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WAVELET FRAMES AND TIME-FREQUENCY LOCALIZATION IN LOCALLY
COMPACT ABELIAN GROUPS

Arvind Kumar Sinha and Radhakrushna Sahoo!

ABSTRACT. We construct a wavelet frame system on locally compact abelian
(LCA) group G associated with the multiresolution analysis and Haar measures.
We show the characterization of the wavelet frame set and the scaling sequence
on L?(G). The dilation and translation of wavelet frame sets for time-frequency
localization in LCA groups have been set up. We obtain an orthonormal wavelet
basis for L?(G) using the scaling sequence. We also establish the relationship
between multiresolution analysis and wavelet functions. Finally, we obtain pe-
riodization for the multiresolution analysis using time-frequency localization on
a periodic wavelet frame. The periodization holds wavelets’ regular properties
and decay conditions.

1. INTRODUCTION

Mallat [[10] introduced the classical multiresolution analysis which was a se-
quence of increasing function on closed subspace {U;};cn, of L?*(G) such that
Nien, Ui = {0}, Uien, Ui dense in L?(R); which satisfies h(z) € U; and h(az) €
Uisse, k=1,2,3,--+, i € Ny, where « is a scalar and Ny = N U{0}. Again, there
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exists an element ® € U, such that the collection of translation of a wavelet func-
tion ®;{®(z —3k) : k = 1,2,3,---} represents a compact space of orthonormal
basis of increasing sequence for Uy; the function ® is represented the wavelet
scaling function. In recent years, the work of multiresolution analysis and
wavelet functions has been generalized in much different literature Azarmi [[1]
and Daubechies [|6]. Mallat [|10]] has constructed an orthonormal wavelet basis
for compact space L*(R). Shah et al. [12] constructed wavelet frame packets as-
sociated with multiresolution analysis, and wavelet frames form an orthonormal
basis for L?(G). Chen [5] have constructed wavelet frame packets using mul-
tiresolution analysis, corresponding to an orthonormal wavelet basis for L?(G).
Long et al. [9] has given the concept of bi-orthogonal multiple wavelets gener-
ated from transformation and provided the method for establishing compactly
supported bi-orthogonal multiple wavelets by the same function. The aim of
the paper is to obtain wavelet frames from the splitting trick of multiresolution
analysis on L?(G) and constructing wavelet on an orthonormal basis of L?(G).

The primary motivation of the work starts from the work of Benedetto and
Benedetto [2]] who introduced a wavelet theory for local fields and related
groups. Bownik and Jahan [3]] introduced the concept of characterization of
scaling sequence of a multiresolution analysis on L”(G), 1 < p < oo. Also,
constructed an orthonormal wavelet basis of L?(G) using a scaling sequence.
Gol and Tousi [8] have generalized a shift-invariant space involving the spec-
tral function from R" to the locally compact abelian (LCA) group. The spectral
function and scaling sequence are characterized in terms of all conditions of
multiresolution analysis. More results in this direction can be found in [4,11].

We characterize the theory of a multiresolution analysis of {U, };cn, on an LCA
group. We define the scaling sequence concept to the structure of wavelet basis
in any space U; to U;,;. We establish a multiresolution analysis transformation
on L?*(G), which holds the periodic wavelet frame regular properties and decay
conditions. We find dilations and translations of wavelet frame sets for time-
frequency localization in LCA groups. Then we obtain an orthonormal wavelet
basis for L?(G). We establish the relationship between multiresolution analysis
and wavelet functions. We obtain periodization for the multiresolution analysis
using time-frequency localization on a periodic wavelet frame.
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2. PRELIMINARIES

Let G be an LCA group and G its dual group. Shah et al. [12] defined mul-
tiresolution analysis and orthonormal basis properties by taking some choice of
LCA groups. Let ¢ be the natural number > 1 and the sequence of the form
2= (z) = (- 23m—2, 23m—_1, 23m, Z3ms+1, - - ), where z; € {0,1,2,3,---(¢ — 1)}
fori € Ny and z; = 0 for ¢ < m = m(z); the group operation on G is de-
fined as the component-wise addition. The LCA topological group on G is de-
termined by the system of neighborhoods of complete inner product space as
Vi={(z) € G:z =0fori<lI}, 1 e Z. Clearly, each neighborhood of complete
space V] is a compact abelian subgroup of G, Vi,; C V; forl € Z and "V, = 0.
If set V = Vj, then the group under operation is multiplication. and if V' # 1,
then the group operation is addition. If LCA G is having an additive inverse
element, then G exists compact abelian subgroups.

