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ON SOLUTIONS TO ITERATIVE DIFFERENTIAL EQUATIONS
Ayele Yaya and Benyam Mebrate!

ABSTRACT. We present existence and uniqueness of solution for iterative dif-
ferential equation y' = f(x,y,y(g(y))) using Picard’s iteration method by im-
posing some conditions on f and g. These conditions are sufficient conditions
(not necessary conditions) for existence of solution. Furthermore, examples are
provided to clarify existence and uniqueness of solution.

1. INTRODUCTION

In this article we will investigate existence and uniqueness of solution of
IVP(initial value problem)

y(r) = f(z,y,9(9(y))), forz € [y —a,z9+a] CR,
(1.D where zy € R, a € (0, 00)
y(ro) = wo,yo €R

by Picard’s iteration method, where
filzo —a, o+ a] X [yo —b,yo + b = R

and
g [yo—b,yo+b] = [xg —a,xo+a], b€ (0,00)
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are continuous. Picard’s iteration method is one of the method to show existence
and uniqueness of solution for differential equations having initial condition
[18,(11]].

We can call equation (1.1 an iterative differential equation since iterates of
the unknown function are involved. These equations are vital in the investiga-
tion of dynamical systems, infectious disease models, etc. Specific forms of such
equations can, for instance, be found in [_2].

There are related literature that discussed about existence and uniqueness of
solution of IVP of type (1.I). We can mention, for instance, the existence of
solution of the IVP

y' = f(z,y,9(y))
{ y(l"o) = Yo
and
{y' = fla,y(h@) + y(9)))
y(iUo) = Xy

have been established in [9] and [8] respectively. Problem of type has been
occurred in physical problem, for instance in the study of electrodynamics [4].
In this manner several existence results have been appeared in [|1,3,5-7,(10,12]
for iterative differential equation.

The article is organized as follows. In section 2 we discuss about existence of
solution. In section 3 we present uniqueness of solution. Lastly, in section 4 we
provide examples that illustrate section 2 and 3.

For later purpose we state the following lemma.

Lemma 1.1. Suppose a(x),~v(x), 5(t) and n(t) are functions such that o,y € C(1;)
and 3,n € C(I,), where I, and I, are closed intervals in R. Then |a?3? — ~v*n?| <
Ala — 4| + B|B — n|, where A = max{B*la +~| : © € I, and t € L} and
B =max{y*|8+n|:x €, and t € I,}.

2. EXISTENCE OF SOLUTION

Let S = {(x,y) : ® € [xg — a,x9 + a] and y € [yo — b, yo + b]}. We consider the
following conditions on the function f.

F-1 There exist 0 < M < 1 such that

M = max{|f(z,y,y(9(y)))| : (z,y) € S and g(y) € [xo — a,z0 + al}.
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F-2 Ma <)
F-3 There exist L, L, > 0 such that

| (2, u,u(g(w)) = [z, 0,0(9(0))] < Lafu — v + Lo|u(g(u)) — v(g(v))]

for xz, g(u), g(v) € [xo — a,x¢ + a,u,v € [yo — b, yo + b], where g satisfies
the following conditions.

G-1 g(yo) = o

G-2 There exist 0 < L3 < 1 such that |g(u) — g(v)| < Ls|u — v| for u,v €

[Yo — b, yo + b].
G-3 L3b <a.

We notice that
19(y) — w0l = |9(y) — 9(yo)| < Laly — yol < Lzb < a, Yy € [yo — b,y + 0.
We now choose a picard sequence of functions as
o { V() = wnt [ Sy (o)
y'(r) = uo

for x € [xg — a, o + a.

Lemma 2.1. Suppose f satisfies conditions F-1,F-2 and F-3, and g satisfies condi-
tions G-1,G-2 and G-3. If {y"} satisfies (2.1)), the following holds true.

(D) |y"—yo| < Ma,|g(y")—z0| < Ma<a,n=1,2,--- for x € [xg—a,zo+al.
(2) y™ is continuous and differentiable on [zq — a,xo + a| forn =1,2,--- .

