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A REVIEW OF ALGEBRAIC APPROACH ON ROUGH SETS
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ABSTRACT. Mathematics mainly concern with sets and funtions. Cantor set is
identified by George Cantor. After the notion of vagueness raises set concepts
extended to fuzzy sets by Zadeh and an alternate idea of vagueness is imple-
mented by Pawlak in 1982 based on boudary regions. Solving any problem
algebraically gives a perfect solution. In that sense, many algebraic concepts
are implemented on the fuzzy sets, rough sets etc. Focussing that in mind, in
this review artice, we give some study of algebraic approach on rough sets.

1. INTRODUCTION

Mathematics is predominantly agitated with sets and functions. George Can-
tor manifested classical set theory and stated that a collection is a set of well-
defined objects which is precise. Some mathematicians aim at ambiguous (inac-
curate) ideas. It is a vague concept to find young people in any particular area
since it is based on the person and their age bound classification and young is
inexact. In natural languages the idea which we use are not accurate. Classical
logic deals with only exactness so ambiguity is essential for mathematicians and
computer scientists. In classical set theory we can check whether a person can
be definitely healthy or ill but in fuzzy set theory we can say that, a person is
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healthy at 70 percent or 80 percent (in degree we can say 0.7 or 0.8). Zadeh
(1965) [51] introduced the concept of fuzzy sets which is completely new ap-
proach to deal vagueness. According to Zadeh’s approach fuzzy sets are defined
by partial membership in contrast to crisp membership which is used in classical
set theory.

Definition 1.1. [51|] For a nonempty set A C Y, A fuzzy set A is defined as
A = {(y,pa (y)) /y € Y} which is identified by its membership function pa (y) :
Y — [0, 1] and fulfilling the condition pa(y) + va(y) = 1 where y4(y) = 1 — pa(y)
is the non-membership function.

Zadeh’s fuzzy set is to extend a theory which deals ambiguity and imprecision
in the area of pattern recognition, communication and information. Fuzzy sets
and fuzzy logics are applied in many fields like engineering, science, mathemat-
ics and social science. Rough set theory is an alternate idea to deal vagueness
and it can be expressed in terms of boundary region of a set but not like fuzzy
membership function. On the whole, rough set concept can be expressed in
terms of approximations called as lower and upper approximation of a given
set.

Pawlak [31] initiated a formal tool to process the incomplete information in
the the data framework in the information systems is known as rough set theory
in 1982 and [32]] compared rough set and fuzzy set also described that the two
notions are different. Polkowski [|30] described rough sets and its mathematical
foundations in his classical book.

The concept of rough set theory is the approximation space such as lower and
upper approximations of a set determined by its attributes. The pair of lower
and upper approximation is called rough set. In rough set theory data can be
presented in the form of an information system. An information system is a pair
I = (U, A) where U is a non empty finite set of objects, called universal set and A
is a nonempty set of fuzzy attributes defined by p, : U — [0, 1], a € A, is a fuzzy
set. Indiscernibility is a core concept of rough set theory and it is defined as
an equivalence between objects. Formally any set P C A, there is an associated
equivalence relation called P — Indiscernibility relation defined as follows,

IND(P) = {(z,y) € U? | Va € P, () = p1a(y)}-
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The partition induced by /N D(P) consists of equivalence classes defined by
[z], ={y € U | (z,y) € IND(P)}.

For any X C U, define the lower and upper approximation space respectively
as P(X)={reU]|[r], C X} and P(X) ={zx € U | [z], N X # ¢}. For every
subset X of U, there is an associated rough set RS(X) = (P(X), P(X)). The
boundary region of a set X with respect to R is the set difference of the upper
and lower approximations. If the boundary region of a set X is empty then the
set X is said to be crisp otherwise it is said to be a rough set.The definition of
rough set is clearly depicted in the following figure.
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FIGURE 1. Rough Set

There are two various approaches to deal vagueness one is fuzzy set and the
other is rough set. Yao [48] described a comparative study of fuzzy sets and
rough sets and in 2010 [49] introduced three way decision with probabilis-
tic rough sets based on the decision of acceptance, decision of rejection and
decision of abstaining. Some remarks between rough sets and fuzzy sets has
discussed [39] in 1989. Rough set also defined by using rough membership
function instead of using approximations. That is, for the given universal set
U which is finite and for any arbitrary subset X of U, the rough membership
function is defined in such a way that

pi U —[0,1]
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and
R | X N R(z)|
px () IR(2)]
where R(z) is an equivalence class determined by an element = € X.

Chouchoulas and Shen [12], Chen et al. [[10], Sai et al. [[40], Nasiri and Mash-
inchi [29] and Bisaria et al. [|8] explored some applications of rough set theory
in the fields like the content of data analysis, fundamental patterns in data, re-
move redundancies and generate decision rules etc. Zhang et al. [52] described
the data mining ideas using composite rough sets. Rough set theory used in
categorization and approximation of medical image segmentation, image seg-
mentation, medical data mining and decision support systems etc. Using rough
sets Chena and Wang [11] created an improved clustering algorithm. Mohabey
and Ray [27] discussed C'— mean clustering algorithm for colour images. Riki
and Rezaei [37]] described an application of rough sets in data analysis in 2014.

