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FIXED POINT THEOREMS IN A GENERALIZED CONE b-METRIC SPACE

Virath Singh1 and Pravin Singh

ABSTRACT. In this paper, we introduce a generalization of a cone b-metric space
and to demonstrate the usefulness we prove some fixed point theorems of contrac-
tion type mappings in the generalized cone b-metric space.

1. INTRODUCTION

In [1], Huang and Zhang introduced a cone metric spaces as a generaliza-
tion of metric spaces by replacing the set of real numbers by an ordered Banach
space. They proved some fixed point theorems for contractive mappings by
using the normality of cone. The results by Huang and Zhang was then subse-
quently generalized by Rezapour and R. Hamlbarani, [4] omitting the assump-
tion of the normality of the cone. Topological questions in cone metric spaces
were investigated in [5], where it was proved that every cone metric space is a
first-countable topological space. Hence, continuity is equivalent to sequential
continuity and compactness is equivalent to sequential compactness.

In [2], Hussain and Shah, introduced a cone b-metric spaces as a generaliza-
tion of b-metric spaces and cone metric spaces with some topological properties
and improved results pertaining to KKM mappings. Furthermore, they proved
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some fixed point existence results for multivalued mappings defined on cone
b-metric spaces.

In 2013, Liu and Xu, [3], presented fixed point theorems of these mappings
in cone metric spaces over Banach algebras by using tools of spectral radius and
normal solid cones, and they gave an example to confirm that it is not equivalent
to versions in the usual metric spaces.

Definition 1.1. Let (X, ‖·‖X) be a real Banach space and P a subset of X. The
subset P is a cone, [1] ⇐⇒

(i) P is closed, non-empty and P 6= {θ},where θ is the zero element of X.
(ii) If x, y ∈ P and a, b are non-negative real numbers then ax+ by ∈ P.

(iii) P ∩ (−P) = {θ}.

Define a partial ordering � with respect to P by x � y ⇐⇒ y − x ∈ P and if
x 6= y then we write x ≺ y.

Definition 1.2. Let X be a non-empty set. A function d : X × X → X is a cone
b-metric, [2] on X if there exists a real number α ≥ 1, such that the following
conditions hold for all x, y, z ∈ X :

(i) if x, y ∈ X then θ � d(x, y), and d(x, y) = θ ⇐⇒ x = y;
(ii) d(x, y) = d(y, x);

(iii) d(x, y) � α [d(x, z) + d(z, y)].

The pair (X, d) is a called a cone b-metric space.

2. MAIN RESULT

Definition 2.1. Let X be a non-empty set. A function ρ : X ×X → X is an α, β-
cone b-metric on X if there exists real numbers α, β ≥ 1, such that the following
conditions hold for all x, y, z ∈ X:

(i) if x, y ∈ X then θ � ρ(x, y) and ρ(x, y) = θ ⇐⇒ x = y;
(ii) ρ(x, y) = ρ(y, x);

(iii) ρ(x, y) � αρ(x, z) + βρ(z, y).

The pair (X, ρ) is a called an α, β-cone b-metric space. In the special case
α = β we obtain a cone b-metric space.
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Example 1. Let X = R2, P = {(x, y) ∈ X;x, y ≥ 0} and X = (1, 3) then define
ρ : X ×X → X, such that

ρ(x, y) =

{(
e|x−y|, Ae|x−y|

)
, if x 6= y,

θ = (0, 0), if x = y,

where A is a constant greater than one. To show that ρ is an α, β-cone b-metric it
suffices to verify property (iii) of definition 2.1.

For x 6= y, z ∈ X

e|x−y| ≤ e|x−z|+|z−y|

= e
1
3
|x−z|+2

3
|z−y|e

2
3
|x−z|+1

3
|z−y|

≤ sup
x,y,z∈X

e
1
3
|x−z|+2

3
|z−y| (2

3
e|x−z| + 1

3
e|z−y|

)
≤ 2

3
e2e|x−z| + 1

3
e2e|z−y|.

It follows that

ρ(x, y) � 2
3
e2
(
e|x−z|, Ae|x−z|

)
+ 1

3
e2
(
e|z−y|, Ae|z−y|

)
,

with α = 2
3
e2 ≥ 1 and β = 1

3
e2 ≥ 1. Thus (X, ρ) is an α, β-cone b-metric space.