(3)
(2.2) [y — " < anfor n>1 and x € [xg — a,z + al,
n!

where GG, is defined recursively as

2.3) { Gy = M, Gy = LM + LyLsM?,

Gy = Gno1 (L1 4 LoLsM + LyLy ' M™1) ;n >3

Proof. (1) Let z € [zg — a,xo + a]. Then

IN

| f (2, v0, yo)|dz

o

< M|I'_.T0|§MCL,

Y =y = | / e (9]
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|flz,y", y")|dx

Zo

< Mz —xo] < Ma

IN

v —y°| = | /I fly' vt (9yh))l

and

WP~y = | / F vt P (9W)] e,y ) de

o

< Mz —xo| < Ma.

IN

And so
l9(y") — xo| < Lsly" — ¢°| < LsMa < a,
|9(?/2) — x| < L3|y2 — y0| < LsMa<a
and
19(y*) — 0| < Lsly® — y°| < LsMa < a.
Suppose |y — °| < LsMa < a and |g(y*™") — xo| < Ma,x € [z9 —
a,xy + a]. Then

o = | / Fley™ .y (g ))da

< / 1@ Yoy g (9y™))

< Mz —xo] < Ma
and
l9(y"™) — @o| < Lsly" —y°| < LsMa < a.

(2) Clearly 3° is continuous and differentiable on [y — a, zo + a].

) = 0] < [ 1S G ds. s elt—ot+0
t
< Mz —t| < Mo.
So for a given e > 0 we find a § < % for which y! is continuous. Using

mathematical induction we can easily show that y" is continuous on
[zo — a, o + a]. Next,

y'z+h) -y (=
h

L [ s e s
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n

dy
x € [rg—a,xo+al. Ash — 0, — — exist for all n.
i
(3) Let z € [zg — a,x¢ + a]. Then

vt =40 = I/ f (@, 0, 40 yo)))lﬁ/ | f(z, Y0, yo)|dx
= Gi|r — x|, where|;G; = M

Y

and

|¢—¢|=|/Wﬂn¢wwmwn—/ﬁuw%w@wwﬂ

< /wumwawmww»—f@wm%mm

IN

/m[Llly1 —yol + Laly' (9(y")) — wol)dz

Zo

IN

/I[Llly1 — yoldx + /x LyMlg(y')g(y°)]

xo xo
|z — 202

= Gy

s where GQ = LlM + L2L3M2.

Since

IN

9(y?)
[ 1 e+ ) 5 0

1
< LiMy* —y'| + 3 [L1LEM + Lo L3M?) [y' — o°|?

1
< 5 [LiLsM? 4+ LyL3M? + Ly L3M? + Ly LMY |2 — x|,

we have

-] < /%uuy%f@w%»—f@wawwwwm

< / Ly|y? —yl\dx+/ Loly*(9(y*)) — v (9(y"))|dz
y) xo
1
< 2 [LiM + LyLoLsM? + Ly Ly LsM? + LIL; M+

13
Ly Ly L2M3 + L2LAM?) |2 — of* = Ggw,



2058 A. Yaya and B. Mebrate
where Gg = GQ[Ll + L2L3M + LQL%MQ] Next,

1’ (9(?) — v (9(v?))]
= | (9@?) — v’ (9?) + v (9(v*)) — v*(9(1?)))
a(y®)
/( . |f(z, v, v (9(?)|dz + [y (9(v?) — v*(9(y?))]

1
LsM|y® — | + 5 [LiM + LyLoLsM? + Ly Ly L3 M

IN

IA

+L3LEM? + Ly Lo L3M® + L3L3M*] |g(y®) — xof?

