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FIXED POINT THEOREMS IN A WEIGHTED RECTANGULAR b-METRIC
SPACE

Pravin Singh1 and Virath Singh

ABSTRACT. In this paper, we provide a generalization of a rectangular b-metric
space by relaxing the rectangular inequality to include unequal weights. We
provide examples and restrictions for the Lipschitz constant enabling conver-
gence of some sequences in the proof of some fixed point theorems.

1. INTRODUCTION

Branciari [3] introduced the concept of a rectangular metric space by replac-
ing the triangle inequality in a metric space by an additional term. Bakhtin [2]
introduced a b-metric space as a generalization of a metric space. George et
al. [5] introduced a rectangular b-metric space as a generalization of a metric
space, rectangular metric space and a b-metric space. This rectangular b-metric
space has a coefficient s > 1 in the definition of the rectangular inequality. Here
we consider a similar approach but allow for arbitrary constants or weights in
the rectangular inequality which are all not necessarily greater than unity. We
illustrate this with an example and prove an analogue of the Banach contrac-
tion principle and a Kannan’s fixed point theorem in this weighted rectangular
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b-metric space. Many authors have studied fixed point theorems in b-metric as
well as rectangular metric spaces (see [4], [1]). Every metric space is a rectan-
gular metric space, while every rectangular metric space is a weighted rectangu-
lar b-metric space and the latter is a rectangular b-metric space with coefficient
s when all three weights are equal and greater than unity.

Definition 1.1. Let X be a nonempty set and the mapping ρ : X × X → [0,∞)

satisfy

(i) ρ(x, y) = 0 if and only if x = y.
(ii) ρ(x, y) = ρ(y, x) for all x, y ∈ X.

(iii) ρ(x, y) ≤ ω1ρ(x, u) + ω2ρ(u, v) + ω3ρ(v, y) for all x, y ∈ X and all distinct
points u, v ∈ X − {x, y}, for fixed postive real numbers ω1, ω2 and ω3.

Then ρ is called a weighted rectangular b-metric on X and (X, ρ) is called a
weighted rectangular b-metric space.

If ω1 = ω2 = ω3 = 1, we have a rectangular b-metric space and if ω1 = ω2 =

ω3 = s > 1, we get a rectangular b-metric space with coefficient s.

Definition 1.2. Let (X, ρ) be a weighted rectangular b-metric space and {xn} be a
sequence in X with x ∈ X. Then

(i) the sequence {xn} is convergent in (X, ρ) and converges to x, if for every
ε > 0 there exists N ∈ N such that ρ(xn, x) < ε for all n ≥ N and is
represented by limn→∞ xn = x or xn → x as n→∞.

(ii) the sequence {xn} is Cauchy in (X, ρ) if for every ε > 0 there exists N ∈ N
such that ρ(xn, xn+p) < ε for all n > N , p > 0 or equivalently
limn→∞ ρ(xn, xn+p) = 0 for all p > 0.

(iii) (X, ρ) is said to be a complete weighted rectangular b-metric space if every
Cauchy sequence in X is converges to some x ∈ X.

2. FIXED POINT RESULTS

Theorem 2.1. Let (X, ρ) be a complete weighted rectangular b-metric space with
weights ω1, ω2 and ω3 and T : X → X be a mapping such that

(2.1) ρ(Tx, Ty) ≤ λρ(x, y),

for all x, y ∈ X where 0 < λ < min{1, 1√
ω3
}. Then T has a unique fixed point in

X.
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Proof. Let x0 ∈ x be arbitrary and define the sequence {xn} by xn+1 = Txn for all
n ≥ 0. We first show that {xn} is a Cauchy sequence. If xn+1 = xn, then xn is a
fixed point of T so we suppose that xn 6= xn+1 for all n ≥ 0. Let ρ(xn, xn+1) = ρn

then it follows from (2.1) that

ρ(xn, xn+1) = ρ(Txn−1, Txn) ≤ λρ(xn−1, xn)

ρn ≤ λρn−1.(2.2)

Repeating the process we obtain

(2.3) ρn ≤ λnρ0.

We assume additionally that x0 is not a periodic point of T , for if x0 = xn then
for n ≥ 2

ρ(xn, xn+1) = ρ(xn, Txn) = ρ(x0, Tx0)

ρn = ρ0.

