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COMPACT COMPLEMENT TOPOLOGIES IN BITOPOLOGICAL SPACE

Janat A. Emwas1 and Hasan Z. Hdeib

ABSTRACT. Let (X, τ0, τ1) be a Hausdorff space, where X is an infinite set. The
compact complement topologies in bitopological space (X, τ0, τ1) are τ∗0 and τ∗1
where τ∗0 = {∅} ∪ {X \M0 : M0 is τ0-compact} and τ∗1 = {∅} ∪ {X \M1 : M1

is τ1-compact}. Throughout this paper, some properties of the space (X, τ∗0 , τ
∗
1 )

are studied in ZF and we prove some conditions hold in ZF .

1. INTODUCTION

A bitopological space is a space of the form (X, τ0, τ1), where τ0 and τ1 are two
topologies on X, this concept initiated by Kelly [2].

Throughout this paper, we suppose that τ0 and τ1 are topologies on an infinite
set X such that (X, τ0, τ1) is a Hausdorff bitological space and in this paper, we
study elementary properties of compact complement topologies in bitopological
space.

In particular, X stands for a set and “P ” will be used for “Pairwise”, i.e., P -
Hausdorff will mean pairwise Hausdorf, and so on.
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2. MAIN PROPERTIES OF COMPACT COMPLEMENT TOPOLOGIES IN

BITOPOLOGICAL SPACE.

Definition 2.1. A bitopological space (X, τ0, τ1) is called Hausdorff (compact)
space if (X, τ0) and (X, τ1) are Hausdorff (compact).

Because it is hold in ZF that a compact subspace of a Hausdourff space
is closed, so it is easy to show that τ ∗0 and τ ∗1 are topologies on X. Clearly,
(X, τ ∗0 , τ

∗
1 ) is a bitopological space and we name it compact complement bito-

plogy.
For a subset Y of X and the topologies τ0 and τ1 on X, let τ0 | Y = {v0 ∩ Y :

v0 ∈ τ0} and τ1 | Y = {v1 ∩ Y : v1 ∈ τ1} are called relative topologies on Y then
(Y, τ0 | Y, τ1 | Y ) is called a bitopological subspace of (X, τ0, τ1).

Theorem 2.1. Let (X, τ0, τ1) be a bitopological space and Y ⊆ X. Then τ ∗i | Y ⊆
τi | Y , i.e. , τ ∗i | Y is coarser than τi | Y ; ∀i =0, 1.

Proof. We want to prove it when i =0, it is enough to show that τ ∗0 ⊆ τ0. Let
U0 ∈ τ ∗0 and U0 6= ∅. Then U0 =X \M0 for τ0– compact subspace M0, since a
compact subspace of a Haudorff space is closed, M0 is a τ0 – closed set. Thus
U0 ∈ τ0 also, in consequence, τ ∗0 ⊆ τ0. In a similar way we can prove that
τ ∗1 ⊆ τ1. �

Theorem 2.2. Let (X, τ0, τ1) be a bitopological space and Y ⊆ X. The following
conditions satisfy in ZF :

(a) If Y is compact in (X, τ0, τ1), then τ ∗i | Y = τi | Y , ∀ i = 0, 1.
(b) If τ ∗i | Y = τi | Y then there exists a τi - compact set Ci such that Y ⊆ Ci ,
∀ i = 0, 1.

Proof.

(a) Assume that Y is compact set, then Y is τ0 – compact and τ1 – compact.
Let V0 be τ0 – open set. Since (X, τ0) is Hausdorff, the set Y is τ0 – closed,
thus A = Y ∩ (X\V0) is a τ0 – closed subset of τ0– compact set Y . So A is
a τ0 – compact. Notice that V0 ∩ Y = Y ∩ (X \A). This proves that V0 ∩
Y ∈ τ ∗0 | Y and τ0 | Y ⊆ τ ∗0 | Y , also by previous theorem τ ∗0 | Y ⊆ τ0 | Y ,
so the equality hold when i =0. Similarly, τ ∗1 | Y = τ1 | Y .

