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THE FOURIER-JACOBI WAVELET CONVOLUTION PRODUCT
C. P. Pandey', Pranami Phukan, and Mopi Ado

ABSTRACT. The convolution product associated with the Fourier-Jacobi wavelet
transformation is investigated. Certain norm inequalities for the convolution
product are established.

1. INTRODUCTION

May authors studied the Fourier-Jacobi convolution for the following form of
the Fourier-Jacobi transformation of a function f € L'(u) and L'(u) = {f : [;* |
f(z) | du(x) < oo}. Namely,

D Guf) (@) = fla) = / e du(t),

where
du(t) = 24
/L( ) (2ﬁ)% dt:
ealt) = (¢! — et (Bmpie e iy ol )
we say that f € L'(u),1 < p < oo, if
11l = (S5~ 1 f [P du)? < oo,
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If f € L'(u) and (j,f) € L'(p) then the inverse Fourier-Jacobi transform is
given by

1.2 fa) = (i [7]) @ = [ Forentiann

where f € L'(1), g € L'(1) then the Fourier-Jacobi convolution is defined by
e = [ [ e i)t

(1.3) 0@ = [ D W)

where the Fourier-Jacobi translation 7, is given by

14 mHE) = fay) /‘f K (2,9, 2)dp(2),0 < 7,y < 00
K(r.y.2) = / ox(@)or()or(2)dr(N)

12 _B—
_ 227 ?PT(a+1)(chazchychz)* A1 l _B
- F(a—i—%)(shmshyshz)za X F (CY - ﬂ’ - 6’ 2’ ) ’

with

hax)2+(chy)?+(chz)2—1
B = (chz) éiilbycéiz) Ja—y|<z<ax+ s

Here we note that K(x,y, z) is symmetric in x, y, z. Applying (1.2) and (1.4),
we get
Jo o) K (2, y, 2)dp(z) = pa(z)pa(y).
Setting t = 0, we get
Jo K(z,y, 2)du(z) = 1.
Therefore in view of (1.4)

(1.5) £ G, )l < N £
Now, using ((1.4) awe can write (1.3)) in the following form
(fx9)(@) =[5~ Jo~ K(x,y,2)f(2)9(y)dp(z)du(y).

Some important properties of Fourier-Jacobi convolution that are relevant
are:

1. If f,g € L'(u) then from [1]

(1.6 1+ glls < {1 fllllgll-
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2. With the same assumptions

(1.7) Julf *9) (@) = (Guf) (@) (Gu9) ().

3. Let f € L'(u) and g € LP(u),p > 1. Then (f * g) exists, is continuous and
from [1]], we get the inequality

(1.8) 1+ gllp < [[fllllgllp

4. Let f € LP(u) and g € L%(p), ; +, = 1. Then (f * g) exists, is continuous
and from [1]], we have

(1.9) 1S * glloe < [1f1pllgllq-

5.Llet f € L”(u) and g € L%(n),; = 5 + ; — 1. Then (f * g) exists, is
continuous and from [1]], we get the inequality

(1.10) 1 glle < [1fllpllglq-

6. Let f € LP(u),g € L9(pn) and h € L"(u). Then the weighted norm
inequality
| fo 2)(g * h)(x)dp(x) [< [ fllpllgllqll 2]l
holds for % st g + =2.
As indicated above, the proof of property (1] to [1| are well known. Hence we

next give the proof of
Using Holder’s inequality, we get

| Jo~ (@) (g * h)(@)du(@) |< 1 fllpllg * hlls, 5 + 5 = 1.
Therefore using - we have
| o~ f(@)(g * h)(@)du(@) |< [ fllpllgllollPlls, s =5 + 5 = L.

From paper, j, is isometric on L*(p), (j; L f) = f, then Parsevals formula of
the Fourier-Jacobi transformation for f, g € L*(u1) given by

9)"\() = F(2)ix)
N / F(2)(9) (@) dpu() = / Guf) () (G0) () duy).

Furthermore, the relation also holds for f, g € L'(u), from [7].
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For ¢) € L'(u), using translation 7 given in equation (1.4) and dilation D, f(z,y) =
flaz, ay),

(1.11) 1”(2 2) Dar(t) / e (- b z) du(z).

Then the continuous Fourier-Jacobi wavelet transform [5] of a function f €
L' () with respect to wavelet ¢ € L'(u) is defined by

(Jof) (b.a) = / ) () dp(t)

(1.12) = /OOO f()y (2, g) du(t),a > 0.

By simple modification of (1.12]), we get
(Jof) (b a) = (F 50 (2) ,a > 0.

From ((1.3) and (1.4) the continuous Fourier-Jacobi wavelet transform of a
function f € L'(u) can be written in the form

) = (£ (2)
= 50 0.0 = G0 (3))
= [(uf) (ba)] = mf)( )6 (2)

= [(Juf) (b,a)] = [(Juf)( )(W)( >]

(1.13) = [(Juf) (b,a)] = /Ooow(b) (Guf) (@, A) (Guth) (N)dr(A).