For 1< p < oo, we take LP(G) as the Lebesgue spaces of Borel’s subgroup of
G defined by the Haar measure p with p(Vj) = p(V) <1. Let G be the compact
abelian dual group of an abelian group G and the group G of all sequences
of the form ¢ = (&) = (-, &wr—2, Eak—1, &3y Eakt1s E3k42, -+ ), Where & €
{0,1,2,3,4,--- (¢ — 1)} fori € Ny and &; = 0 for i < m = m(z). Then the group
operation is co-ordinate wise addition. The neighborhood of compact support
1, and the Haar measure u for G are imported as compact abelian subgroups for
G. If S is disconnected compact abelian subgroup of G, then S = {z; € G : z; =
1,7 > 0}.

Folland [7]] has given the concept of the quotient group S/A(S) contains ¢
elements and the orthogonal subgroup S+ of S consists of all sequence p; of G
holds the condition p; = 1 for i > 1, where A is an abelian group automorphism
of G. Let GG be a compact abelian group and R set of real number, then the linear
map T :G — GbyT(z) =3,
compact abelian subgroup V onto the interval (0, c0) as defines an isomorphism
of Banach spaces (G,p) and (R, x), w is the lebesgue measure of the infinite
measure on set of real number R and [ be an indexing set. Also, the image of
N under T is the set of positive integer T(N) = Z7; thus, for every § € Z+.
If T(hg) = B, then T is called compact group automorphism where hs is an
element of N. The prestige hypothesis are needed to authorization that an

%q', » € G, where T is a transformation of the

multiresolution analysis {U; };cn, satisfies the density property | J;°, U; = LP(G)
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where 0 < p < oo which are able to an epimorphism £ : G — G with a
finite kernel such that | J, kerE’ dense in G, i.e. kerE* = {(V,Z) € G x G :
Ziy1 = Zipe = -+ = 0,z € Z} with epimorphism F and G = R/Z. In this
process, we define a transformation T :G — G the compact abelian subgroup
automorphism H € AutG, the subgroup G and the element pp of S* for G, we
character w(Az, p) = T(z, Hv) forall z € G, p € G.

Definition 2.1. [1|] Let G be a LCA group and A € Aut(G). The operator 4 is
defined on L?(G) by §4h(z) = |A|"?h(Az), for all h € L*(G).

Definition 2.2. [2]] Let G be a LCA group with compact open subgroup S C G,
let © be a choice coset representatives in G for S = CAJ/SL, let A € Aut(G), and
consider [s] € G/S. The dilated translate of h € L*(G) is defined as

(2.1) hA7[S](Z) = 5,47'[5]79]1(2) = ‘A|1/2(h X @[SL@)(AZ),

where W, p is the pseudo-measure.