In 2013, Kandil et al. [21] constructed a rough set structure with respect to
ideals and studied their properties. Abo-Tabl [[1] described different types of
Yao’s approximation spaces with respect to the similarity relation and gave a
comparison between the defined approximations spaces. Hassanien et al. [17]]
examined some applications of rough sets in medical informatics. Xiao and
Zhang [47] introduced rough prime ideals and rough fuzzy prime ideals in
semigroups. Kozae et al. [24] introduced four different methods of constructing
rough sets and reduced the boundary region in network connectivity devices
and network cables etc. Zhang and Luo [53] studied about four types of char-
acterization of covering based generalized rough sets.

Semirings have developed in the last few decades regarding modelling and
solving a rich assortment of non-classical problems. The concept of semiring
was first introduced by Vandiver [44]. A significant part of the theory of rings
keeps on seeming well and good when applied to arbitrary semirings specifically,
the concept of algebraic structures over commutative rings can be generalized to
the algebraic structures over commutative semirings. In mathematics, semirings
holds an important role. The theory of semigroups and rings have considerable
effect on the advancements of the theory of semirings. Semiring is defined as,
a non empty set S together with two binary operations '+’ and ’.’ is a semiring
if (S, +) is a commutative semigroup, (5, .) is a semigroup and both distributive
laws hold. In a monoid (5, +), the zero element is known as neutral element
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and a monoid (S,.) contains a unit element which is called as an absorbing
element. For example, the set of all natural numbers is a semiring. Different
types of semirings are listed as follows: Arithmetic semirings, Boolean semiring,
Boolean like semiring, Complete semiring, Simple semiring, Viterbi semiring,
Tropical semiring, Arctic semiring, Possibilistic semiring, Bottleneck semiring,
Truncation semiring, Lukasiewicz semiring, Division semiring etc. Ideal plays
an essential part in the structure theory of semiring and are invaluable for some
reasons. Allen [2] identified — ideal and the quotient structure of the same
and proved the fundamental theorem of homomorphism of semiring.

Hebisch and Weinert [18]], Golan [16] and Glazek [15] have given their
detailed applications of semirings in their classical books. Henriksen [|19] char-
acterized a more limited class of k— ideals in semirings and these ideals have
the property that if the semiring S is a ring then a subset of S is a k— ideal if
and only if the subset is a ring ideal. Kuroki and Wang [22] discussed some
properties of lower and upper approximations with respect to the normal sub-
group. Biswas and Nanda [7] introduced the notion of rough groups and rough
subgroups. Kondo [23] introduced the concepts on the structure of general-
ized rough sets. Liu [25]] dealt the concepts of special lattice of rough alge-
bras. Chinram [38]] has introduced the concept of rough prime ideals and rough
fuzzy prime ideals in gamma semigroups. Also the authors Iwinski [20] and
Bonikowaski [9] have studied some algebraic properties of rough sets. Then
the concept of rough fuzzy sets and fuzzy rough sets was introduced by Dubois
and Prade [14]]. Senthilkumar and Selvan [42] dealt fundamental theorem of
set valued homomorphism between groups with respect to the lower and upper
approximations of the information system and introduced the kernel of the set
valued homomorphism. Sen and Adhikari [41] introduced the idea of k—ideals
of semirings. Davaz [|13] introduced the idea about roughness in rings and stud-
ied the relationship between rough sets, ring theory and some properties of the
lower and upper approximations of rings.

Venkatalakshmi and Vasanthi [46] described some special classes of semir-
ings. In particular they discussed the properties of viterbi semiring and posi-
tive rational domain. They proved that the semiring S is multiplicatively sub
idempotent semiring. Vasanthi and Sulochana [45] described the concepts of
Boolean semiring and Boolean like semiring and they have defined some addi-
tive and multiplicative structure of semirings. Sreenivasulu Reddy and Guesh
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[43] introduced the concept of additive structures of simple semirings. Atani
[[3-6] discussed ideals in quotient of commutative semirings and introduced the
idea of k— weakly primary ideals over semirings. Also, analyzed some results
on ideal theory of commutative semiring and explored the idea of strong co —
ideal theory in quotient semirings. In 2017, Muhammad Rameez [28] et al.
generalised the roughness of fuzzy ideals of hemirings with its lower and upper
approximations of the same. The authors Praba et al. [33-36]] introduced rough
lattice with resepect to the new defined operations A and V on the set of all
rough sets T = {RS(X) | X € U} where U is a finite universal set and X is
an arbitrary subset of U and explored a commutative regular rough monoid of
idempotents with respect to A and described some of its ideals. Also, character-
ized the annihaltors of rough semiring in 2020 and it is explored the Boolean
algebaric structures induced by the set of annihilators and in the same year the
authors described the principal ideals and its structures in the set of all rough
sets with respect to the operation A and V. Manimaran et al. [26] introduced an
idea of regular monoid on the set of all rough sets with respect to the operation
V.

2. CONCLUSION

The concept of rough sets has been researched more than thirty five years.
Several applications of rough sets are made in many fields. Specifically, some
contributions are given by many authors in the direction of algebraic structures
with the rough sets. In this paper we have explored some informations about
the algebraic concepts related to rough sets and the set of all rough sets.
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