2], [3], [4], [51, [ 7], [81, [91,
[12] and the references cited therein). In [[12], B. Selcuk and N. Ozalp prove a
finite-time quenching for the solution of (I1.1)-(1.3) Under certain conditions,
they show that = = 0 is the only quenching point and they get a quenching rate
and a lower bound for the quenching time. In this paper, we are interested in
the numerical study using a semidiscrete scheme of (1.1)-(1.3). For previous
study on numerical approximations of parabolic system with non-linear bound-
ary conditions we refer to ( [6], [[10], [11] )

We organise this paper as follows: In the next section, we give some lemmas
which will be used throughout the paper. In the fourth section, under some
hypotheses, we show that the solution of the semidiscrete problem quenches in
a finite time and estimate its semidiscrete quenching time. In the fifth section,
we give a result about the convergence of the semidiscrete quenching time to
the theoretical one when the mesh size goes to zero. Finally, in the last section,
we give some numerical results to illustrate our analysis.

2. THE SEMIDISCRETE PROBLEM

1
Let I be a nonnegative integer, we set h = —, and we define the grid, z; = ih,
i =0,...,I. We approximate the solution v of the problem (I.I)-(1.3) by the
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solution Uy, (t) = (Up(t), Ur(t), ..., Us(t))". For t € (0,T}'), we have

2.1 %t(t) =8U;(t)+ (1 -Ui(t)™, 0<i<I—1,
dU;(t 2
(2.2) % = 3UL(t) + (1= Us(6) 7 = 2 Ur()™,
where
5T = LT i e [ 5t <0.0<i<]—1
Y = h yUS 1S ) Yi >V, U1 )
52U, (1) = Ui (t) = 2U;(t) + Ui,l(t)’ l<i<I-1,
h2
22U (t) — 2Uy(¢
(1) = 202000,
207 1(t) — 2U;(t)
52U1(t) _ I-1 = I ‘

3. PROPERTIES OF THE SEMIDISCRETE PROBLEM

In this section, we give some important results which will be used later.

Lemma 3.1. Let by(t) € C°([0,T], RI*Y) and V;,(t) € C*([0, T], RI*Y) such that
dVi(t)
dt

(3.1) —SVit) + b;(t)Vi(t) >0, 0<i<I, te(0,7),

(3.2) Vi(0) >0, 0<i<I.
Then we have V;(t) > 0,0<i < I, t € [0,T].

Proof. Let Ty < T'. Define the vector Z,(t) = e*V},(t) where ) is such that b;(t) —
A> 0Vt € [0, Ty
exists ip € {0,.. _,}} and to € [0, Tp] such that m = Z;, ().
We observe that:
dz;
4Zio(to) = lim
dt k—0

(3.3) Zio(to) — Ziy(to — k)

SO, OSZOSI7

Zig1(to) — 27, (to) + Ziy—1(to)
h2

(3.4) 62 Z;, (to) = >0,1<io<1I—1,
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. 221<t0) — 2Zg(t0)

(3.5) 627, (to) = 3 >0, ip=0,
271 1(tg) —2Z;(t ,
(3.6) 82 Z;, (o) = ==~ i 022 i(to) >0, ig=1.
Moreover, by a straightforward computation, we get
dZ;,(t
(3.7) % — 62 Z;, (to) + (biy(to) — N) Ziy (to) > 0.

Using (3.3)-(3.6), we deduce from (3.7) that (b;,(to) — \)Z;,(to) > 0, which
implies that Z;,(t,) > 0. We deduce that V},(¢t) > 0, V¢ € [0, 7] and the proof is
complete. O

Another form of the maximum principle for semidiscrete equations is the com-
parison lemma below.

Lemma 3.2. Let g € C°(R,R) and V,(t), Wi(t) € CL([0,T],RI*Y), such that for
0<:<T

e T v+ i) < T - win + g(mi0). 1€ 0,7
39) (0) < W,0).

Then V;(t) < W;(t), 0 <i < I, t €[0,T].