Example 2. Let X = Rn, P = {(x1, x2, · · · , xn) ∈ X;xi ≥ 0 for all i} and X =

(1, 3) then define ρ : X ×X → X, such that

ρ(x, y) =

{(
A1e

|x−y|, A2e
|x−y|, · · · , Ane|x−y|

)
, if x 6= y,

θ, if x = y,

where Ai are constants greater than one for all i. Then (X, ρ) is an α, β-cone
b-metric space.

3. PRELIMINARIES

Definition 3.1. Let (X, ρ) be an α, β-cone b-metric space, and let {xn} be a se-
quence in X and x ∈ X. Then:

(i) The sequence {xn} converges to x ∈ X ⇐⇒ for every θ ≺ ε ∈ X there is a
natural number N , such that ρ(xn, x) ≺ ε for all n ≥ N .

(ii) The sequence {xn} is a Cauchy in (X, ρ) ⇐⇒ for every θ ≺ ε ∈ X there
exist N ∈ N, such that ρ(xn, xm) ≺ ε for all n,m ≥ N .
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(iii) The space (X, ρ) is complete if every Cauchy sequence {xn} in X converges
to a point x ∈ X.

Let P be a cone in an α, β-cone b-metric space, for a real Banach space X. For
x, y, z ∈ X:

(i) if x � y and y ≺ z then x ≺ z.
(ii) if θ � x ≺ y for each y in the interior point of P then x = θ

(iii) if x � λx for some 0 ≤ λ < 1 then x = θ.

4. FIXED POINT THEOREM FOR A GENERALIZED CONE b-METRIC SPACES

Theorem 4.1. Let (X, ρ) be a complete α, β-cone b-metric space and T : X → X

be a mapping, such that

(4.1) ρ(Tx, Ty) � λρ(x, y),

for all x, y ∈ X, where 0 ≤ λ < 1
β
. Then T has a unique fixed point.

Proof. Let x0 ∈ X be arbitrary and define an iterative sequence {xn} by

xn = Txn−1 = T nx0.(4.2)

Then successively applying the inequality (4.1) we get

ρ(xn+1, xn) = ρ(Txn, Txn−1)

� λρ(xn, xn−1)

...

� λnρ(x1, x0).(4.3)

For m,n ∈ N, and using inequality (4.3), we get

ρ(xn, xn+m)

� αρ(xn, xn+1) + βρ(xn+1, xn+m)

� αρ(xn, xn+1) + β[αρ(xn+1, xn+2) + βρ(xn+2, xn+m)]
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� αρ(xn, xn+1) + αβρ(xn+1, xn+2) + · · ·+ αβm−2ρ(xn+m−2, xn+m−1)

+ αβm−1ρ(xn+m−1, xn+m)

� αλnρ(x0, x1) + αβλn+1ρ(x0, x1) + · · ·+ αβm−2λn+m−2ρ(x0, x1)

+ αβm−1λn+m−1ρ(x0, x1)

� αλnρ(x0, x1)
(
1 + βλ+ · · ·+ βm−2λm−2 + βm−1λm−1

)
� αλn

(
1−βmλm

1−βλ

)
ρ(x1, x0)

≺ αλn
(

1
1−βλ

)
ρ(x1, x0)

Let θ ≺ ε, then we can find N ∈ N, such that ρ(xn, xn+m) ≺ α λn

1−βλρ(x1, x0) ≺ ε

for n ≥ N and any m ∈ N. Taking the limit n → ∞, we conclude that {xn} is a
Cauchy sequence.

By the completeness of (X, ρ) it follows that there exists x∗ ∈ X and N ∈
N, such that ρ(xn, x∗) ≺ ε

2max{α,β} and ρ(xn−1, x
∗) ≺ ε

2max{α,β} for all n ≥ N .
Furthermore, we get

ρ(Tx∗, x∗) � αρ(Tx∗, xn) + βρ(xn, x
∗)

� αλρ(x∗, xn−1) + βρ(xn, x
∗)

≺ αρ(x∗, xn−1) + βρ(xn, x
∗)

≺ α ε
2max{α,β} + β ε

2max{α,β}

≺ ε,

for some n ≥ N and m ∈ N. We obtain that ρ(Tx∗, x∗) = 0 thus Tx∗ = x∗. Hence
x∗ is a fixed point of T .