IN

1
L3M|’y3 — y2| —+ 6 [L%M + L1L2L3M2 + L1L2L3M2
+L3LEM? + L Ly LM + L3LIM*) LiMP |2 — o
and hence

vyl < [ @ P G6P) — Fo (a0

</ "Luly® — e + / " Lol (9®) — v (g(?))lda

x0 Zo
1
< =
- 24
Ly L3LEM? + L2 Lo LAM? + Ly LALEM* +
LoLsM [LIM + LyLyLsM? + Ly LoLsM?* + L3L3M?
+Ly Ly L3MP + L3LSM*| + Lo L3M? [LI M+
LiLoyLsM? + LyLyLsM? + L3L3M? + Ly Lo L3 MP+
LILIM*]] | — zo|*
|z — x|
41 7
where G4 = Gg[[q + L2L3M + LQL%MS]
We now suppose

[LiM + LYLoLsM? 4+ LTLy Ly M+

n—1
n—1_ ,n—=2| < G |1’ _ ZZ'()|
ly Yy <Gy oo

forn > 1and = € [zg — a,x¢ + a], where G,,_, is defined recursively as

Gi1=M,Gy = LiM + LyL3sM?,
Gno1 = Gpos (L1 4+ LoLsM + Ly Ly > M) 'n >3
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Then
" g™ ) =y (9" )
< e ) =y ey )]+
" gy ) — v 9y )l
gly™™ ) ) ) )
< / P,y 5™ (g™ 2)da +
g(yn=2)
" gy ) — y" 29y )l
1
< LM n—1_ ,n—2 a n—2y\ _ 0y |n—1
< LsMly y |+—<n_1)!Gn 1lg(y"™7) — 9(y”)
< L.MGQG ‘LU _xo‘n—l + 1 G Ln—l‘yn—Q o yoln—l
e S T (P
|x - $0|ni1 -1 -1 |x - x0|ni1
< LyMG, (2T g gyt
S LaMGua—r— 5 + Gl (= 1)
_ n—117n—1 ‘:U B mo‘n—l
= [LsM+ Ly M ]Gn—lw
Hence
ly" —y" |
< / g™y ) — Flaay™ 2y (g 2)\dz
< / L1|yn—1 _ yn_2|dl' +
zo
/ Loly™ gy ) — y" 2(g(y" %)) |dz
zo
< / ‘Lo lemwl
—_ 20 1 TL*l (n _ 1)'
/m Lo|[LsM + L2~ M™YG 1M|day
o s (TL - 1)'
|z — x|t

< / [Ly + LoLsM + Lo Ly *M™ NG,

= Gp[Ly+ LoaLsM + Ly Ly ' M™ 1) |

——|dx
0 (n—1)!

x — xo|"
n! |
x — xo|"

_ g, ol
n.

2059



2060 A. Yaya and B. Mebrate

where Gn = anl[Ll + L2L3M + Lngian_l].

Gn

Remark 2.1. The series 3 °7 | —
n.

|x — xo|™ converges.

Lemma 2.2. Suppose f satisfies conditions F-1,F-2 and F-3, and g satisfies con-
ditions G-1,G-2 and G-3. Let {y"} be sequence of functions satisfying (2.1). If
y(@) = () + [y (@) — 12 (@)] + (@) — ' (@)] + 1P (@) — ()] + - for @ €
[x9 — a, xo + al, the following holds true:

1) y(z) = 1i_>m y", forx € [rg— a,xy+ al;
(2) y(z) is the solution of the integral equation

y() = yo + / " f ey y(gW))dz, = € [z — a,z0 + al:

(3) |y(x) —yo| < Ma, for z € [xg — a,x¢ + al.

Proof. Let for x € [xg — a,zo + a.

(1) We see that

y(z) = 4°(@) + [y (x) =" (@) + [’ (=) — y' (2)] +
[v*(2) = y*(2)] + -

y0<x) + ZGn|x - $0|
n=1

IN

n!