Proof. Let Z,(t) a vector such that Z;(t) = W;(t) — V;(t) and let ¢y, be the first
t > 0 such that 7, (¢) > 0, Vt € [0, ) but Z;,(to) = 0 for a certain iy € {0,...,I}.
We observe that:

(3.10) dZi(to) _ lim Ziy(to) = Ziy(to — k) <0, 0<iy<],
dt k—0 k
Z; — 27, Z;_
(3.11) 52 Z; (to) = io+1(f0) 22@0) + Zipa(to) >0,1<ip<I-—1,
27, (to) — 27 (t .

(3.12) 52 Z; (to) = i °)h2 olto) >0, ip=0,

2711 (to) — 221 (o) ,
(3.13) 82 Z;, (to) = ! 0h2 >0, ig=1.

Which implies that
dZ;,(to)

T 62Z;, (to) + g(Wi, (to)) — g(Viy (to)) < 0.
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This inequality contradicts (3.8)) which ends the proof. O

Lemma 3.3. Let U}, be the solution of (2.1)-(2.3). We assume that the initial data
at (2.3)) satisfies ¢; > 0, 0 < ¢ < [. Then fort € (O,th) and 0 < ¢ < I, we have

Ul(t) > 0.

Proof. Let ty, be the first ¢ > 0 such that U, (¢) > 0, Vt € (0,t,) but
Ui, (to) = 0 for a certain iy € {0,...,I}. Without loss of generality, we suppose
that i, is the smallest integer checking the inequality above. We observe that

dU; (t - (ta) — U: (tn — k
aag  Wal) o Uilty) = Us(to — k)
dt k—0 L

<0, 0<4 <1,

(3.15) S2U. (to) _ Ui0+1<t0) — 2U;, (tO) + Ui071(t0)

>0,1<4< -1,

h2
2U1(tg) — 20U, (1
(3.16) 52U, (1) = 221 O)m Wlto) o, =0
2Ur _o(to) — 22U+ (2

(3.17) 52U (1) = Ur—2(to) - Ur-1(to) S0, dg=1.
By a straightforward computation, we get

dU;, (t _

% B 62Ui0(t0) o (1 - Uio(to)) P < Oa

for0<ig<I-1,

W) 520,0) — (1~ U0 + U < 0.

dt
But these inequalities contradict (2.1)-(2.2) and this proof is complete. O

Lemma 3.4. Let U, be the solution of (2.1)-(2.3). Then we have for t € [0,T}")

Proof. Introduce the vector Z,(t) such that Z;(t) = U;(t) — U441 (¢) for ¢t € [0, T})),
i =0,...,1 — 1. Let ty, be the first ¢ > 0 such that Z, () > 0, Vt € [0,%,) but
Zi,(to) = 0 for a certain iy, € {0,...,I}. Without loss of generality, we suppose
that i is the smallest integer checking the inequality above. We observe that

318 Zl) _ o Zio(t) = Ziylto — )
dt k—0 k

§07 OSZOS-[—:[:
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Zig1(to) — 27, (to) + Ziy—1(to)

(3.19)  82Z,(to) = <

>0,1<ig<T-2,

Z1(tg) — 3Zp(t
(3.20) 57, (1) = 2L _ o) =0, =0,

Zro(to) — 3Z1-1(to)
h2
Moreover, by a straightforward computation, we get for 0 < ip < [ — 2

Pllo) _ 527, (t0) ~ p(1 — Gul1o)) " Zu (1) < 0.

Where (;, is an intermediate value between U;(¢) and U;,. And

dZr_1(t 2
—iﬁhﬁ—éﬁﬁlﬁ@—ﬁUxﬂq—p@—exm»plzlmm)<a
Where 0, is an intermediate value between U;_;(t) and U;.

But these inequalities contradict (2.1)-(2.2)) and this proof is complete. O

(3.21) 627, (to) =

>0, ip=1-1.

Lemma 3.5. Let U}, be the solution of (2.1)—(2.3)). Then we have
dUi(t)
dt

>0,0<i<1I,te(0,T)).