3. MAIN RESULTS

3.1. Wavelet frames on LCA groups. Let G be an LCA group and consider that
G consists of a disconnected finite or countably infinite subgroup S such that the
quotient group G/S is compact. Moreover, we suppose that an automorphism A
of G such that A(S) C S. A sequence { U, }.cn, of closed subspace of L*(G, ) is
called a multiresolution analysis of L?(G, ;1) where p stand for the Haar measure
on G, if the following conditions are satisfied:
(®) Ui C Uiy, 1 € No;
i) | J vi=L%6);
ieNo
(i) () U ={0};
i€No ‘
(iv) h € U, <= oh € Uy ie. U =0"Uy,i € Ny,0 € G
(v) U is left shift invariant i.e. if h € U, then L,h invariant subspace of Up;
(vi) The collection {L.,h : v € I' is an orthonormal basis of Uy, I" a discrete
topological subgroup of G;
(vii) There exists a scaling function ® such that the collection {®(-0j)};cs of
translates of ¢ are stable and U is the closed linear span of ®(-0j) where
o is the group operation of G.
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Now a family of wavelets {1, 15, -1y} are called system of functions, the
orthogonal complement W, of U, in U; is constructed by using the translation
of {¢1,1s,---1n}. Since the union of the space {U;}icn, is dense in L*(G, )
where their intersection is zero, we observe that the function {«;, s, - -1y} is
scaled and translated to span L?(G,p). Then we have U = {41}y, -y} is
called a wavelet generator for L?(G, u). After that we are able to find a single
wavelet for L?(G, p), if U = {¢}. Let {Q1,,---Qy} be a measurable subset
of @, and let ¢); = 1g,, for each i = 1,2--- N. We call this {2y,8,---Qx} is
a wavelet collection of sets if U = {1,159, -1y} is a wavelet generator for
L?(G,p). If N =1, then Q = ), is a wavelet set. Since the frame is a constant
multiple of the wavelet set itself see [8]], recovering functions from their frame
coefficient does not require the frame’s computation. Hereafter, we shall focus
on wavelet frames.

Given h € L*(G), let h;;, denote the scale and shift invariant function

(3.1) hiw =Dy Tih, 1<i<N,keG/S,

where G/S is a quotient group, D and T are dilation and translation operator
respectively. Let I be an index set. For given U = {11, vy, ---n} C L*(G), let
© C G a choice of coset acting in G for § = G /S+, A C Aut(G) be a countable
nonempty set of automorphisms of G and a coset B C G/S. We define the
wavelet system

where v; ;, = 27/%);(27- —k), and j and k encode certain dilation and translation
information. The wavelet system X (V) C L?(G) is called a wavelet frame with
frame bound C if

Z ZZ wmk wz]k ), forall h€L2<G)

1<z<N jEA kEB

This is equivalent to saying that the wavelet system X (V) C L?((@) is a wavelet
frame with frame bound 1 and ||v||;2(¢) = 1 for 1 < i < N. A function
® € L*(G) is called scaling function, if it is satisfies a scaling sequence &, =
2/29(27 - —k) and j and k encode certain dilation and translation information.

3.2. Wavelet frames and (7, ©)-congruence. Now we formulate wavelet frames
on the LCA group G by appropriate dilation and translation operators.
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Definition 3.1. Let G be a LCA group with compact open subgroup S C G, let
© C G be a choice of coset acting in G for S = CAJ/Sl and let A C Aut(G) be
a collection of all group group automorphisms of G and B C G/S. Consider
U = {4y,1y,---n} C L*(G). The wavelet system X (¥) is a wavelet frame for
L*(G) corresponding to © and A if {¢;;x : 1 < i < N,j € Ak € B} form an
orthonormal basis for L*(G), where ; ;1.(2) = 0;7.01;(2) = 29/2,(27 - —k)(j2).

Definition 3.2. Let G be a LCA subgroup S C G, and © C G be a choice of co-set
acting in G, and let U and U’ be sub sets of G. We say U is (1, ©)-congruence to U,
if there exist an indexing set I C Z as well as {U,, : m € I} and {U, :m € I} are
multiresolution analysis of U and U’ respectively, into Lebesgue measure subsets
and sequence {tm, el {L;n}me[ C O such that for all m € I, U,, C t,, + S+ and
Un=U, — 1, + tm.

Theorem 3.1. Let G be a LCA group with compact open subgroup S C G, let
© C @ be a choice of co-set acting on G for S = CAJ/SL, and let A C Aut(G)
be a countable infinite set of Aut(G) and a coset B C G/S. Assuming that ¥ =
{ab1,s, - - -1bn'} is a set of wavelet generators for L?(G). The wavelet system X (W)
in Eq. is a wavelet frame set if and only if following two points hold:
@) {QYijr: Qe A1<i<N,je Ak € B} design on G up to sets of zero
measure, where ()* is an action of the adjoint automorphism on G;
(i) Foralli = {1,2,3,--- N}, U = {4y, 4y, - by} is (1, ©)-congruence to S+
up to set of zero measure.