Note that

Hence
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(2) Since
ly"(g9(y")) —y(g(y))]
= |y"(9(y") —y"(9(y)) +y"(9(v)) — y(g(y))]
< [y"(9(y™) = y"(g)| + 1y"(9(y)) — y(9(y))|
a(y™)
< /}) Py g ol ldz + ™ (9(v) — y(9w))]
< Mlg(y") — 9|+ 1y"(9(y)) — y(9(y))]
< MLsly" =yl + [y"(9(v)) — y(g(y))l,
|f(2,y™, 9" (9(y") — fz,y,9(9(y)))]
< Lily" =yl + La|y"(9(y")) — y(9(y))]
< Lily" =yl + MLy Lsly™ — oyl + ly" (9(y)) — y(g(y))|-
Consequently
flx,y™,y"(g(W")) = f(z,y,y(9(y))) as n — oo.
Now,
y(x) = limy™™

= lim {yw/ [,y y"(g(y")))dx
= Y% +/ f(@,y,y(9(y)))dz.
(3) By the result we have obtained in (2),

rmw—uns/“uwyw@wmmnga

We are now in a position to state and prove existence theorem.

Theorem 2.1. Suppose f satisfies conditions F-1,F-2 and F-3, and ¢ satisfies condi-
tions G-1,G-2 and G-3. There is a continuously differentiable function y = y(x) €
[yo — Ma,yo + Mal for x € [zg — a, x¢ + a], which is a solution of (L.1)).
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Proof. Take y(z) = y°(z) +[y'(z) — y°(2)] + [y*(z) —y' (2)] + [’ (=) —y* (@) +- - -,

where y" is defined as in (2.1). Then since y = lim y"(see Lemma(2.2])) and
n—oo

each y" is continuous on [zy — a,xy + a|(see Lemma(2.1))), y is continuous on

[z — a, x¢ + al. Since y satisfies the integral equation (see Lemma(2.2)))

Yo +/xf(l’,y,y(g(y)))

and |y(x) — yo| < Ma, and the function f(z,u,v) is continuous on R? y €
Cllzg — Ma, o + Ma] is a solution of (1.1)). O

Remark 2.2. The conditions on f and g are sufficient condition(not necessary
conditions) for existence of solution to (1.1)).

The following example illustrates remark (2.2). The function y(z) = z is a
solution of the IVP
Y = , T € [1,2],
y3) = 3
Here f(z,y,2) = % and y € [1,2]. Notice that M = max{f(z,y,2) : (x,y,2) €
[1,2]®} = 4 > 1. This contradicts condition F-1.

3. UNIQUENESS OF SOLUTION

In this section, we prove the uniqueness of solution of problem(1.1]).

Theorem 3.1. Suppose f satisfies conditions F-1,F-2 and F-3, and g satisfies con-
ditions G-1,G-2 and G-3. Then the solution of the initial value problem ([1.1)) is
unique.

Proof Let w € C'[xg — a,xy + a] be a solution of (1.1). Then w satisfies the
integral equation

y() = yo + / " f ey y(gW))dz, x € [z — a,z0 + ).

Now

ly° —w| < / |f(z, 0, w(g(w)))|dz < M|z — x| = Filz — 20,
x0
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where F} = M.

-l < [ 1 F g 19 W) — Flaw,w(g(w))da

IN

[ 1l = wl + Laly(9(6)) - wlgfw))da

0
< / L, / (2, w, w(g(w)))lde +
o zo
g(w)
Ly / | w, w(g(w)))|dz
zo
< [ Mo - ao] + LaMlglw) - g(un) o
z0
< / Ly M|z — 29| + LoLsMw — yolldz
zo
< / Ly Mz — o] + LoLsM2|z — 20|l da
zo
2
:[MM+meﬂiii
2
r — X
- F2| 9 0‘ 5

where FQ = LlM + L2L3M2.

w)) +y' (g(w)) — w(g(w))
w))| + ly' (g(w)) — w(g(w))]

f@,y,y(g)ldz + [y (9(w)) — w(g(w))

lg(w) — g(y°)]?

