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SOME FIXED POINT RESULTS IN A GENERALIZED G,-METRIC SPACE
Virath Singh! and Pravin Singh

ABSTRACT. In this paper, we provide a generalization of the Gj-metric and
prove some fixed point results of contractive type mappings in this space.

1. INTRODUCTION

Mustafa et al., introduced a new structure of generalized metric spaces which
they called G-metric spaces as a generalization of metric spaces, to develop and
introduce a new fixed point theory for various mappings in these new structure,
[[1]. Various authors have proved some fixed point theorems in these spaces,
[12,(35/51.

Recently, Sedghi et al., [4] have introduced D*-metric spaces which is a mod-
ification of the definition of D-metric spaces introduced by Dhage, [6] and
proved some basic properties in D*-metric spaces, [7]]. Furthmore, they intro-
duced the concept of S-metric spaces and presented some properties for com-
mon fixed point theorem for a self-mapping on complete S-metric spaces, [8]].

Using the concepts of G-metric and b-metric, Ahhajani et al, define a new type
of metric which they called a G,-metric. They studied some basic properties of
such a metric and prove common fixed point theorem for mappings satisfying
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weakly compatible condition in complete partially ordered GG,-metric spaces and
presented a nontrivial example to verify their effectiveness and applicability, [9].

Definition 1.1. Let X be a nonempty set. A generalization of a metric or G-metric
is a function G : X x X x X — [0, 00) satisfying the following properties, [1]:
(i) forall z,y,z € X G(z,y,2) =0 <= v =y =2z
(i) forall z,y € X, v #y, 0 < G(z,z,y);
(1i) G(z,z,y) < G(z,y,2) forall x,y,z € X, z # y;
(v) G(z,y,2) = G(z,2,y) = G(y,x, z) = - -- symmetry in all variables;
(v) forall z,y,z,w € X, G(z,y,2) < G(z,w,w) + G(w,y, z).

The pair (X, G) is a G-metric space.

Definition 1.2. Let X be a nonempty set and s > 1 be a real number. A generaliza-
tion of a G-metric is a function G : X x X x X — [0, 00) satisfying the following
properties, [9]:
(1) forall z,y,z € X Gy(x,y,2) =0 <= z=y =z
(i) forallz,y € X, v # vy, 0 < Gp(z, x,y);
(i19) forall z,y,z € X, z # y Gy(x, x,y) < Gyp(x,y, 2);
(iv) Gp(z,y, 2) = Gy(z, 2,y) = Gy(y, z, 2) = - - - symmetry in all variables;
(v) forall z,y,z,w € X, Gy(x,y,2) < s[Gp(z, w, w) + Gyp(w, y, 2)].

The pair (X, ) is a generalized b-metric space or (G,-metric space.

Example 1. Let X = R then define a mapping G, : X x X x X — [0,00) by
Go(z,y,2) = 5(Jx—yl+ |y — 2| + o — z|)°. Then (X,G,) is a Gy-metric space,
[9].

Definition 1.3. Let X be a nonempty set and «, [ > 1 are real numbers. A
generalization of a Gy-metric is a function G?ﬂ : X x X x X — [0,00) satisfying
the following properties:
(i) forall z,y,z € X GP(z,y,2) =0 = z=y =2z

(i) forall z,y € X, v # v, 0<G°‘6(x x,y);

(131) for all z,y,z € X, 2 # vy, G2 (x,z,y) < Gy (x,y, 2);

(iv) Gy (x,y,2) = GP(z, 2,y) = GP(y,x, 2) = - - - symmetry in all variables;

(v) for all z,y,z,w € X, GO"B(Q: y,2) < aGe (z,w, w) + BGYP (w, y, 2).

