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FIXED POINT THEOREMS IN A GENERALIZED CONE b-METRIC SPACE
Virath Singh! and Pravin Singh

ABSTRACT. In this paper, we introduce a generalization of a cone b-metric space
and to demonstrate the usefulness we prove some fixed point theorems of contrac-
tion type mappings in the generalized cone b-metric space.

1. INTRODUCTION

In [[1], Huang and Zhang introduced a cone metric spaces as a generaliza-
tion of metric spaces by replacing the set of real numbers by an ordered Banach
space. They proved some fixed point theorems for contractive mappings by
using the normality of cone. The results by Huang and Zhang was then subse-
quently generalized by Rezapour and R. Hamlbarani, [4] omitting the assump-
tion of the normality of the cone. Topological questions in cone metric spaces
were investigated in [5], where it was proved that every cone metric space is a
first-countable topological space. Hence, continuity is equivalent to sequential
continuity and compactness is equivalent to sequential compactness.

In [2]], Hussain and Shah, introduced a cone b-metric spaces as a generaliza-
tion of b-metric spaces and cone metric spaces with some topological properties
and improved results pertaining to KKM mappings. Furthermore, they proved
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some fixed point existence results for multivalued mappings defined on cone
b-metric spaces.

In 2013, Liu and Xu, [3], presented fixed point theorems of these mappings
in cone metric spaces over Banach algebras by using tools of spectral radius and
normal solid cones, and they gave an example to confirm that it is not equivalent
to versions in the usual metric spaces.

Definition 1.1. Let (X, ||-||) be a real Banach space and P a subset of X. The
subset P is a cone, []I]] <—

(1) P is closed, non-empty and P # {0},where 0 is the zero element of X.
(i7) If x,y € P and a, b are non-negative real numbers then ax + by € P.
(@i7) PN (=P) = {6}.

Define a partial ordering < with respectto Pby z <y <= y — 2 € P and if
x # y then we write = < y.

Definition 1.2. Let X be a non-empty set. A function d : X x X — X is a cone
b-metric, [2|]] on X if there exists a real number o« > 1, such that the following
conditions hold for all x,y,z € X :

(1) if x,y € X then 0 < d(z,y), and d(z,y) =0 <= z=1y;
(i) d(x,y) = d(y, z);
(7i1) d(x,y) < ald(z,2) +d(z,y)].

The pair (X, d) is a called a cone b-metric space.

2. MAIN RESULT

Definition 2.1. Let X be a non-empty set. A function p: X x X — X is an «, -
cone b-metric on X if there exists real numbers «, 3 > 1, such that the following
conditions hold for all x,y,z € X:

(D) if x,y € X then 0 = p(x,y) and p(x,y) =0 <= v =1y;
() p(z,y) = ply, ©);
(@1) p(z,y) = ap(z,z) + Bp(z,y).

The pair (X, p) is a called an «, 5-cone b-metric space. In the special case
«a = [ we obtain a cone b-metric space.
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Example 1. Let X = R% P = {(z,y) € X;z,y > 0} and X = (1,3) then define
p: X x X — X such that

[ (e, Ay | if Ay,
p<xay>_ { 6:<0,0), lf.fU:y,

where A is a constant greater than one. To show that p is an «, -cone b-metric it

suffices to verify property (iii) of definition
Forx#vy, z€ X

el < glo—zl+z=

1 2 2 1
— e3le—zlH5la—yl 3le—zl+3la—yl

1 2
< sup eallyl (2eleal 4 Lol
z,y,2€X

3 3 :

It follows that
p,y) = 567 (el Ael™#l) 4 2e? (v, Ael) |

with o« = 2¢* > 1 and 8 = 5¢* > 1. Thus (X, p) is an «, f-cone b-metric space.

1
3
Example 2. Let X = R", P = {(xy,29, - ,2,) € X;2; > 0 forall i} and X =
(1,3) then define p : X x X — X, such that

(Ale‘x_y|7 AQ@Ix_y‘, . e ’Ane‘x_yl) , l'fx 7£ y7
p(z,y) = .
97 lf.flf - y?

where A; are constants greater than one for all i. Then (X,p) is an «, -cone
b-metric space.

3. PRELIMINARIES

Definition 3.1. Let (X, p) be an «, -cone b-metric space, and let {x,} be a se-
quence in X and x € X. Then:

(1) The sequence {x,} convergesto x € X <= forevery § < e € X thereisa
natural number N, such that p(x,,x) < € foralln > N.