(b) Assume that Y is a subset of X where τ ∗0 | Y = τ0 | Y . Let V0 ∈ τ0 and ∅
6= V0 ∩ Y 6= Y . Because V0 ∩ Y ∈ τ0 | Y then V0 ∩ Y ∈ τ ∗0 | Y , there is
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a τ0 – compact set C0 such that V0 ∩ Y = Y \ C0. Fix a point x0 ∈ V0 ∩
Y . Thus x0 /∈ C0, since C0 is τ0 – compact, there exists a pair U0, W0 of
disjoint τ0– open sets such that x0 ∈ U0 and C0 ⊆ W0. So W0 ∩ Y 6= ∅.
Since V0 ∩ Y 6= Y . Because U0 ∩ Y and W0 ∩ Y are in τ ∗0 | Y , there is τ0
– compact sets M0, N0 such that U0 ∩ Y = Y \M0 and W0 ∩ Y = Y \N0.
Now let K0 =M0 ∪ N0. Thus K0 is τ0 – compact and Y = Y \ (U0 ∩W0)

= (Y \ U0) ∪ (Y \W0) ⊆M0 ∪ N0 = K0. Similarly, when we take i =1.

�

Corollary 2.1. Let (X, τ0, τ1) be a biotopological space. Then (X, τ0, τ1) is com-
pact if and only if τ0 = τ ∗0 and τ1 = τ ∗1 .

Remark 2.1. In general, τ ∗i | Y 6= (τi | Y )∗ where i=0, 1. For example, let Y be
the open interval (0, 1) of R, where τu is the usual topology of R, then τ ∗u | Y 6=
(τu | Y )∗ as we can see in [3].

We have the following obvious results because τ ∗i ⊆ τi i = 0, 1.

Proposition 2.1.
(a) If (X, τ0, τ1) is separable, then (X, τ ∗0 , τ

∗
1 ) is separable.

(b) If (X, τ0, τ1) is hereditarily separable, so is (X, τ ∗0 , τ
∗
1 ).

(c) If (X, τi) is lindelöf, then (X, τ ∗i ) is lindelöf i = 0, 1.
(d) If (X, τi) is hereditarily lindelöf so is (X, τ ∗i ) i = 0, 1.

Definition 2.2. A bitopological space (X, τ0, τ1) will be called P - Hausdorff if for
any two points x0 6= x1 there exists τ0 – open set U0 of x0 and a τ1 – open set U1 of
x1 which are disjoint.

Proposition 2.2. If (X, τ0, τ1) is a P – Hausdorff space. Let U0 and U1 be τ0 – open
and τ1 – open subsets of X respectively where U0 ∩ U1 = ∅, then U τ1

0 ∩ U1 = ∅ and
U τ0
1 ∩ U0 = ∅.

Proof. Assume that U τ1
0 ∩ U1 6= ∅ and Let x ∈ U τ1

0 ∩ U1, so x ∈ U τ1
0 that means

every τ1 – open neighborhood of x intersects U0. But U1 is τ1 – open set contain-
ing x which does not intersect U0. This contradiction proves that U τ1

0 ∩ U1 = ∅.
In a similar way we can show that U τ0

1 ∩ U0 = ∅. �

Fora and Hdeib [1] show the following proposition:
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Proposition 2.3. If (X, τ0, τ1) is a P - Hausdorff, then both τ0 and τ1 are T1 –
topologies.

Proposition 2.4. If (X, τ0, τ1) is a P - Hausdorff, then both τ ∗0 and τ ∗1 are T1 –
topologies

Proof. Let x ∈ X then {x} is τi – compact ∀i = 0, 1, because finite sets are
compact, we get that X \ {x} is τ ∗i - open set. Thus, {x} is τ ∗i - closed set, that
means τ ∗0 and τ ∗1 are T1 – topologies. �

Proposition 2.5. (X, τ0, τ1) is not compact if and only if (X, τ ∗0 , τ
∗
1 ) is not Haus-

dorff. Also, if (X, τ0, τ1) is not compact, then any two non – empty τ ∗0 - open sets
have a non-empty intersection or any two non-empty τ ∗1 - open sets have a non-
empty intersection.