Now we state that the Parseval formula of the Fourier-Jacobi wavelet trans-
form from [|5]],

(1.14) / " (Juf) (0,0 Tog) (@)

for f € L?(n) and g € L*(p).
Now, we also state from [6] which is useful for our approximation results.

WO _ 6415.9)

Theorem 1.1. Suppose that

1. M,(x) > 0,0 <z < oo.
2. [ My (x)dp(z) =1,n=0,1,2,3,....



THE FOURIER-JACOBI WAVELET CONVOLUTION PRODUCT 2259

3. limy o0 [ My(2)dp(x) = 0, for each § > 0.
4. ¢(x) € L>(p ).

5. ¢ is continuous at xo, xg € [x — 0,2 + 6] and § > 0.
Then lim,, .o, (¢ * M,) (xo) = ¢(x0).
Corollary 1.1. With the same assumptions on M, (z), if f(x) € L*°(u) then

In this paper, Motivated from [4]] we defined convolution product for Bessel
wavelet transform and study some of its properties.

2. THE BESSEL WAVELET CONVOLUTION PRODUCT

In this section, using properties (1.5)), (??) and (1.11]), we formally define the
convolution product for Fourier-Jacobi wavelet transform by the relation

2.1 Ju(f @ g)(b,a) = (Juf) (b,a) (Jyg) (b, a).

And investigate its boundedness and approximation properties. This in turn
implies that the product of two Fourier-Jacobi wavelet transform could be wavelet
transform under certain conditions.

Theorem 2.1. Let f,g,¢ € L'(n) and j,(¢)(w) # 0. Then the Fourier-Jacobi
avelet convolution can be written in the form

(f@9)(2) =[5 (T0f) W)g(y)du(y),

where

Tz af fO SL’ Y, 2 )d/JJ(I‘),
(2.2)

Koy, 2) = / ) / " 0u(00,(6) () (at) () (0€) La(t, €, 2)du(E)dpu(t)
La<t7 57 Z) = f()oo (P)\(t)@)\(f)Qa()\, Z)dV()\),

and

(2.3) Qu(\, 2) = /0 h %du(w).

Proof. From we have
(2.4) Jul(Jypf) (b, a)] (w) = (uf) (A) (Gut) (aA).
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Using (2.1) and (2.4), we get

Ju [Ty (f @ 9) (b, )] (W) = ju [(Juf) (b, @) (Jug) (b, a)] (w)
= Ju [t () () Gu®) (@) Gt ((Gg) () Gud) (a,)) ] ()

By property of the Fourier-Jacobi convolution, we have
Juldw (f @ 9) (b, @)l (W) = [(Gu®) (a, ) (Guf) (@) * (Gu) (@, ) (Gug) ()] (@).
Therefore by (2.4), we get
2.5 (Ju¥) (aw)jpu (f © 9) (@) = [(Gu) (a,-) (Guf) (@) % (3u30) (@) (Gug) ()] (w)-
This gives the relation between the Fourier-Jacobi wavelet transform convo-

lution and Fourier-Jacobi transformation convolution.
Let us set

Fo = (ju) (a,-) (Guf) ().
G, = (]MZ)) (a,-) (jltg) (-)-

Then by (1.3) and (1.4), we get

(2.6) (Ju®) (aw)ju (f © g) (W)
= /0 . (1Ga) (M)dp(n)
- [T { [ K600 i)
/0 Fu(0)Gal©)K (w,1, €)dia(€)du(n)
T[T RG ([T e men @ ) duaut
([ mestoiantn) ([ Gueron@an(© ) ertranoy

oo

(GuFa) (V) (GuGa) (N)pa(w)dv (D).
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Therefore by the inversion formula of the Fourier-Jacobi wavelet transform
(1.2), we have

. B 1 < . s
90 = T [ R ) GG Wpaw)iv()

= o) = 0t [ [ G ) GG W)

[T armaeam ([0 %du(w)) av())

_ /Ooo(qua)(/\)(Ju 2) NQa(\, 2)dv (),

where @), (], 2) is given by (2.3).
Then by the definition of the Fourier-Jacobi transformation (1.1])

(f®ag)(
_ / / ox(t) Guth) (at) Giuf) (1) dpt)

( / A() (i) (a8) () (€)d <5>) Qul, 2)db(N)

= [ G ) G 66) G 0 Gu)
(/OOO oA(t)oA(§)Qa(A, z)du(A)) dp(€)dp(t)
- /OOO /0 i (Gut) (at) (Gut) (a&) () (E) (Gug) (§)La(t, &, 2)dpu(§)dpult).