(i) The sequence {x,} is a Cauchy in (X, p) <= for every § < ¢ € X there
exist N € N, such that p(z,, x,,) < € for all n,m > N.
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(#i7) The space (X, p) is complete if every Cauchy sequence {x, } in X converges
to a point x € X.

Let P be a cone in an «, -cone b-metric space, for a real Banach space X. For
x,y,z € X:

(@) ifx <yand y < z then z < z.

(i1) if @ < = < y for each y in the interior point of P then z = 6
(222) if z < Mz for some 0 < \ < 1 then z = 0.

4. FIXED POINT THEOREM FOR A GENERALIZED CONE b-METRIC SPACES

Theorem 4.1. Let (X, p) be a complete «, -cone b-metric space and T : X — X
be a mapping, such that

4.1) p(Tz, Ty) < Ap(z,y),

forall x,y € X, where 0 < \ < % Then T has a unique fixed point.

Proof. Let zy € X be arbitrary and define an iterative sequence {z,} by

4.2)

Ty, =Tx,—1 =T 2.
Then successively applying the inequality (4.1)) we get

p($n+l> wn) = p(Txna Txnfl)
j )\p<xn7 xnfl)

(43) j )\np(lL'l,ZE()).

For m,n € N, and using inequality (4.3), we get

P(l’m anrm)
= ap(Tn, Tny1) + Bo(Tni1, Tngm)

j OCP(Im In—l—l) + B[QP(xn—s—lv xn—i—?) + ﬁp(xm—% xn—&—m)]
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= ap(@n, Tny1) + ABP(Tpi1, Tns2) + -+ B p(Tngmo2, Tnim1)
+af" (T 1, Tngm)

= aX" p(zo, 21) + BN p(x0, 21) + - - + BT AN p(1g, 71)
+ afm A (20, 1)

= aX"p(xo, 1) (1 F BN IR ﬁm_l)\m_l)

< a\" <1*£%> p(]}l,l’o)

< a\” <$> p(a1, 7o)

Let 6 < ¢, then we can find N € N, such that p(2,, Zn1m) < ap255p(21, 7)) < €
for n > N and any m € N. Taking the limit n — oo, we conclude that {z,} is a
Cauchy sequence.

By the completeness of (X, p) it follows that there exists z* € X and N €
N, such that p(z,,z*) < and p(x,_1,z%) < for all n > N.
Furthermore, we get

2max{a,8} 2 max{e,}
p(Ta”, ") 2 ap(Ta”, zp) + Bp(an, 27)

= ap(a*, Tyor) + Bp(xn, )

= O[/O<I*7 xn—l) + B}O(Inu l’*)

= a2ma):{a,,8} + ﬁZmaxe{a,B}
< €,

for some n > N and m € N. We obtain that p(T'z*, z*) = 0 thus Tz* = z*. Hence
x* is a fixed point of T'.

To show that the fixed point is unique. Suppose that there exists another
fixed point z** then p(z*, ™) = p(Tx*, Tz*™) < Ap(x*,x**). Since \ < % <1we
conclude that z* = z**. g

Theorem 4.2. Let (X, p) be an «, -cone b-metric space and T : X — X satisfies
the contraction condition

(4.4) p(Tz, Ty) = Mp(z, Tx) + Aap(y, Ty) + Xsp(x, Ty) + Aap(y, Tz),
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forz,y € X, where 0 < \; < 1,71 =1,2,3,4, )\1+>\2+(0‘+5)>\ + ()N <1,
AL+ A+ Blljﬁa )\ + Blljﬁa A < 38 and a)\l + ﬁ/\g + >\3 + Q’B)\4 < 1. Then T
has a fixed point in X.

Furthermore, if A3 + Ay < * then T has a unique fixed point.

1+

Proof. Let o € X and z,,.; = Tz, for n € N. Then

P(nsts 20) = (T, Titn 1)
< Mp(xn, Txy) + Mop(tn_1, Txn 1) + A3p(Tn, Txpn_1) + Map(Tp_1, Txy)
2 AP(Tn, Tog1) + Aep(Tn1, Tn) + Aap(Tn1, Tng1)
S MP(T, Tpg1) + Aop(Tn—1, Tn) + A [ap(Tn—1, Tn) + Bp(Tn, Tni1)] -

It follows that

(4.5) (1 = X1 — BAy) p(Tps1,n) = (Ao 4+ aXy) p(Tp_1, xn)-
In a similar manner, we can show that

(4.6) (1 =22 = BA3) p(@n, Tnt1) = (M + aA3) p(n-1, Tn).

Adding inequalities [4.5and [4.6| we get

4.7) (2 =X — X2 — A3 — BA) p(@n; Tpt1)
(4.8) = (A + X+ ads +ady) p(Tn—1, 7n).