To show that the fixed point is unique. Suppose that there exists another
fixed point x∗∗ then ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗) � λρ(x∗, x∗∗). Since λ < 1

β
< 1 we

conclude that x∗ = x∗∗. �

Theorem 4.2. Let (X, ρ) be an α, β-cone b-metric space and T : X → X satisfies
the contraction condition

ρ(Tx, Ty) � λ1ρ(x, Tx) + λ2ρ(y, Ty) + λ3ρ(x, Ty) + λ4ρ(y, Tx),(4.4)



2088 V. Singh and P. Singh

for x, y ∈ X, where 0 ≤ λi < 1, i = 1, 2, 3, 4, λ1 + λ2 +
(
α+β
2

)
λ3 +

(
α+β
2

)
λ4 < 1,

λ1 + λ2 +
β(1+α)
1+β

λ3 +
β(1+α)
1+β

λ4 <
2

1+β
and α

2
λ1 +

β
2
λ2 +

β2

2
λ3 +

αβ
2
λ4 < 1. Then T

has a fixed point in X.
Furthermore, if λ3 + λ4 <

1
α

then T has a unique fixed point.

Proof. Let x0 ∈ X and xn+1 = Txn for n ∈ N. Then

ρ(xn+1, xn) = ρ(Txn, Txn−1)

� λ1ρ(xn, Txn) + λ2ρ(xn−1, Txn−1) + λ3ρ(xn, Txn−1) + λ4ρ(xn−1, Txn)

� λ1ρ(xn, xn+1) + λ2ρ(xn−1, xn) + λ4ρ(xn−1, xn+1)

� λ1ρ(xn, xn+1) + λ2ρ(xn−1, xn) + λ4 [αρ(xn−1, xn) + βρ(xn, xn+1)] .

It follows that

(1− λ1 − βλ4) ρ(xn+1, xn) � (λ2 + αλ4) ρ(xn−1, xn).(4.5)

In a similar manner, we can show that

(1− λ2 − βλ3) ρ(xn, xn+1) � (λ1 + αλ3) ρ(xn−1, xn).(4.6)

Adding inequalities 4.5 and 4.6 we get

(2− λ1 − λ2 − βλ3 − βλ4) ρ(xn, xn+1)(4.7)

� (λ1 + λ2 + αλ3 + αλ4) ρ(xn−1, xn).(4.8)

If λ = λ1+λ2+αλ3+αλ4
2−λ1−λ2−βλ3−βλ4 then from assumption it can be shown that 0 ≤ λ < 1 and

ρ(xn, xn+1) � λρ(xn−1, xn).
Thus, recussively applying the above inequality, we obtain that

ρ(xn+1, xn) � λρ(xn, xn−1)

...

� λnρ(x1, x0)
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For m,n ∈ N, we get

ρ(xn, xn+m)

� αρ(xn, xn+1) + βρ(xn+1, xn+m)

� αρ(xn, xn+1) + β[αρ(xn+1, xn+2) + βρ(xn+2, xn+m)]

� αρ(xn, xn+1) + αβρ(xn+1, xn+2) + · · ·+ αβm−2ρ(xn+m−2, xn+m−1)

+ αβm−1ρ(xn+m−1, xn+m)

� αλnρ(x0, x1) + αβλn+1ρ(x0, x1) + · · ·+ αβm−2λn+m−2ρ(x0, x1)

+ αβm−1λn+m−1ρ(x0, x1)

� αλnρ(x0, x1)
(
1 + βλ+ · · ·+ βm−2λm−2 + βm−1λm−1

)
= αλn

(
1−βmλm

1−βλ

)
ρ(x1, x0)

≺ αλn
(

1
1−βλ

)
ρ(x1, x0)

Let θ ≺ ε then we can find N ∈ N, such that ρ(xn, xn+m) ≺ α λn

1−βλρ(x1, x0) ≺ ε

for n ≥ N and any m ∈ N. We conclude that {xn} is a Cauchy sequence.
Furthermore, we get

ρ(Tx∗, x∗)

� αρ(Tx∗, xn) + βρ(xn, x
∗)

= αρ(Tx∗, Txn−1) + βρ(xn, x
∗)

� αλ1ρ(x
∗, Tx∗) + α2λ2ρ(xn−1, x

∗) + αλ2βρ(x
∗, xn) + αλ3ρ(x

∗, xn)

+ α2λ4ρ(xn−1, x
∗) + αλ4βρ(x

∗, Tx∗) + βρ(xn, x
∗)

It follows that

(1− αλ1 − αλ4β) ρ(Tx∗, x∗) �
(
α2λ2 + α2λ4

)
ρ(xn−1, x

∗)

+ (αλ2β + αλ3 + β) ρ(x∗, xn)(4.9)