But ρn < ρ0 from (2.3) is a contradiction. Hence we assume that xn 6= xm for all
distinct n,m ∈ N. Let ρ?n = ρ(xn, xn+2), then using (2.1) we obtain

ρ(xn, xn+2) = ρ(Txn−1, Txn+1) ≤ λρ(xn−1, xn+1)

ρ?n ≤ λρ?n−1,(2.4)

and repeating the process we obtain

(2.5) ρ?n ≤ λnρ?0.

Consider the sequence {xn} and ρ(xn, xn+k). If k = 2m+ 1, m ≥ 1 then

ρ(xn, xn+2m+1) ≤ ω1ρ(xn, xn+1) + ω2ρ(xn+1, xn+2) + ω3ρ(xn+2, xn+2m+1)

≤ ω1ρn + ω2ρn+1 + ω3[ω1ρ(xn+2, xn+3) + ω2ρ(xn+3, xn+4)

+ ω3ρ(xn+4, xn+2m+1)]

= ω1ρn + ω2ρn+1 + ω3ω1ρn+2 + ω3ω2ρn+3 + ω2
3ρ(xn+4, xn+2m+1)

≤ (ω1ρn + ω2ρn+1) + ω3(ω1ρn+2 + ω2ρn+3)

+ ω2
3(ω1ρn+4 + ω2ρn+5) + · · ·+ ωm3 ρn+2m

=
m−1∑
q=0

ωq3(ω1ρn+2q + ω2ρn+2q+1) + ωm3 ρn+2m
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≤
m−1∑
q=0

ωq3(ω1λ
n+2q + ω2λ

n+2q+1)ρ0 + ωm3 λ
n+2mρ0

= λnω1ρ0

m−1∑
q=0

ωq3λ
2q + λn+1ω2ρ0

m−1∑
q=0

ωq3λ
2q + λnρ0ω

m
3 λ

2m

= λnω1ρ0

m−1∑
q=0

(ω3λ
2)q + λn+1ω2ρ0

m−1∑
q=0

(ω3λ
2)q + λnρ0(ω3λ

2)m

≤ λnω1ρ0

m−1∑
q=0

(ω3λ
2)q + λn+1ω2ρ0

m−1∑
q=0

(ω3λ
2)q

+ λnρ0 (ω3λ
2 < 1)

< λnρ0

[
1 +

ω1 + ω2λ

1− ω3λ2

]
.(2.6)

If k = 2m, m ≥ 1 then

ρ(xn, xn+2m) ≤ ω1ρ(xn, xn+1) + ω2ρ(xn+1, xn+2) + ω3ρ(xn+2, xn+2m)

≤ ω1ρn + ω2ρn+1 + ω3[ω1ρ(xn+2, xn+3) + ω2ρ(xn+3, xn+4)]

+ ω2
3ρ(xn+4, xn+2m)

= ω1ρn + ω2ρn+1 + ω3ω1ρn+2 + ω3ω2ρn+3 + ω2
3ρ(xn+4, xn+2m)

≤ (ω1ρn + ω2ρn+1) + ω3(ω1ρn+2 + ω2ρn+3) + ω2
3(ω1ρn+4 + ω2ρn+5)

+ · · ·+ ωm−23 (ω1ρn+2m−4 + ω2ρn+2m−3) + ωm−13 ρ(xn+2m−2, xn+2m)

=
m−2∑
q=0

ωq3(ω1ρn+2q + ω2ρn+2q+1) + ωm−13 ρ?n+2m−2

≤
m−2∑
q=0

ωq3(ω1λ
n+2q + ω2λ

n+2q+1)ρ0 + ωm−13 λn+2m−2ρ?0

= λnω1ρ0

m−2∑
q=0

ωq3λ
2q + λn+1ω2ρ0

m−2∑
q=0

ωq3λ
2q + λnρ?0ω

m−1
3 λ2m−2

= λnω1ρ0

m−2∑
q=0

(ω3λ
2)q + λn+1ω2ρ0

m−2∑
q=0

(ω3λ
2)q + λnρ?0(ω3λ

2)m−1

≤ λnω1ρ0

m−2∑
q=0

(ω3λ
2)q + λn+1ω2ρ0

m−2∑
q=0

(ω3λ
2)q + λnρ?0
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< λn
[
ρ?0 +

(ω1 + ω2λ)ρ0
1− ω3λ2

]
.(2.7)

It follows from (2.6) and (2.7) that limn→∞ ρ(xn, xn+k) = 0 for all k > 0, there-
fore {xn} is a Cauchy sequence in X and by the completeness of (X, d) there
exists x? ∈ X such that limn→∞ xn = x?. Now x? is a fixed point of T as

ρ(x?, Tx?) ≤ ω1ρ(x
?, xn) + ω2ρ(xn, xn+1) + ω3ρ(xn+1, x

?)