If A = Autdetadstad then from assumption it can be shown that 0 < A < 1 and
2—-A1—X2—BA3—BA4

p(ﬂfn, anrl) j )\p(xnfla xn)
Thus, recussively applying the above inequality, we obtain that

p(xn-i-la xn) = Ap(ajm ajn—l)

j )\n,O<I17 Jf(])
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For m,n € N, we get

p(xn7 In—&-m)
Oép(.fl?n, xn—H) + 5P($n+1> mn—&-m)
ap(Tn, Tni1) + Blap(Tnir, Tni2) + Bo(Tni2; Tnim))

= Oép(l‘n, ‘TnJrl) + aﬁp(‘rnJrl? In+2) T+t Oéﬁm72p(xn+m72, xn+m71)

A

A

+ O‘ﬁm_lp(xn+m—1, Tntm)

= aX"p(z0, 1) + BN p(x0, 1) + - -+ BT TENTT2 p(1g, 1)
a2

= aX'p(zo, 1) (L4 BA+ -+ 72N 2 4 g7 iamh

=a\" <1_£Z§m> p(z1, )
< a\" <ﬁ) p(x1, 7o)

Let § < ¢ then we can find N € N, such that p(z,,, Tp1m) < Oz%p(ﬁl, Tg) < €
for n > N and any m € N. We conclude that {z,} is a Cauchy sequence.
Furthermore, we get

p(Tz", x%)

ap(Tx", x,) + Bp(xn, z7)

ap(Tx*, Tz, 1)+ Bp(x,, ")

< adp(a®, To*) + & Xop(zn_1, %) + adoBp(x*, 2,) + adsp(x*, 1,,)
+ P Mp(x_1, 2%) + aXyBp(a*, Ta*) + Bp(an, ©*)

IA

It follows that
(1 —aX; — al\f) p(Tz*, 2*) < (&®Xa + a®Ay) p(zn_1,27)
(4.9) + (X + ads + ) p(a”, )
In a similar manner, we get
pla*, Ta") < apla*,2,) + Bplan, Ta)
ap(z*,x,) + Bp(Tx,—q, Tx")
= ap(x”, n) + BAp(Tn-1, )
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+ XoBp(x*, Tx") + BAsp(xp—1, Tx") + BAap(x™, )
=< ap(z*, 1) + aBMip(ra_1, %) + N\ 32 p(z*, z,)

+ Xafp(a”, Ta®) + afAsp(rn-1,27)

+ B Xsp(a", T™) + BAap(a”, 7)

Thus, we get

(1= BAa— B%X3) pla*, Tz*) 2 (a+ M\B% + B\y) p(a*, z,)
(4.10) + (a\iB 4+ afAz) p(vn-1,77)

Combining inequalities (4.9) and (4.10) we obtain
(2 —al — Bhe — BPg — oz)\46) p(Tz*, x™)
(4.11) < (a4 MB%+ BA+ aXB+ al;

+5) p(x*, z,) + (a)\lﬁ + afBrs + a® g + az)\4) p(xn_1,2").

By the completeness of (X, p) it follows that there exists z* € X and N € N, such
. e(2—ari—Bra—p2Az—arip) . e(2—ari—Bra—B2Az—aXip)

that p(In_l,CL’ ) = 2(a)\15+aﬁ)\3+a2)\2+o¢2)\4) and p(l’n,x ) = 2(a+)\162+,8)\4+a)\2/5+a)\3+,5)

for all n > N. From inequality (4.11)), we obtain that p(7Tx*,z*) = 0 thus

Tz* = z*. Hence z* is a fixed point of 7.
To show that the fixed point is unique. Suppose that there exists another fixed
point z** then

plax* ™) = p(Tx*, Tx™) < Agp(a*, Tx™) + M\gp(x™, Tz")
= Azap(z®, ™) + Map(x™, x").

Since A3 + Ay < I, we conclude that 2* = z**. O

Theorem 4.3. Let (X, p) be a complete «, 3-cone b-metric space and T : X — X
mapping satisfying

(4.12) p(Tz, Ty) = Mip(x,y) + Xop(z, Tx) + Asp(y, Ty),

forall z,y € X with \; >0, \{ + Xy + A3 < %,OZ)\Q < 1, then T has a unique fixed
point.
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Proof. Let zq € X be arbitrary in X then define the sequence {z,}, such that
Tpy1 = Tx,. Forn € N, we get

P($n+1; xn) = p(Twna Txn—l)
(4.13) NPT, To1) + Xop(xn, Ty) + A3p(Tn, Tnot)-
It follows from (4.13]) that

(414) (1 - /\2> p(xn+17 xn) -_< <>\1 + )\3) p(xm xn—l)-

In a similar manner, we can show that
(4.15) (1= X3) p(xn, Tps1) 2 (A + Xo) p(Tp1, Tp).