Proof. Let a finite sequence {Qy,(, --Qy} with ¢); = Ig,, where 1 the in-
verse Fourier transform of an indicator function 1g¢. Recall that ¢ ,.(z) =
6,70 (2) = 29/%4;(27 - —k)(j2) and also that ¢, is the unique element of © () S*.
First we consider condition (ii), this condition implies that all u(v;) = 1, because
G is 1-compact each u(v;) = 1 and each 1o, € L%(G). Let I; C Z be the index set
for (7, ©)-congruence and let {U,,, : m € I;} be the corresponding partition of
W, since 1); is (7, ©)-congruence to S, we get

uh)) = Y uUim) = w(Uim + by = tm) = »_ u(U;,,) = u(S) =1,

mel; mel; mel;

where {U;,, : m € I;} is a partition of S+ and ,, = w, for all m € I, When

properties (ii) is consider, we have ¢; = 1, € L?(G). Furthermore, ||1o,|| = 1 so
that H¢1”2 = 1.
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Conversely, if U = {¢1,15, - - -1} is called a wavelet generator and {2y, Qs,--- Qx}
be a measurable subset of @, then

1= [l6ill: = I,

We shall also need the fact that condition (i) implies that {1, 19,13, -y}
pairwise disjoint upto sets of measure zero, for any () € A and we observe that
fori # k

uiNge) = Q™ u(Q (i N ) = Q™ u(@Q™ (i) N Q™ (¥r)) =0,

by condition (i).

Next we consider conditions (i) and (ii) implies that {¢; ;, : 1 <i < N,j €
A,k € B} form an orthonormal basis for L?(G). We observe that |[¢); ;|2 = 1
for any j € A and k € B. Indeed we compute

locgall = [ @] do= 11 [ [5: (@) )| o= uiw) = 1.

The system X (¥) collection of wavelet frames, let © C G be co-set represen-
tatives in G for S = @/SL implies ii. Let {t1, 9,13, --¢n} is generator of
wavelet set, Q € A, and {Q;,,Q3,...,Qx} be a measurable sub set of G
u(Q@m;) = |Qlu(vy) = |Q| < oo. Thus, there are countable numbers of + € ©
such that u((:45+) N (Q*Y;)) > 0. Let H = |y 4, Q*¢i, which countably infinite
1 € © such that u((t +S+) N H) > 0. Choose O are countably infinite, then there
are for all « € © such that u((s + S*) N H) = 0. Let M = 1, + S+ € L?(G), then
forall j € A,1 <i< Nandke G/S, we get (M, ;) =0, because 1); ; zero
of H. Therefore 1 = [[M||3 = 3" icn D jen 2oren {M, i 1)|* = 0, and so that
foralli = {1,2,3,--- N}, U = {y,1s, - -¢n} is (7, ©)-congruence to S+ up to
set of zero measure. Finally, we show that conditions (i) and (ii) are initial con-
ditions for {Q*¢; ;, : Q € A,1 <i < N,j € A k € B} design on G up to sets of
zero measure. By the properties (ii) implies that (Q*v; rectangular shape G upto
set of Lebesgue nonzero measure, if (i, X), (k,Y) € {1,2,3,..., N} x 9, are
the distinct pairs, then (1; x [0}, ¥i,v,0)) = 0 by orthogonality. where X,Y € A.
Therefore,

w(X™P; VYY) = (Ixma,, lyma,) = (Vi x 0 Yiy,jo) = 0.

For each v; is (7, ©)-congruence to S+, since u(1;) = 1 < oo, there are countably
a many coset 1+ S+ such that ;N (.+S5+) has the zero measure. Let {¢,, : m € I}

2 = U(@l)
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be the set of some + € ©. Let U,, = Q™ N (t,, + ST) and V., = Uy, — L + 10,
where 1, € © N S*. Clearly, {U,,} is a partition of Q" and {U, } is a partition of
S, This is complete the proof. O

Remark 3.1. If U,, = U, — 1, + Ly, then U,, C t,, + S* is equivalent to U, C
v, + St Thus, in the case U = S*, we take 1, = 1, for all m where v is the
unique element of © () S+. Clearly (1,0) - congruence is an equivalence relation
and it preserves Haar measure.