The pair (X, G,j"ﬂ ) is an «, § generalized b-metric space or Go‘ﬁ -metric space.
Ifa=p=1then G* =G. Ifa = 3 = s then G} *f — @,. For every generalized
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b-metric Gy, it is not always possible to find an a, 5 > 1 such that 1 < o, 5 < s
satisfying the property (v) of definition

Example 2. Let X = (1,3) then define G” : X x X x X — [0,00) by

fomplHly—=l+e—el g 2
a e , TFYF 2
Gbﬁ(x’y’z):{ 0 r=y==z

To show that G2 (x,y, z) is a G&’-metric we verify properties (i)-(v) of definition
Properties (i)-(iv) are easily verified. We only verify property (v) of definition
Let x,y,z € X such that x # y # z then
Gy (w,y,2)
< elo—wlty—witly—zl+z—wl+|z—w|

< Rla—ultly—wl+y—z|+z—v]

w—w)|+3 [ly—wl+ly—z+|z—wl]  312(z—w)|+3 [ly—w|+ly—2|+|z—wl]]

< sup g3

z,y,2€X

14 9 14

3 3
< &2 2w 4 207 lly—wl+ly—z|+z—wl]
-3

14 14

_e?
3

14 14
witha =~ >1and =2 >1, a# fand o < f3.

Gbﬁ(az,w,w) + TGbB(w,y, ),

2. PROPERTIES
The following properties can be deduced from the definition|1.3

Proposition 2.1. Let (X, GZ"B ) be a GZ"g -metric space. For all z,y,z € X:

(i) G?ﬁ(a:,y,z) < aG?B(y,JE,:L') + 5035(:6,95,2);

(i) Gy (x,y,) < (a+ B)Gy (y, x, ).
Definition 2.1. A G2’-metric G is symmetric if G2°(x,z,y) = G%(x,y,y) for
all z,y € X.

Definition 2.2. Let (X, Gy”) be a Gi-metric space then for o € X, ¢ > 0, a G”
ball with center xq and radius e is

Bos (o, €) = {y € X; Gy (w0, y.y) < 6}
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Proposition 2.2. Let xp € X, ¢ > 0 and if y € Bas(x0, €) then there exists 6 > 0
b
and ¢ > 1 such that Bes(y,6) C Bges (o, ce).
b b

Proof. Lety € Bas(xo, €) then Gg‘ﬂ(xo, y,y) < e and taking 0 = e—G?’B(xo,y, y) >
b
0. Now, let w € Bas(y,6) then G5 (y, w,w) < 6. Then it follows that
b

G?ﬁ(l’o, w, U)) S aGZéﬁ(xO? Y, y) + ﬁG?ﬂ(g/? w, w)
S OéGbaﬁ(x(b Y, y) + 5(6 - Gl?ﬁ(x(]a Y, y))
S aGl?B(:EC'? Y, y) + BE
< (a+ Pe
Thus w € BG?B<.T0, (o + P)e). Since a,f > 1 and taking ¢ = a+ 5 > 2 we
conclude. d
Definition 2.3. Let (X, G}") be a G”-space and {x,,} a sequence in X:
(i) The sequence {x,} is a Gy"-Cauchy sequence if for every e > 0 there exists
N € N such that G?B(xn,xm, xy) < e for all n,m,k > N.
(i1) The sequence {x,} is a G2’-convergent sequence if for every ¢ > 0 there
exists N € N and x € X such that G?ﬂ(xn,xm, x) < eforall n,m > N.

Proposition 2.3. Let (X, G9”) be a G”-metric space. The sequence {x,} is G3"-
Cauchy <= for any ¢ > 0 there exists N € N such that Gl‘fﬁ (T, Tin, Ty) < € fOr
all n,m > N.

Proof.
— : From definition [2.3]it follows easily if we take k = m.
— :If eap = 557 then €up > 0 for any € > 0 then there exists N € N

such that G2 (.., Ty, ) < €ap for all n,m > N. From definition property
(iv) and (v), we get

G[?B(xmxmyxk) S aG{?ﬁ(xm xmvxm> + BG?ﬁ(xm,xm,xk)

< (o) )

=€
forall n,m,k > N. O

Proposition 2.4. Let (X,G2") be a G¢’-metric space. The following statements
are equivalent:
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@ If{z,}isa GZ‘B -convergent sequence.