In either case, if we define A = All_;;;’ or \ = Af_;;; then it can be show that
0 < X< 1and p(x,,zn11) = Ap(x,_1,x,). By repeating the process we obtain
that

(416) P<$na$n+1) j Ap(xn—hxn) j e j /\np(fo,ﬂfl)-
For m,n € N, and inequality (4.16)), we get

P(Zns Tpgm)

=2 ap(Tn, Tnt1) + Bp(Tnt1, Tntm)

=2 ap(Tn, Tnt1) + Blap(Toi1, Tni2) + Bo(Tnt2, Tpim)]

= p(Tn, Tni1) + BP(Tnt1, Tnra) + - + B p(Tnym-2, Tnim-1)
+ B p(Tptm—1, Tom)

4.17) < aXN"p(zg, x1) + BN p(zg, 21) + - -+ BTN p(20, 1)

+ BN (20, 21)

< aX"p(xg, 1) (14 BA+ -+ 772N 2 4 groiymt)

=a\" (1_167;:\\7”) p(z1, )

< a)” (ﬁ) p(z1, o).

Let 6 < e then we can find N € N, such that p(x,, z,1m) < a%p(ml,mo) < €
for n > N and any m € N. We conclude that {x,} is a Cauchy sequence. Since
(X, p) is complete there exists z* € X and N € N such that p(z,,z*) < € for
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n >N,
p(x*, Tz*) 2 ap(z”, x,) + Bp(x,, Tx™)
Oép(ZE*7 xn) + 6P(Txn—l7 TI*)
ap(z*, x,) + B [Ap(Tn-1,7") + Xap(@p_1, Trp1) + Azp(z”, Ta")] .

PN

It follows that
(4.18) (1= BA3) p(z*,Tx*) 2 (o + M%) p(x*, ) + (BA1 + Bhac) p(wp—1, 7).
In a similar manner, we get

p(Tz*, %) < ap(Ta*, 5) + Bp(n, )
=ap(Tx*,Tx,_1)+ Bp(rp, x¥)
= ahp(a”, zp-1) + dop(a™, Ta") + Asp(zp—1, Ton1)] + Bp(zn, 7).

It follows that

(4.19) (1 — o) p(Ta*,z%) 2 (B + aBrs) p(a*, z,) + (@M + a?A3) p(2,-1, 7).

e(1—pBA3)

Let f < e then there exists V; € N, such that p(x,,, z*) < StaThr)

e(l—al2)
—2(ﬂ+a5§3) for n > Nj.

Similarly, there exists N, € N, such that p(z,_;,z*) =<

and p(z,_1,2%) < % for all n > Ns.
It follows that p(z*, T'z*) < € for n > max{N;, N»}. Thus T has a fixed point.
To show that the fixed point is unique. Suppose that there exists another fixed

point z** then

and p(z,, z*) <

6(1—B>\3)
2(BA1+BA20)

pla* ™) = p(Tx", Tx™) < Mp(a®, ™) + dop(a™, Tx™) + Agp(a™, Tx™)

< Aip(z*, ™).

Since \; < 1, we conclude that z* = z**. O

Theorem 4.4. Let (X, p) be a complete «, 3-cone b-metric space. If the mapping
T : X — X satisfies the following condition

(4.20) p(Tx, Ty) < a [—p(m’j;fif’;%’jy)} + bp(z,y),

forall z,y € X, a,b € [0,1] with a + b < 1. Then T has a unique fixed point.
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Proof. Let xy € X be arbitrary then define =, ., = Tz,. Then

P(xm 'rn—}—l) - p(Txn—h Txn)

< a p(xn—l :Txn—l)P(InyTxn)
- P(xn—l 7xn)

+0p(Tn—1,75)
(4.21) = ap(xn, Tx,) + bp(Tp_1,x,).

It follows that

(1 - G)P@m 'rn+1> j bP(In—la xn)

(422) P(ffm xn—&—l) j (1EQ)P($n—1> xn)
If we define A = ;2 then since a + b < 1 it follows that 0 < A < 1 thus we get
(423) p(xn7 xn—&—l) j )\P@n—h xn)

The proof follows in a similar manner as theorem 4.1 O

5. CONCLUSION

In this paper, we have presented a generalization of a cone b-metric space
which is suitable for applications in fixed point theory with contraction type
mappings.
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