Proof. Let (X, τ0, τ1) be not compact, thus (X, τ0) is not compact space or (X, τ1)
is not compact. Suppose that (X, τ0) is not compact space and U0, V0 be any two
non-empty τ ∗0 -open sets, then X \ U0 and X \ V0 are τ0 – compact, thus (X \ U0)

∪ (X \ V0) is τ0 – compact. Hence, X 6= (X \ U0) ∪ (X \ V0) =X \ (U0∩V0). Thus
(U0 ∩ V0) 6= ∅; so (X, τ ∗0 , τ

∗
1 ) is not Hausdorff. Similarly, when we suppose that

(X, τ1) is not compact we get (X, τ ∗0 , τ
∗
1 )) is not Hausdorff. Conversely, suppose

that (X, τ ∗0 , τ
∗
1 ) is not Hausdorff, so we get τ0 6= τ ∗0 or τ1 6= τ ∗1 because (X, τ0, τ1)

is Hausdorff, thus by Corollary 2.1 we get (X, τ0, τ1) is not compact. �

Corollary 2.2. If (X, τ0, τ1) is not compact, then we have the following results:
(a) Every τ ∗i - open set is connected in (X, τ ∗i ) where i = 0, 1.
(b) (X, τ ∗i ) is connected and Locally connected where i = 0, 1.

Proof. Let (X, τ0, τ1) be not compact, so (X, τ0) is not compact or (X, τ1) is not
compact. Suppose that (X, τ0) is not compact and ∅ 6= V0 ∈ τ ∗0 . If V0 were
disconnected in (X, τ ∗0 ), there is a pair U0, W0 of non-empty disjoint τ ∗0 - open
sets which is contradiction by Proposition 2.5. Thus, V0 is connected in (X, τ ∗0 ).
Similarly, when we take (X, τ1) is not compact. Hence, (a) holds and clearly, (b)
follows from (a). �

Definition 2.3. A space (X, τ0, τ1) is said to be pairwise irreducible or pairwise
hyper connected if all τi – pen sets are connected in (X, τi) where i = 0, 1.

Remark 2.2. By Corollary 2.2, if (X, τ0, τ1) is not compact, then the space (X, τ ∗0 , τ
∗
1 )

is pairwise hyper connected.



COMPACT COMPLEMENT TOPOLOGIES IN BITOPOLOGICAL SPACE 2185

Definition 2.4. A subset G of X, where (X, τ0, τ1) is a bitopological space, will be
called pairwise Gδ – set if G =

⋂
{Gn : 1 ≤ n ≤ ∞}, where Gn is pairwise open

set.

Definition 2.5. A subset A of X, where (X, τ0, τ1) is a bitopological space, will be
called pairwise σ∗ - compact if A =

⋃
{Cn : 1 ≤ n ≤ ∞}, where Cn is τ0 - open set

and A =
⋃
{Kn : 1 ≤ n ≤ ∞}, where Kn is τ1 - open set.

Although some other results can be said about compact complement bitopol-
ogy, we want to finish our paper with the following theorem:

Theorem 2.3. Let x0 ∈ X. If {x0} is pairwise Gδ – set in (X, τ ∗0 , τ
∗
1 ), then X \

{x0} is pairwise σ∗ - compact set of (X, τ0, τ1).

Proof. Assume that {x0}=
⋂
n∈ω Vn such that {Vn : n ∈ ω} is a family of pairwise

open sets in (X, τ ∗0 , τ
∗
1 ). Then Vn are both τ ∗0 - open and τ ∗1 - open in X. Hence,

Vn = X \ Mn where Mn are τ0 – compact sets and Vn = X \ Nn where Nn are
τ1 – compact sets. Thus, the sets Mn = X \ Vn are all τ0 – compact sets and Nn

= X \ Vn are all τ1 – compact sets, so X \ {x0} =
⋂
n∈ω Mn and X \ {x0} =⋂

n∈ωNn. Hence, X \ {x0} is pairwise σ∗ – compact. �

We can find more applications of this study in problems of [4] and [5].
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