3.3. Construction of wavelet functions. We establish an orthonormal wavelet
basis of L?(G). Given an multiresolution analysis {U; };cn, of closed subspace
of L?(G), we define wavelet spaces as the orthogonal complements of spaces
U; in U; ;. We Construct wavelet functions whose shifts form the basis in these
orthogonal complement spaces.

Definition 3.3. Let U = ©jcarenUs,, be a shift invariant subspace of L*(@G),
where U, = span{T)®, : | € kerE'} and ®;, is a scaling equation of Us,,- The
function T;®, ;, describe on G by Fourier transform

(3:3) T®in= D, > >

1<i<N jeA keB

~ ~ 2
@ ki gk

is called the wavelet function of U.

Definition 3.4. Let G be an LCA group and set of all group automorphisms A of
A C Aut(G) with kerE'. We define operators w' on L*(G), fori € Ny, j € A
k€ G, as follows

(3.4) Wwl=h, wih(z)= k(ijz‘ Z (@h(z + a)) j(a).

ackerE?

Proposition 3.1. Let {U; };cn, be an multiresolution analysis of L*(G) with scaling
sequence {®; . }jcarep. The following are equivalent:

(i) The structure {T;®; i }ickerri jea ren 1S orthonormal basis,
(i) The structure {n"/*w’®;}.cp(pi)jearep is orthonormal basis, where the
operators w' are as in Definition (3.4) and n = |kerE)|,
(iii)) We get

(3.5) (Wi®j,wi®ik) =n"" foral k€ D(E")CAut(G).
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Proof By Lemma 3.6. [3] we have

3.6) Tikju= Y. Y. > W)=Y S5 k)

kED(E?) jEA keB kED(E') jEA keB

By the Plancherel formula and Eq. (3.3)) for any h, g € L*(G) we have
3.7) (wih,o'g)(wih,ot g) =0, for w#r € D(E").
Hence, for any [, m € kerE",

(Ti®jk, T ®j )

SO 3D i NS SIb 3 SRR

(3.8) wED(E') jEA keB W €D () JEA kEB
T 1
= > DD wDRm) (Wi, wi®s)-
wED(E7) jEA keB

From Theorem 3.4. [12], we have

Y nn—k) =

neD(E?)

|kerE'|, for n=k,

0, otherwise.
This provides the needed equation (3.5) and hence, conflict can converse.  [J

Taken away now, we consider that {®,:};carep isS an orthonormal scaling
sequence. Particularly, Proposition (3.1) and Eq. (3.5) influence forall 1 <i <
N. Recall that by Definition (3.4) we get

WDk = Z ZZ”,:TEZW ;TE Qi1 k1,
m,k€D(E?) jEA k€B
where coefficient p! are defined as in Lemma 3.8. [3]. Then, by Proposition
(3.1) and Eq. (3.7) we have
nl—i — <wi—1q)j_l . wi_lq)j—l k:—1>

:< Z ZZHJ/{JrEl 17|- KJrEl lﬂ.q)] ks

mkED(E?) jEA k€D

'L 'L
Z Z Z Mf-c-i-Ei—lﬂ'wﬁ-i-E""lfr' q)j’k>

7’ keD(E?) JEA kEB

2 . .
P 7 7
o Z <wn+Ei*17r<Di7k’ wn+Ei*17r<Di7k>7

mT,KEA

)
M,{_,_Eiflﬂ
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Thus, by Eq. (3.5) we get

(3.9) >

m,kED(E?)

, 2
¢ =n.

:un_‘_E\iflﬂ.