In a similar manner, we get

ρ(x∗, Tx∗) � αρ(x∗, xn) + βρ(xn, Tx
∗)

= αρ(x∗, xn) + βρ(Txn−1, Tx
∗)

� αρ(x∗, xn) + βλ1ρ(xn−1, xn)
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+ λ2βρ(x
∗, Tx∗) + βλ3ρ(xn−1, Tx

∗) + βλ4ρ(x
∗, xn)

� αρ(x∗, xn) + αβλ1ρ(xn−1, x
∗) + λ1β

2ρ(x∗, xn)

+ λ2βρ(x
∗, Tx∗) + αβλ3ρ(xn−1, x

∗)

+ β2λ3ρ(x
∗, Tx∗) + βλ4ρ(x

∗, xn)

Thus, we get(
1− βλ2 − β2λ3

)
ρ(x∗, Tx∗) �

(
α + λ1β

2 + βλ4
)
ρ(x∗, xn)

+ (αλ1β + αβλ3) ρ(xn−1, x
∗)(4.10)

Combining inequalities (4.9) and (4.10) we obtain(
2− αλ1 − βλ2 − β2λ3 − αλ4β

)
ρ(Tx∗, x∗)

�
(
α + λ1β

2 + βλ4 + αλ2β + αλ3

+β) ρ(x∗, xn) +
(
αλ1β + αβλ3 + α2λ2 + α2λ4

)
ρ(xn−1, x

∗).

(4.11)

By the completeness of (X, ρ) it follows that there exists x∗ ∈ X andN ∈ N, such

that ρ(xn−1, x∗) ≺
ε(2−αλ1−βλ2−β2λ3−αλ4β)
2(αλ1β+αβλ3+α2λ2+α2λ4)

and ρ(xn, x∗) ≺
ε(2−αλ1−βλ2−β2λ3−αλ4β)

2(α+λ1β2+βλ4+αλ2β+αλ3+β)

for all n ≥ N . From inequality (4.11), we obtain that ρ(Tx∗, x∗) = 0 thus
Tx∗ = x∗. Hence x∗ is a fixed point of T .

To show that the fixed point is unique. Suppose that there exists another fixed
point x∗∗ then

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗) � λ3ρ(x
∗, Tx∗∗) + λ4ρ(x

∗∗, Tx∗)

� λ3αρ(x
∗, x∗∗) + λ4αρ(x

∗∗, x∗).

Since λ3 + λ4 <
1
α
, we conclude that x∗ = x∗∗. �

Theorem 4.3. Let (X, ρ) be a complete α, β-cone b-metric space and T : X → X

mapping satisfying

ρ(Tx, Ty) � λ1ρ(x, y) + λ2ρ(x, Tx) + λ3ρ(y, Ty),(4.12)

for all x, y ∈ X with λi ≥ 0, λ1 + λ2 + λ3 <
1
β
,αλ2 < 1, then T has a unique fixed

point.
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Proof. Let x0 ∈ X be arbitrary in X then define the sequence {xn}, such that
xn+1 = Txn. For n ∈ N, we get

ρ(xn+1, xn) = ρ(Txn, Txn−1)

� λ1ρ(xn, xn−1) + λ2ρ(xn, Txn) + λ3ρ(xn, xn−1).(4.13)

It follows from (4.13) that

(1− λ2) ρ(xn+1, xn) � (λ1 + λ3) ρ(xn, xn−1).(4.14)

In a similar manner, we can show that

(1− λ3) ρ(xn, xn+1) � (λ1 + λ2) ρ(xn−1, xn).(4.15)

In either case, if we define λ = λ1+λ3
1−λ2 or λ = λ1+λ2

1−λ3 then it can be show that
0 ≤ λ < 1 and ρ(xn, xn+1) � λρ(xn−1, xn). By repeating the process we obtain
that

ρ(xn, xn+1) � λρ(xn−1, xn) � · · · � λnρ(x0, x1).(4.16)

For m,n ∈ N, and inequality (4.16), we get

ρ(xn, xn+m)

� αρ(xn, xn+1) + βρ(xn+1, xn+m)

� αρ(xn, xn+1) + β[αρ(xn+1, xn+2) + βρ(xn+2, xn+m)]

� αρ(xn, xn+1) + αβρ(xn+1, xn+2) + · · ·+ αβm−2ρ(xn+m−2, xn+m−1)

+ αβm−1ρ(xn+m−1, xn+m)

� αλnρ(x0, x1) + αβλn+1ρ(x0, x1) + · · ·+ αβm−2λn+m−2ρ(x0, x1)

+ αβm−1λn+m−1ρ(x0, x1)

� αλnρ(x0, x1)
(
1 + βλ+ · · ·+ βm−2λm−2 + βm−1λm−1

)
= αλn

(
1−βmλm

1−βλ

)
ρ(x1, x0)

≺ αλn
(

1
1−βλ

)
ρ(x1, x0).