(b) for every e > 0 there exists N € N such that G9°(z,,x,,z) < € for dll
n > N.

(c) for every ¢ > 0 there exists N € N such that G?B(xn,x,x) < ¢ for all
n > N.

Proposition 2.5. Let (X, G”) be a G¢’-metric space. Then the following state-
ments are equivalent:

(i) {zn} is G2P-convergent to z € X.
(i1) GP (&, xn,z) = 0 as n — co.
(iid) Go% (2, 2z, ) — 0 as n — oo.

Definition 2.4. A G**-metric space (X, GS") is G¥ complete if every G- Cauchy
sequence is G*?-convergent.

3. FIXED POINT THEOREMS

Theorem 3.1. Let (X, G?’B ) be a G?'B -complete metric space. If a mapping T :
X — X satisfies the following

(3.1) G (T, Ty, Tz) < MG (x,y, 2)
forall x,y,z € X, where 0 < \ < % Then T has a unique fixed point.

Proof Let xy € X be arbitrary and define a sequence {x,} by z,.1 = Tx, for
n € N. Then it follows from inequality 3.1} for the sequence {z,} we get

(3.2) G?ﬁ(xn,mnﬂ,a:nﬂ) = G?B(Tmn_l,Txn,Txn) < /\G?B(mn_l,xn,xn).
Repeatedly applying inequality [3.2] we get

(3.3) G;‘ﬁ(asn,xnﬂ,xnﬂ) < NG (20, 21, 21).

For n,m € N and proposition [2.3] we get

G?ﬁ(xna Tntm, anrm)

S QG§B<In; Tn+1, xn+1) + O‘BGl?ﬁ (xn—i-la Tn42, xn+2)
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'+(X62(;2ﬁ<xn+27xn+37xn+3)_%"'_%/?ngl(;?ﬁ(xn+wnflyxn+4n7xn+nJ
S OéG[?B (ZEn, Tn+1, xn—l—l) + OéﬁGZéﬁ (In+1’ Tn42, xn+2)
+ QBQGS/B('ITH-Q, Tni3, xn+3> + O‘ﬁm_leaﬁ (xn—&-m—la Tntm, zn—i—m)

<a ()\n + )\TL+15 4+ .. 4 )\n+m715m*1) G?’B(l'o,xl,xl)

1
Gaﬁ(l‘o, x1, $1)~

< a\"
=TT

Since \ < % we conclude that for every ¢ > 0 there exists N € N such that

GZ‘B (T, Tptmy Tnam) < € for n > N, thus {z,} is a Gg‘ﬁ -Cauchy sequence in
(X, G97). Since (X,G97) is a complete-G¢” metric space there exists z* and
N; € N such that G?'B(xn, T, x*) < € for n > N;. To show that z* is a fixed point
of T'. Using the contraction condition we get

G2y, T2*, Tz*) = GYP (T, Ta*, Ta*)

< AGYP (z,, 2%, 1),

Taking the limit as n — oo, we get G9° (z*, Ta*, T*) = 0. Thus Tz* = z*.
To prove uniqueness we assume that 7" has fixed points z* and z**. Then it
follows that

GYP (x ¥, o) = GO (Ta™, Ta*, Tx*) < AGYP (z, 2", z¥).
Since 0 < X\ < 1, we get ™ = z*. O

Theorem 3.2. Let X, G2” be a G”-complete metric space and a mapping T : X —
X such that

G5 (T2, Ty, T>)
< Amax {Gaﬁ(x, y,2), G (x, Tx, Tx), G*(y, Ty, Ty),
(3.4) GP(2,T2,Tz),G(x, Ty, Ty), G**(y, Tz, Tz), G*?(z, Tz, T:L‘)} ,

forall x,y,z € X with0 < \ < Then T has a unique fixed point.