IN
<

—_
—
)

—
~—
~—

|

<

—_
~—~
e

IN

g(w)

IA

L3M’y1 — IU| + F2

| — o[ w — 4"
2

|z — 202

2

IN

ELsM + FyL

IN

Fy (LsM + L2M?)
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—ul < [ 1t g o) — £ w(gu))lda

< /[mw%wm+Lmﬂw¢»—w@w»wx

zo
T o — x0)?
2
|z — 203
6

S F2 (Ll + L2L3M + L2L§M2) / dx

o
< F(Ly + LyLsM + Ly L3M?)

|z — x|

:F3 6 5

where F3 = Fy(Ly + LoL3M + Lo LZM?).

Now suppose that

where

Then

IN

IN

IN

IN

IN

- n
ot — ) = B0

E, = F,_1 (L1 + LoLsM + Lo Ly " M™Y.

" gy ™) — wig(w))]

" g™ ) =y Hg(w)) + ¥ (g(w)) — w(g(w))|

" gy ) =y Hg(w)] + |y Hg(w)) — w(g(w))]
)

g(y
/ 1, y(gw))dr + g (g(w)) — w(g(w))]

(w)
lg(w) — g(y°)|"

LsM|y" ' —w| + F,

Lorr, =l
n!

|z — xo|™

LsMFE,
n!

+ LM R,
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Hence

W”—uﬂfS‘/ﬂfwwﬁ*ﬁﬁ*@Qﬂ“D)—f@ﬂmw@@wﬁwx

< /[m@““ww+bw“%mw*w—wQWDWx

o

/[M&E;@L+M<%MﬂE;@L+
o

IA

n! n!

Lywaﬂjz:ﬁaL)]dm
n!

|z — @o|"

= / [Ll + L2L3M + LQL?M”]FTL dx

. n!

’$—I0|n+1
= |Ly+ LoLsM + Lo Ly M™|F,,—————
[La o Lo LM + Lo Ly M (n+1)!
|$—£L‘0|n+1
(n+1)!

where Fn+l = Fn[Ll + L2L3M + LQL?M”]

n+1

Since the series

[e.9]

|z — ot
D B
— (n+1)!

converges,

w = lim y,.
n—oo

Hence w = y. It follows that the solution is unique. O

4. EXAMPLES

In this section, two examples are presented to illustrate theorem (2.1) and

(3.1).

Example 1. Consider the IVP

y = iy+y®)], (z,y) €S,
y(0) = 0,

where S = {(z,y) : x € [-1,1] and y € [-1,1].
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Comparing this problem with (1.1I]) we have

1
flx,y,2) = §(y+2),g(y) =y,20=0,y0=0,a=1and b= 1.

We see that

M = max{|f(z,y,y(9()| : (x,y) € S} = 1,9(y0) = o,
Ma=1=hb,
|f (@, u,u(g(w)) — f(z,v,0(g(v))))|
= Jutu(g(u)) —v—0(g(v))| < |u—v|+fulg(u)) —v(g(v))]
and
l9(u) — g(v)| = |u—vl.
Here we take L, = Ly, = L3 = 1. We observe that conditions F-1,F-2,F-3,G-1,G-

2 and G-3 have been fulfilled. Thus the given problem has unique solution in
[_17 1]

Example 2. Consider the IVP
vooo= 52 Gy)E (zy) €8,
y(z) = L,

where S = {(z,y) :x € [0,1] and y € [0, 2].

Comparing this problem with (1.1]) we have
1 1 1 1
f@,y,2) = 762°*2%, 9(y) = Sy, 00 = 5.0 = La=5 and b= 1.

We see that

M = max{|f(z,y,y(9(v)))| : (z,y) € S} =1,9(yo) = o,

Ma:%<1:b,

|f (2, u,u(g(u))
752 [uPu(g(u)) [v(
< u—v[+|u(g(u)) —v(g(v

and
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Here wetake L; = Ly = 1and Ly = % We observe that conditions F-1,F-2,F-3,G-
1,G-2 and G-3 have been fulfilled. Thus the given problem has unique solution
in [0, 1].
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