Advances in Mathematics: Scientific Journal 10 (2021), no.4, 2069-2076
AEY Mt AL ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/amsj.10.4.21
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ABSTRACT. Think about the linear delay differential equation,

m

(1) V(@ + Y Pul@ylg—72) =0, > q,

n=1
where P, € C([qo,©),R) and 7, > 0 for n = 1,2,...,m. By investigating
the oscillatory solutions of the linear delay differential equations, we offer new
adequate condition for the asymptotic stability of the solutions of (I)). We also

produce comparison result and stability of (T).

1. ESTABLISHMENT AND MAIN RESULTS

Here, we think about the Linear Delay Differential Equation
2 V(@) + > Pul@yla—7) =0, ¢>q,
n=1

where P, € C([qo,©),R) and 1, > 0 forn =1,2,...,m.
We expect that the peruser knows about standard symbols and basic conse-
quences of Nevanlinna Theory [2]].
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For a meromorphic function y(q), the order of ¢ is defined by

log T
oly) = limsup 28 L2Y).
r—+00 log r

and the hyper-order is characterized by,

. loglog T'(r,
pa(y) = lim sup w
r—00 ogr

Here T'(r,y) is the Nevanlinna characteristic of y for all » outside a set of finite

logarithmic measure. Our point is to build up new adequate conditions for the

oscillation of all entire solutions of equation (1)). A continuous differentiable

function characterized on [7(7j), oo] for Ty > ¢ also fulfilling equation (I]). For

q > Ty is known as solution of equation (1)), such an answer is called oscillatory

in the event that it has discretionary huge zeros. Else it is called non-oscillatory.
We except for the analysis of asymptotic conduct of the function

that equation has a solution y(q) which is positive for all enormous g.

Lemma 1.1 ( [4]). Assume that m > 0 and equation has an gradually positive
solution y(q). Then m < % and

A1 < lim inf h(q) < Ag,

q— o0

where )\, is minor and ), is the major root of the equation \ = e*.

Lemma 1.2 ( [3]]). Let g(z) be a non constant meromorphic function and ¢ € C.
If 4(q) < 1 and € > 0 then

gz +1)\ _ ,H( Tlrg)
o 455) o)

for all r outside of a set of finite logarithmic measure.



OSCILLATIONS AND ASYMPTOTIC STABILITY OF ENTIRE SOLUTIONS OF ... 2071
2. OSCILLATORY PROPERTIES

In this part we will consider the oscillatory properties of equation ((I)).

Lemma 2.1. Let y(q) be an gradually positive entire solution of equation and
1

0 < m < —. Suppose that
e

— “ ™ (a) 1
(3) ;qli_glo inf » P,(s)exp ()\1 /Tn(s) P, (v) dv) ds > 1— "

where v € [\, \o] and ), is the minor and ), is the major root of A = e**. Then

lim infT(r, y(7(q))> > 7.

q—0o0

Proof. Let g > g be sufficiently enormous so that 7(q) > ¢o. Integrating (1)) from
7(q) to g, we obtain

@ vr@) = v+ > [ PG ls) ds

m=1 (Q)

Let us take 0 < A < \;. Then the function

) =) =Y vwew ([ Pds).  aza

for ¢ > ¢o, where ¢ > ¢ is sufficiently large, and consequently;

m

0=9'(q) + Y Pula) ylg—7) > ¥'(@) + D APul@) y(g — ),

n=1
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which suggests @’(q) < 0 for ¢ > ¢,. Substituting and (4), we derive for
q > qo that

®) SORS SICTIET 0y MR ATYY

>u+ oty [ meen(x [T p ) o

02y(g) + Zy(T(q)) [ -1+ /Tj(q) P,(s) exp(A /TTn(q) Pn(u)du)ds]

n(s)

From (3)) it follows that there exists a constant ¢ with the end goal that ¢ >

1—— Where0<e<7[c—(1——)]<1 and
Y

(7) Z qlLIgO inf /

7n(q)

Tn(q) 1—c¢
P,(s) exp(A; / P,(v)dv)ds > c>1— o
n(s)

Then, for ) sufficiently close to \;, we get

Tn(‘]) 1 — €
Z / Seph [ Pdnds > 1- 25 gz
- v

n(s)

where ¢3 > ¢ is sufficiently large. In the event that it isn’t accurate, at that point
for all 0 < A < \; we have

Z qlgglo inf /

Tn(q)

Tn(q) 1—c¢
P.(s )exp()\/ P,(v)dv)ds <1 — < C.
Tn(s) 7
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By letting A — )\, the last inequality prompts

Z lim inf
q—00
n=1
We deduce from (1)) and Lemmadl.2] that

T(r,y(r(0)) = T(r,y(@) + ) /q( ) Po(s)T(r,y(s))ds

7n(q)
P,(s) exp(/\l/ P,(v)dv)ds < C.

Tn(s)

q

Tn(q)

y(q) ‘ y(q)
Smlry(r @)+ ml ZE+ 3 [ Rome, 2
=m(r,y(7(q))) + S(r,w).
Accordingly we acquire from (6)),
0> T(ry(a) — 1~ T(r.y(r(a),
1—e\T(r,y(7(q)))
0> (1- v ) T(r,y(q)
y(r(9)) v (=€
7(r, e )= =T 42
Thus, we have
L y(7(q))
qll)rgo inf T(r, () ) >
This completes the proof. O

3. MAIN RESULTS

Theorem 3.1. Let 0 < m < 1. Assume that

m q 7 (q) 1
Z lim inf/ P,(s) exp()\1/ P,(v)dv)ds <1 — —.

() n(s) 2

Then all entire solutions of equations oscillate.