1
a+p8’
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Proof. Let xy € X define a sequence x, 1 = Tz, then for sequence {x,}, we get
from inequality

Gy (T, Tngr, Tos)
< /\max{Gbaﬁ(xn,l,xn,xn),Gg‘ﬁ(xn,:an,xnﬂ),G?B(xn,l,xn+1,a:n+1),
Gg‘ﬁ(mn,xn,xn)}
< )\max{G?ﬁ(xn_l,xn,xn),G?ﬁ(xn,xnﬂ,xnﬂ),ang‘ﬁ(mn_l,xn,xn)
—l—ﬁG?ﬂ(wn,an,an)}
(3.5) = /\aGZ‘B(xn_l,xn,xn) + /\BGgﬁ(a:n,an,an).

From inequality and that \ < a—}rﬂ, we get

A
(3.6) G?ﬁ(xn,xnﬂ,xnﬂ) < a GP (L1, T, Tp).

ST1o08
For n,m € N, recussively applying inequality 3.6}, we get

G?B(xn,xn+m,xn+m)
< QG?IB(Im Tpy1, Tpy1) + O‘ﬁG?B(ZEn-&-l? Tny2, Tni2)

+ 952G§B<xn+2, Tpts, Tngs) + oo+ 5m_1G?ﬁ(an+m—1a Tty Tntm)
< @G?ﬁ(mm Tpg1s Tngr) + aBfoﬁ(an, Tpt2, Tni2)

+ a62G?6<xn+27 Tn+3, xn+3) + -+ O‘ﬁm_le?B (xn—&—m—la Tn4ms xn—i—m)

Aa " A\ A\ o
Sa(<1—w) +<1—w) ﬁ*"'*(l—w) ’ )

G?B(ZL‘U7 xy, 1'1)

Aa \" 1-p8XA B
= (1 - w) T 1+ o)t @0 T

Since \ < ﬁ we conclude that for every ¢ > 0 there exsits N € N such that
Gg‘ﬁ (Tpy Tptm, Tnam) < € for n > N, thus {z,} is a GE"B -Cauchy sequence in
(X,G97). Since (X,G97) is a complete-G¢” metric space there exists z* and

N; € N such that G?ﬁ(xn,xn, z*) < eforn > Nj.
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To show that z* is a fixed point of 7. For the GZ‘B -convergent sequence {x,},
we get

G?ﬁ(xn,Tﬁ,Tx*)
< )\maX{G?ﬁ(xn_l,x*,x*),G?B(xn_l,Tx*,Tm*),
(3.7) Gbaﬁ(as*,Tx*,Tx*),G?B(a:n_l,xn,xn),Gg‘ﬂ(az*,xn,xn)}.

Letting n — oo in inequality we get GO7 (z*, Ta*, Ta*) < ANGY (2, Tx*, Tx*).

Since A < 15 < ; the inequality is only valid if GYP(x*, Ta*, Tx*) = 0 which

implies T'z* = x*. For the uniqueness of the fixed point we assume that z** € X
is a fixed point of 7. Then from inequality [3.4}, we get

G (Tx*, Tx*, Tx™)
< Amax {Gaﬁ(x*, o*, ), GP (x*, Ta*, Ta*), G*P (x**, Ta**, Tx*),
GoB (1, Ta*, Tx*™), GO (z*, T, Ta™), GoP (z*, Tx™, Tw™),

(3.8) G (x**, Ta*, Tx*)} .