= ω1ρ(x
?, xn) + ω2ρn + ω3ρ(xn+1, x

?).(2.8)

Taking the limit as n → ∞ in (2.8) we have ρ(x?, Tx?) = 0. If x?? is another
fixed point of T then

ρ(x?, x??) = ρ(Tx?, Tx??) ≤ λρ(x?, x??) < ρ(x?, x??),

a contradiction. Hence ρ(x?, x??) = 0 or x? = x?? proving uniqueness.

Theorem 2.2. Let (X, ρ) be a complete weighted rectangular b-metric space with
weights ω1, ω2 and ω3 and T : X → X be a mapping such that

(2.9) ρ(Tx, Ty) ≤ λ[ρ(x, Tx) + ρ(y, Ty)],

for all x, y ∈ X where λ < 1
2

if ω3 ≤ 1 and λ < 1
1+
√
ω3

if ω3 > 1. Then T has a
unique fixed point in X.

Proof. Let x0 ∈ X be arbitrary and define {xn} by xn+1 = Txn for all n ≥ 0. We
shall show that {xn} is a Cauchy sequence. If xn+1 = xn, then xn is a fixed point
of T so we suppose that xn 6= xn+1 for all n ≥ 0. As before define ρ(xn, xn+1) = ρn
then

ρ(xn, xn+1) = ρ(Txn−1, Txn) ≤ λ[ρ(xn−1, Txn−1) + ρ(xn, Txn)]

= λ[ρ(xn−1, xn) + ρ(xn, xn+1)]

ρn ≤ λ[ρn−1 + ρn]

ρn ≤
λ

1− λ
ρn−1(2.10)

= βρn−1,

where β = λ
1−λ < 1 and repeating the process in (2.10) we obtain

(2.11) ρn ≤ βnρ0.

�
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We also assume that x0 is not a periodic point of T otherwise x0 = xn for
n ≥ 2 implies that

ρ(x0, Tx0) = ρ(xn, Txn)

ρ(x0, x1) = ρ(xn, xn+1)

ρ0 = ρn ≤ βnρ0,(2.12)

which is a contradiction as ρ0 6= 0 or x1 6= x0. Thus we assume that xn 6= xm for
all distinct n,m ∈ N. Now

ρ(xn, xn+2) = ρ(Txn−1, Txn+1) ≤ λ[ρ(xn−1, Txn−1) + ρ(xn+1, Txn+1)]

= λ[ρ(xn−1, xn) + ρ(xn+1, xn+2)]

= λ[ρn−1 + ρn+1]

≤ λ[βn−1ρ0 + βn+1ρ0]

= λβn−1[1 + β2]ρ0 = γβn−1ρ0 (where γ = λ(1 + β2))

ρ?n ≤ γβn−1ρ0.(2.13)

For {xn} we consider ρ(xn, xn+k). For k = 2m + 1, m ≥ 1 as in the proof of
Theorem 2.1 we can show that

ρ(xn, xn+2m+1) ≤
m−1∑
q=0

ωq3(ω1ρn+2q + ω2ρn+2q+1) + ωm3 ρn+2m

≤
m−1∑
q=0

ωq3(ω1β
n+2q + ω2β

n+2q+1)ρ0 + ωm3 β
n+2mρ0

= βnω1ρ0

m−1∑
q=0

(ω3β
2)q + βn+1ω2ρ0

m−1∑
q=0

(ω3β
2)q + βnρ0(ω3β

2)m

≤ βnω1ρ0

m−1∑
q=0

(ω3β
2)q + βn+1ω2ρ0

m−1∑
q=0

(ω3β
2)q

+ βnρ0 (note ω3β
2 < 1)