Now in the present case, wavelet spaces and bases are obtained as our main
focus. Let the orthonormal scaling sequence {®;,} and U; be an multiresolu-
tion analysis of L?(G). We concentrate to obtain wavelet functions ,, p =
1,2,---n — 1 in the space U,,, be an multiresolution analysis of L?(G) such that
the construction {71, },ckerr: is orthogonal, orthonormal for various values of
p, and mutually orthogonal to the space U;. To design similar functions and
scaling functions, we pursue the process illustrate below.

We rewrite D(E) = {m, 71, -7, 1}, Where mp = 0 and m, € A C Aut(G),t =
0,1,---n—1. We determine by, = NHEinj/\/ﬁ: where xk € D(EY),j =0,1,---n—
1. By Eq. (3.3), we get Z;:Ol |box|* = 1. We develop this row to an n x n unitary
matrix B = {b-1}. We set uiiEim =nb,;forp=1,2---n—1,k € D(E"),j =
0,---n — 1. By Eq. (3.9), we get describe v for all x € D(E*'). Then we
develop this sequence to G by context vl = bt for x € (kerE"Y)*t +k,n €
D(E*t'). After that, we derive wavelet functions ¢! for p = 1,---n — 1, in terms
of Fourier transform through the equation @,p(x) = uf(v@iﬂ(x) for y € G, and
the wavelet spaces by

(3.10) W = span{Tj; 4 : | € kerE' k € B}.

Theorem 3.2. Suppose {U;}icn, is a multiresolution analysis of L*(G) and an
orthonormal scaling sequence {®; ;. }jcarep. Then, for every i € Ny we have

Ui—i—l - Uz @ ‘/2(1) @ ttt @ V(nil),

)

and an orthonormal basis of the system {1} i }ickerri ke Of the space wfp ) for
p =1,---n — 1. In the act of Proposition (3.1) and Definition (3.3]) the wavelet
structure

{Tiipp:l EkerEl i € N,k € B,p=1,---n—1},

well-organized with the regular function ®, = 1 forms an orthonormal basis for
L3(G).
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Proof. For every settled s € D(E") and i € N,, by Eq. we have

(3.11) BRI j{:;ﬁ+l W Pjres

k+Eim,.  k+E?

Similarly, by Lemma 3.6. [3]] and Proposition (3.1) we have

n—1
(3.12) Withipe =Y V7wt B,
K 1T4P, H—‘rEZT('T I*C—‘rEzﬂ'r P I
r=0

In special case, for Eq. implies that v, € U;4+1 and hence w§” ) ¢ Uiiq
forallp=1,---n—1.
We need that:

(D) wfp) L Uforallp=1,---n—1

(ii) w(p) me forallp;«ér p,r=1--n—1.
For (1), first note that _/"j % - il = 0 by the case that the matrix £
establish raised is orthogonal. Using Eq. (3.5), Eq. (3.7), Eq. and Eq.
(13.12) we get

|
—

n

( P _ Pyt i+1 i+1 H—l )
w . w = 1% ~. ) ~. ol
(Wi WnPpr) < K+Bim et Eimg Pttt Z HooiBin Yt Bin , - pHLAHL

r

I
=)

n—1
_ } : ~ i+1 i+1 _
o yri—i—Elﬂr k+Eim, <wn+Eiﬂ' ,q)p+1,k+17 wr{—i—Eiﬂ' /(I)p+1,k+1> =0.
0 s ™

Using Eq. (3.7), the ﬁrst part of the theorem is proved. Besides, since F is
orthogonal, we get
0,8 —ri

v at . =nd or r=1.-.-.-n—1.
k+E'm,. k+E'm, psr f Ps ?

ﬁ
Il
o

Hence,

(w?, %’,p,kz, Wi k)

i+1 i+1 —1
= wrT P WL Dy =n""'0,,.
Z n—l—Elm H+El7l'7 < ,‘{-‘rEZﬂ'T/ ptLk+1; H+E7'7TT/ l+1’k+1> pT

This proves the second part of the theorem. Furthermore, by Proposition (3.1
{T0i kp }iekerri kefs) is an orthonormal basis of Vi(p ). Since dim U; = dim Vi(p ) = pi
and

U @ Vi(l) ©---D V-(n_l) C U

(2
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the dimension result suggest the equality in the above formation. O
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