Thus, we obtain from proposition |2.1]

G?B(x*,x*,x**) < )\maX{Gl?ﬁ(x*,x*,:v**),G?ﬁ(x*,x**,x**)}
< Ma+ B)GYP (z*, %, ™).
It follows that
(1= Xa+ B)] G (z*, 2, 2**) < 0.
Since 1 — M(a + ) > 0, we conclude that G¢°(z*, z*, 2**) = 0 thus z* = z**. O

Theorem 3.3. Let X, G2 be a G”-complete metric space and a mapping T : X —
X such that
Gg‘ﬁ(Tx, Ty, Tz) < MG(x,y,2) + MG (2, Tz, Tx) + \sG*?(y, Ty, Ty)
+ MG (2, T2, T2) + AsG?(x, Ty, Ty) + M\sG®(y, T2, T%)
(3.9 + MG (2, T2, Tx),

forall z,y,z € X with Ay + Ao + A3 + Ay + (o + )5 + A\¢ + A7 < 1. Then T has a
unique fixed point.
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Proof. Let xy € X be arbitrary and define a sequence {z,}, where =, = Tz,.
For the sequence {xz,,} and from inequality [3.9] we get

Ggﬁ(xn» Tp41, Tnt1)
< MG (Tp 1, Tny 2n) + NG (Tp_1, Ty ) + A3G (2, Trig1, Tpgr)
+ MG (2, Tt Trg1) + MG (X1, Tg1, Trg1) + MG (T, Trg 1, Tng1)
+ MG (2, T, )
< (M A NG (X1, Ty ) + (A3 + A+ X6)G (Tn, Tagts Tyt
(3.10)
+ X5 (aG‘g"B(ajn,l, Ty T) + BG?ﬁ(xn,mnH,a:nH) .

From inequality [3.10, we get

[1— (As+ A+ X6) — AsB] G (@, Tyt Tngt)
< (A 4+ A+ )xg,Oé)GZ"g(xn,l, Ty Tp).
Since A\; + Ao + A3+ Ay + (a+ B) A5 + Ag < 1, we get

>\1+>\2+)\501
1— (s + Mg+ Ag) — Asf3

G?ﬂ(.ﬁvn7$n+17$n+1) S ( ) Ggﬁ(xn—laxnuxn)'

Following an argument as in theorem 3.1, we can conclude that the sequence
{z,} is a G2’-Cauchy sequence in X. Since (X, G*?) is complete it follows that
the sequence {z,} is G**-convergent to 2* € X. To show that x* is a fixed point
for T'. From inequality [3.9] we have

GP (2, Tx*, Ta*)

< MG (zp_y, 2%, 2%) + MG (2 1, 2y, 20) + NG (2%, T, Tx*)
+ MG (2%, Ta*, Ta*) + NG (xp_y, Tx*, Ta*) + NG (z*, Tx*, Tx*)
+ MG (2, 2, )

Taking the limit n — oo in the above inequality, we get

(IT=A3 =X — A5 — Aﬁ)G?B(x*, Tx*, Tx*) <O0.
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It follows that T'x* = z*. To prove uniqueness we assume that z** is a fixed point
for T'. Then from inequality [3.9] we get

G (2%, o™, ")
< MG (2%, 2™, 1%) 4+ MG (x*, Ta*, Ta*) + X\sG*P (2™, Ta™*, Tx*)

+ MG (2%, Ta*, Ta*) + NG (z*, T, Ta*) + NG’ (2, Tx*, Tx*)

+ MG (*, T*, Tx*)
It follows that

GOP (%, % 1%) < MGEP (™, o, %) + NGO (2%, 2™, )
+ NGOP (2, ¥, ).

Using proposition [2.1], we get
(3.11) (1= X1 — X6 — Mgl + B))GoP(a*, 2™, 2*) < 0.

Thus, we get GO (z*, 2**, 2*) = 0 which implies z** = z*. O

4. CONCLUSION

In this investigation, we demonstrate that we can relax the rectangle-inequality
to obtain a generalization G,-metric in which the weights « > 1 and g > 1 are
not equal and that there is an improvement in the bounds for the parameters
considered in the fixed point theorems with contraction type mappings.
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