< βnρ0

[
1 +

ω1 + ω2β

1− ω3β2

]
.(2.14)
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Similarly for k = 2m, m ≥ 1 we can show that

ρ(xn, xn+2m) ≤
m−2∑
q=0

ωq3(ω1ρn+2q + ω2ρn+2q+1) + ωm−13 ρ?n+2m−2

≤
m−2∑
q=0

ωq3(ω1β
n+2q + ω2β

n+2q+1)ρ0 + ωm−13 γβn+2m−2ρ?0

= βnω1ρ0

m−2∑
q=0

(ω3β
2)q + βn+1ω2ρ0

m−2∑
q=0

(ω3β
2)q + γβn−1ρ?0(ω3β

2)m−1

≤ βnω1ρ0

m−2∑
q=0

(ω3β
2)q + βn+1ω2ρ0

m−2∑
q=0

(ω3β
2)q + γβn−1ρ?0

< βn−1
[
γρ?0 +

(ω1β + ω2β
2)ρ0

1− ω3β2

]
.(2.15)

Hence the limn→0 ρ(xn, xn+k) = 0 for all k > 0 and {xn} is Cauchy in (X, ρ). By
the completeness of (X, ρ) there exists x? ∈ X such that xn → x?. We show that
x? is a fixed point of T :

ρ(x?, Tx?) ≤ ω1ρ(x
?, xn) + ω2ρ(xn, xn+1) + ω3ρ(xn+1, Tx

?)

= ω1ρ(x
?, xn) + ω2ρn + ω3ρ(Txn, Tx

?)

≤ ω1ρ(x
?, xn) + ω2ρn + ω3λ[ρ(xn, Txn) + ρ(x?, Tx?)],

(2.16) (1− ω3λ)ρ(x
?, Tx?) ≤ ω1ρ(x

?, xn) + (ω2 + ω3λ)ρn.

Taking the limit as n → ∞ in (2.16) we have ρ(x?, Tx?) = 0. If x?? is another
fixed point of T then

ρ(x?, x??) = ρ(Tx?, Tx??) ≤ λ[ρ(x?, Tx? + ρ(x??, Tx??)]

= λ[ρ(x?, x?) + ρ(x??, x??)] = 0.

Hence ρ(x?, x??) = 0 or x? = x?? proving uniqueness. �

Example 1. Let X = (2, 3) and define ρ(x, y) by

ρ(x, y) =

e|x−y| x 6= y,

0, x = y.
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Then ρ(x, y) is a weighted rectangular b-metric. We only need to prove the rectan-
gular inequality:

ρ(x, y) = e|x−u+u−v+v−y|

≤ e|x−u|+|u−v|+|v−y|

= e
1
2
|x−u|+ 1

10
|u−v|+ 2

5
|v−y|e

1
2
|x−u|+ 9

10
|u−v|+ 3

5
|v−y|

≤
(
1

2
e|x−u| +

1

10
e|u−v| +

2

5
e|v−y|

)
sup
X
e

1
2
|x−u|+ 9

10
|u−v|+ 3

5
|v−y|(2.17)

=

(
1

2
e|x−u| +

1

10
e|u−v| +

2

5
e|v−y|

)
e2

=
e2

2
e|x−u| +

e2

10
e|u−v| +

2e2

5
e|v−y|

= ω1ρ(x, u) + ω2ρ(u, v) + ω3ρ(v, y).(2.18)

Here in (2.17) we have used Jenkin’s inequality [6]. Now let T : X → X be defined
by Tx = 1

x
+ 2 then

ρ(Tx, Ty) = e|
1
x
− 1

y | = e
|x−y|
|xy| ≤ e

1
4
|x−y|

<
1

4
e|x−y| =

1

4
ρ(x, y).(2.19)

Hence λ = 1
4
<
√
2.5
e

. Then by Theorem (2.1) T has a unique fixed point 1 +
√
2 in

X.

3. CONCLUSION

We have succeeded in bridging a gap that existed between a rectangular met-
ric space and a rectangular b-metric space by introducing a weighted rectangular
b-metric space involving weights in the rectangular inequality, which under cer-
tain circumstances fits into the realm of a rectangular b-metric space. The results
in the paper also demonstrate that common fixed point results can be extended
to this space.
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