Proof. Consider the vector 7, (t) such that Z;(t) = dUit(t) ,te(0,T)),i=0,...,1.
Let ¢y, be the first t € (0,7}) such that Z;,(t) > 0, ¥t € [0,ty) but Z;,(t;) = 0
for a certain i € {0, ..., I}. Without loss of generality, we suppose that i, is the
smallest integer checking the inequality above. We observe that:

7 7 T (# —
(3.22) @ilto) _ y;), Ziolto) = Zio(to mgo,og%gL
dt k—0 k
(3.23) ﬁzﬁmy:z““%y_%%y@+zmK“>>Q1gmg1—1
271 (to) — 2Zo(to) _
(3.24) 62Z’io(t0) = 12 > O, g = O,
277 1(tg) — 2Z;(to) .
(3.25) 5221‘0 (to) = 12 >0, ig= 1.
Moreover, by a straightforward computation, we get

dZ;,(to)

T 02 Zig (to) — p(1 = Uiy (t0)) "™ Ziy(to) <0, 0<ip <1 —1,
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dZ;(t 2
ZZS& ) _ 6°Z1(to) — p(1 — Us(to)) P " Z1(to) — 5qUI<t)7q71ZI(tO> <0.
But these inequalities contradict (2.1)—(2.2) and this proof is complete. d

4. QUENCHING SOLUTIONS

In this section, we show that under some assumptions, the solution U, of
(2.1)-(2.3) quenches in a finite time and estimate its semidiscrete quenching
time.

Lemma 4.1. Let U, € R such that ||Uy|| < 1 and let p be a positive constant.
Then, we have

(1 —-U)™P>p(1-U) P60, 0<i< I

Proof. Let us introduce f(s) = (1 — s)"P. We observe that f is a convex function
for nonnegative values of s. Apply Taylor’s expansion to obtain

! U — U 2 "
5 1(0h) = 1wty + O g
2 / 2 (Ui+1 — Ul)2 " (Uifl — UZ>2 " .
) — 4 PR St o A . At S 7 A <i<J-=1.
B1(Us) = FUDFU; + LS ) 4 S ) 1 <0 < -1
! U —U 2 "
1) = vy + U2 )

where 0; is an intermediate between U; and U;,; and 7; the one between U, _,
and U;. Use the fact that ||U}||« < 1 to complete the proof. O

Theorem 4.1. Let U, be the solution of (2.1)-(2.3), and assume that there exist
a nonnegative constant A such that the initial data at (2.3) satisfies

(4.1) Fpi+(l—p)P>Al—p) P, 0<i<I-—1

2 _
4.2) 8or+ (1 — )P — E%q > A(1 =) 7.

Then, the solution U, quenches in a finite time T,' and we have the following
estimate
o 0= gl
T A(p+1)
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Proof. Let [0,7}') be the maximal time interval on which ||Up||s < 1. We con-
sider the function J,(t) defined as follows

(4.3) Ji(t) = %t(t) —A(1-U;(t)?, 0<i<lI.
By a straightforward computation we get
dJi(t) _d dU(t) 1 dU(2)
15— () = (S = RUD) - pA - Uie)

+ AP (1-U;(t))?,0<i < I

From Lemma4.1] we have A§*(1-U;(t)) P > pA(1-U;(t)) P 182Ui(t),0 <i < L.
Which implies that
dJi(t)

dU;(t) dU;(t)

O 520 2 p0 - o) O i o) (0 ),
0<i<I—1,
5256 2 (1~ Uytey) 7 Ay By Or0
A= vy 0) (Y ey,
We deduce that
¢gﬂ—ﬁ%mozm1—m@»w*ﬁay 0<i<I—1,

— S2Jr(t) > p(1 — Ur(t)) P~ I (t) + %Uz(t)‘q‘l(qT

+ pA(L = Ur(t) 771U ().
From (4.1)-(4.2), we observe that J;(0) > 0 for 0 < i < I. We deduce from
Lemma [3.1]that J;(¢) > 0, 0 < i < I, which implies that

dU;(t) > A(L = U;(t))Pdt, 0<i<I, tel[0,T)).
Integrating the above inequalities over the interval [, T:), we get

(1 - Ui(t)r*

4.4 T —t < :
(44 T A+

0<i<I, tel0,T}).

Taking ¢ = 0, we obtain:

Th < (]‘ _ gpi)p+1

_— <i<I.
a Alp+1) "’ O=sis
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Using the fact that ||¢p || = @0, We get:

e (= gl
7 = Alp+1)

We have the desired result. O

Remark 4.1. Integrating the inequality (4.4) over interval i, T;‘), we have

1 — Uj(tg))P*t
T — ¢, < (
T 0= A+ 1)

, toe[0,T)), 0<i<I
and

[Unlloe < 1= Cy(T) — to) 7T,
where Cy, = (A(p + 1))7+1.