(4.17)

Let θ ≺ ε then we can find N ∈ N, such that ρ(xn, xn+m) ≺ α λn

1−βλρ(x1, x0) ≺ ε

for n ≥ N and any m ∈ N. We conclude that {xn} is a Cauchy sequence. Since
(X, ρ) is complete there exists x∗ ∈ X and N ∈ N such that ρ(xn, x∗) ≺ ε for
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n ≥ N ,

ρ(x∗, Tx∗) � αρ(x∗, xn) + βρ(xn, Tx
∗)

= αρ(x∗, xn) + βρ(Txn−1, Tx
∗)

� αρ(x∗, xn) + β [λ1ρ(xn−1, x
∗) + λ2ρ(xn−1, Txn−1) + λ3ρ(x

∗, Tx∗)] .

It follows that

(1− βλ3) ρ(x∗, Tx∗) �
(
α + λ2β

2
)
ρ(x∗, xn) + (βλ1 + βλ2α) ρ(xn−1, x

∗).(4.18)

In a similar manner, we get

ρ(Tx∗, x∗) � αρ(Tx∗, xn) + βρ(xn, x
∗)

= αρ(Tx∗, Txn−1) + βρ(xn, x
∗)

� α [λ1ρ(x
∗, xn−1) + λ2ρ(x

∗, Tx∗) + λ3ρ(xn−1, Txn−1)] + βρ(xn, x
∗).

It follows that

(1− αλ2) ρ(Tx∗, x∗) � (β + αβλ3) ρ(x
∗, xn) +

(
αλ1 + α2λ3

)
ρ(xn−1, x

∗).(4.19)

Let θ ≺ ε then there existsN1 ∈ N, such that ρ(xn, x∗) ≺ ε(1−βλ3)
2(α+λ2β2)

and ρ(xn, x∗) ≺
ε(1−αλ2)
2(β+αβλ3)

for n ≥ N1.

Similarly, there exists N2 ∈ N, such that ρ(xn−1, x
∗) ≺ ε(1−βλ3)

2(βλ1+βλ2α)

and ρ(xn−1, x∗) ≺ ε(1−αλ2)
2(αλ1+α2λ3)

for all n ≥ N2.
It follows that ρ(x∗, Tx∗) ≺ ε for n ≥ max{N1, N2}. Thus T has a fixed point.
To show that the fixed point is unique. Suppose that there exists another fixed

point x∗∗ then

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗) � λ1ρ(x
∗, x∗∗) + λ2ρ(x

∗, Tx∗) + λ3ρ(x
∗∗, Tx∗∗)

� λ1ρ(x
∗, x∗∗).

Since λ1 < 1, we conclude that x∗ = x∗∗. �

Theorem 4.4. Let (X, ρ) be a complete α, β-cone b-metric space. If the mapping
T : X → X satisfies the following condition

ρ(Tx, Ty) � a
[
ρ(x,Tx)ρ(y,Ty)

ρ(x,y)

]
+ bρ(x, y),(4.20)

for all x, y ∈ X, a, b ∈ [0, 1] with a+ b < 1. Then T has a unique fixed point.
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Proof. Let x0 ∈ X be arbitrary then define xn+1 = Txn. Then

ρ(xn, xn+1) = ρ(Txn−1, Txn)

� a
[
ρ(xn−1,Txn−1)ρ(xn,Txn)

ρ(xn−1,xn)

]
+ bρ(xn−1, xn)

= aρ(xn, Txn) + bρ(xn−1, xn).(4.21)

It follows that

(1− a)ρ(xn, xn+1) � bρ(xn−1, xn)

ρ(xn, xn+1) � b
(1−a)ρ(xn−1, xn).(4.22)

If we define λ = b
1−a then since a+ b < 1 it follows that 0 < λ < 1 thus we get

ρ(xn, xn+1) � λρ(xn−1, xn).(4.23)

The proof follows in a similar manner as theorem 4.1. �

5. CONCLUSION

In this paper, we have presented a generalization of a cone b-metric space
which is suitable for applications in fixed point theory with contraction type
mappings.
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