Proof. Suppose that equation ultimately has a positive solution y(q). It fol-

lows from Lemma 2.1 that
lim inf 7 (r, y(T<Q1))> Ao.
q—o0 y(q)
This repudiates the consequence of Lemma 2.1. O
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Theorem 3.2. Let 0 < m < 1. Suppose that there exists 3 € (A1, \s) such that

m q Tn(q) 1
(8) Z lim inf/ P.(s) exp()\l/ P,(v)dv)ds <1 — —,
1) 7 (s) B
m q 7n(q) 1
©) Z lim inf/ P,(s) exp(ﬁ/ P,(v)dv)ds <1 — —.
n=1 4o Tn(q) n(8) )\2

Then all the solutions of equation oscillates.

Proof. Suppose that equation eventually has a positive solutions y(q). By
Lemma 2.1, condition says that

lim inf T'(r, y(r(a))
with regards to condition (9) also, rehashing the strategy as in verification of
Lemma 2.1, we get

) > B,

qlirglo inf 7'(r, %) > Ao

This negates the aftereffect of Lemma 1.1. The proof is complete. O

Comparison result and stability: The following corollary about solutions of
will be useful in this section.

Corollary 3.1. Let u(q) be a non oscillatory solution of (1). Set h(q) = —=
u

q > T, where y(q) is entire solution of and T' > qq is such that u(q) # 0 for
g >T. Then

m

o) =) P ntg) ~ hg - o = T,
with
T, f} P") < s f} P" ),
Proof
) = iy 0 Y- (o =) +4(0) Y Pauta =)
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> Aule) ™ T hig) ~ g~ )

Let A; = h(q), Ay = h(q) — h(q¢ — 7,,). It is easy to see that A; and A, are of finite

order. So, A; and A, are two small functions of » " | Pn(q)w, which

u(q)
means that
q - Tn)
T(T, Al) T A2 Z P ) )
obviously,
- (q - Tn)
T(r,g) = S(r, P,(q
(1) = 5 32 Pala) )
We rewrite this as
(10) Z Py ulg T">A2.

u(q)

Next, we show that A; # 0. Suppose A; = 0 then

y(q) = —p(@)y(7(q)),

which suggests 27'(r,y(q)) < T(r,y(q)) + S(r,y) a contradiction. Then A, # 0.
Suppose A; = 0 by using second fundamental theorem, we have

1 Y S PNLC k) Y (R o S )
§N<T,A2>+S(72Pn(cﬁ e ) S(,ZPn(Q) D) )

n=1

which is a contradiction. So, A; = 0, which implies /(q) = 0, a contradiction.
O



2076 Rajeshwari S. and S.K. Buzurg

REFERENCES

[1] J. DIBLIK, M. KUDELCIKOVA: Existence and asymptotic behavior of positive solutions of
functional differential equations of delayed type, Abrt. Appl. Annal., (2011), Article ID
754701.

[2] W. K. HAYMAN: Meromorphic functions, Clarendon press. Oxford, 1964.

[3] R. G. HALBURD, R. J. KORHONEN, K. TOHGI: Holomorphic curves with shift- invariant
hyperplane preimages, Trns. Amer. Math. Soc., 366 (2014), 4267-4298.

[4] J. JAROS, I.P. STAVROULAKIS: Oscillation texts for delay equations, Rocky Int. J. Math.
29 (1999), 139-145.

[5] S. StvARAM, B. RANI, E. THANDAPANI: Oscillation results for second order half-linear
neutral delay differential equations with "maxima", Tamkang journal of mathematics, 48
(2017), 289-299.

[6] Y. Liu: Asymptotic behavior for a class of delay differential equation with a forcing term,
Tamkang journal of mathematics, 34(4) (2003), 309-316.

[7]1 M. KoN, Y.G. SFIcAS, [.P. STAVROULAKIS: Oscillation criteria for delay equations, Proc.
Aer. Math. Soc. 128 (2000, 2989-2997.

[8] SFICAS Y. G. STAVROULAKIS: Oscillation criteria for first order delay equations, Bull. Lord.
Math. Soc. 35 (2003), 239-246.

[9] J. DIBLIK, M. RUZICKOVA, Z. SUTA: Asymptotical convergence of the solutions of a linear
differential equation with delays, Adv. Differ. Equ. 2010 (2010), Article ID 749852.

[10] J. BASTINEC, L. BEREZANSKY, J. DIBLIK, Z. SMARDA: On the critical case in oscillation
for differential equations with a single delay and with several delays, Abstr. Appl. Anal. 2010
(2010), Article ID 417869.

[11] S. ARACI, M. ACIKGOZ: Computation of Nevanlinna characteristic functions derived from
generating functions of some special numbers, J. Inequal. Appl. 2018 (2018), art.id. 128.

[12] K.H. MOHAMMEDAL, A.A. NOOR, F.S. FADHEL: Existence and uniqueness of the solution
of delay differential equations, 1775 (2016), art.id. 030015.

[13] R. G. HALBURD, R. J. KORHONEN: Growth of meromorphic solutions of delay differential
equations, Proc. Amer. Math. Soc., to appear.

SCHOOL OF ENGINEERING, PRESIDENCY UNIVERSITY, ITAGALPURA, RAJANAKUNTE, YELAHANKA,
BANGALORE-560 064, INDIA.

Email address: <rajeshwari.s@presidencyuniversity.in, rajeshwaripreetham@gmail.com>

SCHOOL OF ENGINEERING, PRESIDENCY UNIVERSITY, ITAGALPURA, RAJANAKUNTE, YELAHANKA,
BANGALORE-560 064, INDIA.
Email address: <sheeba.buzurg@gmail . com>



	1. Establishment and Main Results
	2. Oscillatory Properties
	3. Main results
	References