The Remark[4.1]is crucial to prove the convergence of the semidiscrete quench-
ing time.

5. CONVERGENCE OF SEMIDISCRETE QUENCHING TIMES

Theorem 5.1. Assume that the problem (1.I)-(1.3) has a solution u € C*1(]0, 1] x
[0,T1) such that sup,¢o 1 |lull = A < 1 and and the initial data at (2.3) verifies

(5.1) lon — un(0)]|oe = 0(1) as h — 0,

where u,(t) = (u(zwo,t),...,u(zr,t))T, t € [0,T]. Then, for h small enough, the
semidiscrete problem (2.1)-(2.3) has a unique solution U;, € C([0, T], R!*!) such
that

tggg;](lth(t) — un(t)]lse) = O(llpn = un(0)lloc + 1) as h—0.

Proof. Let p > 0 be such that p + A < 1. The problem (2.1)-(2.3) has for each h,
a unique solution U}, € C1([0, T], R'*1). Let ¢(h) the greatest value of ¢ > 0 such
that

(5.2) UL() — un(t)||oo < p for te€(0,t(h)).

The relation (5.1) implies that ¢(h) > 0 for h small enough. Let t*(h) =
min{¢(h),T}. By the triangular inequality, we obtain

1Un(®)lloo < Juls D)lloe + NUn(t) = un(@)lloc for t € (0,°(h)),
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which implies that
(5.3) U)o < A+ p. for t€(0,t°(h)).

Let e, (t) = Up(t) — up(t) be the error of discretization. Using Taylor’s expansion,
we have for ¢t € (0,t*(h)),

de(t h 2
6;5 ) _ 8eo(t) = p(1 — Bo) P eo(t) + h (Eumx(io, £) + 3tz (2o, t)) :

dedi—P = 0%ei(t) = p(1 = Bilt) " ei(t) + ?—;umm(:@,t), 1<i<I—1
L= et = (o0 =5+ T 0) et

h ~ 2
+ h <Euwmm:<m]7 t) - guxmm(xlu t)) .

where f;(t) is an intermediate value between U;(t) and u;(t), 0 < i < I and ()
the one between U;(t) and wu;(¢).
Using (5.3)), there exist nonnegative constants K, M such that

deo(t

(5.4) 6;; ) _ 52e0(t) < Meo(t)| + Kh.

(5.5) dec’l'—l(t” — 8%e;(t) < Mle;(t)| + Kh?, 1<i<I—1,
dey(t M

(5.6) edf—t() —%er(t) < —~les(t)] + Kh.

Let Z,,(t) the vector defined by
Zi(t) = eMH Y| |o, — up(0)]]o + Kh), 0 < i < 1.

A simple calculation give

dZy(t

(5.7) % — 6% Zy(t) > M|Zy(t)| + Kh,

(5.8) dZC;t(t) —0°Zi(t) > M|Zi(t)| + Kh*, 1<i<I-1,
dZ;(t M

(5.9) % —6°Z;(t) > 7|ZI(zs)| + Kh,
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From Lemma we obtain

Zi(t) > ei(t), t € (0,t*(h)), 0 <i < I
By analogy, we also prove that

Zi(t) > —ei(t), t € (0,t*(h)), 0 <i < [.
Hence we have

Zi(t) > |ei(t)], t € (0,t*(h)), 0 <i <.
We deduce that

1UR(8) = un(®)lloe < (llon — un(0)lloo + Kh)eMHVE 1 € (0,4%(R)).
Next we prove that ¢*(h) = T. Suppose that ¢(h) < T From (5.2), we obtain

(5.11) p < Un(t(h)) = un(t(h) oo < (llon — un(0)[loc + K h)eM DT
Since (||on —un(0)]|oo + K h)eM+DT s 0 as h — 0 we deduce from (5.11)) that
p < 0 which is impossible and we conclude the proof. d

Theorem 5.2. Suppose that the solution u of problem (1.I)-(1.3) quenches in
a finite time T, such that v € C*'([0,1] x [0,7,)) and the iniatial data at
satisfies

llon = un(0)]|oe = o(1) as h — 0.
Under the assumptions of Theorem the solution U, of problem (2.1)-(2.3)
quenches in finite time T, and we have

lim 7" = T,.

h—0

Proof. Set ¢ > 0. There exists > 0 such that

(1ot ¢
= <2 0<po<n.
Al(p+1) <2’ =e=17

Since u quenches in a finite time 7}, there exists a time 7, < 7, such that |Tj —

(5.12)

Ty + 1,
T, < g and 0 < [Ju(., 1) < g for t € [Ty, T,). Setting Ty = 0—5 4. it is not
hard to see that |[u(.,t)||. < 1 for ¢ € [0,T1].
From Theorem (5.1, we have ||U,(T1) — up(T1)|loo < g Applying the triangle

inequality, we get

1UW(TV)llse < [IUA(T1) = un(T1)lloo + lun(T1)[loe < 7.
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From Theorem 4.1, U, quenches in a finite time Tq". We deduce from Remark

[4.7]and (5.12) that

T3 = Ty < Ty = To| + T = T <

(- U |

£
— < e,
Alp+ 1) 2 =°

6. NUMERICAL EXPERIMENTS

In this section, we present some numerical approximations of the quenching

1
time of the problem (1.I)-(1.3) in the case where ug(z) = 0.7 — 5:(;4, p = 8.03
and ¢ = —log(2)/log(0.2). Firstly, we consider the following explicit scheme

n+1 n n n n

+(1-U")P 1<i<I—1,

Ate h?
(n+1) (n) (n) n)
Ate h? 0
(n+1) (n) (n) (n)
UI — UI _ 2U[—1 - 2U[ + (1 i U(n))_p . E(U(n)>_q
Ate h?2 ! Rt

U =, 0<i<I,

h? n : :
where n > 0, At = min{?,hQ(l — Ut )||oo)p+1} . We also consider the im-
plicit scheme

U'(n-i-l) _ U(n) U'(n-i-l) . 2U(n+1) U'(n-i-l)
i i it i Ui +(1-U™ P 1<i<I—1,

At, h?
UénJrl) _ Uén) 2U1(n+1) . 2U(§n+1) (" —p
At 2 (=0,
(n+1) (n) (n+1) (n+1)
ot -0 20 -2, (1T E(U(n))_q
At, h? I ht '

U® =p0<i<I,

i =

where n > 0, At, = h2(1 — ||U™||.)?*". In the following tables, in rows, we
present the numerical quenching times, the numbers of iterations and the or-
ders of the approximations corresponding to meshes 16, 32, 64, 128, 256, 512. The
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numerical quenching time 7" = Z At; is computed at the first time when

n—1

J=0

’TnJrl _ Tn‘ S 10716'

The order s of the method is computed from

s — IOg((Télh - TQh)/(TQh — Th))
log(2) '

1
For the discret initial data we take ¢; = 0.7 — Q(ih)4

TABLE 1.

Numerical quenching times obtained with the explicit

Euler method p = 8.03 and ¢ = —log(2)/1og(0.2)

I A n s
16 | 0.000002136| 578 -
32 [0.000002111 | 2158 -
64 | 0.000002104 | 8006 |2.01
128 | 0.000002103 | 29512 | 2.00
256 | 0.000002103 | 107986 | 2.00
512 | 0.000002102 | 391701 | 1.97

TABLE 2.

Numerical quenching times obtained with the implicit

Euler method p = 8.03 and ¢ = —log(2)/log(0.2)

1 A n s
16 | 0.000002136| 578 -
32 [0.000002111 | 2158 -
64 | 0.000002104 | 8006 |2.03
128 | 0.000002103 | 29512 | 2.01
256 | 0.000002103 | 107986 | 1.99
512 | 0.000002102 | 391701 | 1.88

In the following, we also give some plots to illustrate our analysis. For the
different plots, we used both explicit and implicit schemes in the case where
I =16, p = 8.03 and ¢ = —log(2)/log(0.2). In figures 1, 2 and figures 3, 4,
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we can appreciate that the discrete solution is nonincreasing and reaches the
value one at the first node. In figures 5 and 6, we see that the approximation of
|IU™|| is nondecreasing and tends to the value one when ¢ tends to 2.5 x 1075
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