Therefore,

(f@g)(
- / / Gt (at) G @) ([ eatts@auto) [ o atmiantn)
Lo(t,&, z)du(&)dp
z//f:vg(y(/ / @z (t)py(§) (Ju2) (at)
(Jut) (a&) La(t, € dp(t)) du(z)dpu(y)

_ / / F(@)g(W) Ko(z, y, 2)dp(x)du(y),

where
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Ko(z,y.2) =[5 Jo @a(t)y (&) (5u%) (at) (5u¥0) (a&)La(t, &, 2)dpu(€)dpu(t).
If we define the generalized translation by
Fu(z,y) = (eaf) (W) = [y f(2)Kal2,y, 2)dp(2),
then

(f®9)(2) = [y (Toaf) (W)9(y)du(y).

Theorem 2.2. Assume that inf,, | (j, 1) (aw) |= By(a) > 0. Then
| Kaz,,2) 1< gy [,

Proof. From (2.2)) we have

Ko(2,,7)
_ / / 0o (D)3 (€) (G10) (at) (7,) (a) La(t, €, 2)dpu(€)dp(t)

[ee)

:(Awl 2a(t)py () (Gu®) (at) (ju) (af)
(/0"0 PA(t)Pa(€)QalA, z)dy(/\)) dp(€)dpu(t)

= [T ([ 000 o) i)

(AM%QMAO@MM%MMO)QJ&@MO)
" loe(®) Gu) (a8)] (Vi [0 ©) () (a€)] (N @ulh, 2)dr(N)

o0

- - ) ) (a o) o
T loelt) ) (00)» 2,(€) () ()] ) [ SN iy yavi)
(2() (i) (@) %24 () () (@)] (eal) [0 (a)] ™ ().

Now, set F,,(t) = ©a(t)(j,¢)(at) and assume that inf,, | (j,¢) (aw) |= By(a) >
0. Since | j,(2) |< 1, we have

I
c— — S—

| Ka(xa y7

(F, = Fy) | dp(w).
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Using ((1.6), we have

-2

By(a)

i | 1 o@ @0 |

g | eandny @2

| Ka(2,y,2) | < [1111,)°

2

IA

IN

<

1 2
Bu(a) [1%all1,]
< Bu(a) [[[1]]1,]” -

In order to obtain Plancharal formula for the Fourier-Jacobi wavelet trans-
form, we define the space

W 1) = 100,00 e = (5771 0a) 2 220 < oo

O
Theorem 2.3. Let f € L*(;u) and let g € L*(u). Then
1 Gof) (0.0 w2 = /Collf Il
Proof. Putting f = g in (1.14)), we prove the above theorem. O

Theorem 2.4. Let f,g € L*(u) and let v € L*(u) be a Bessel wavelet which
satisfies Cy, = [° | (juf) (b,a) |? d“ ) > 0. Then

1f © gll2 S [ £ ll2,pall g2, e[ ] 2,
Proof. Using theorem [2.3]and (2.1)),

Vel f®glzu = 175 (f @ 9) llw
= N[Juf(b,a)Jyg(b, a)llw-

e dufa)dp(t)\
@7 = ([ [ 1asoasng.a p 2O
From and (2.3), we have
b
2.8) [ Jsata) 2] o) 00) (2) 1 ol

Applying ([2.7) in (2.8), we have
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VOullf @ gllzp < llgllzpllll2p <fooo Jo 1w f(b,a)Jpg(b,a) |2 M)Q :
From [2.3] we obtain

VOullf @ gllzp < lgllzplldllzpn/Coll fll2u-

Hence

1f @ gllap < Ngll2ull@ll2ull fll20-

3. WEIGHTED SOBOLEV SPACE

In this section we study certain properties of the Fourier-Jacobi wavelet con-
volution on a Weighted Sobolev space defined below:

Definition 3.1. The Zemanian space H (o), is the set of all infinitely differentiable

functions ¢ on (—oo, 00) such that
1dNk
Vouk(9) = 8UPco.00) | 2™ (271 1E) 277 () |< o0,

forall m,k € Ny. Then f € H'(o) is defined by the following way:
(f.0) = [y fa)¢(x)dz, ¢ € H(o),

Definition 3.2. Let k(w) be an arbitrary weight function. Then a function ® €
[H(0)]' is said to belong to the weighted sobolev space G¥ () for 1 < p < oo, if it
satisfies

(3.1) [l = ( [ 1k @) @ du<w>)’i |

—00

where a > 0 and ® € L?(0).
In what follows we shall assume that k(w) =| (j,¢) (aw) | for fixed a > 0.

Theorem 3.1. Let f € Gi(0) and g € Gi(o),p > 1. Then
1f @ gllpoike = ULf 1ol llpok) -
Proof. In view of (3.1]) we have

=

1 @ gl = (S5 VRV ( © 9) () 1P dia(e))
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By (1.8) and (1.11) we have

1f @ gllpopr < IFa(w)l10pkllGalw)llp.opuk
< NGt (aw) Guf) (@) ll1opkll (Gut) () (Gug) (@) lp.opk-
From Definition we have

1F @ 9llponr = I Fllomklgllpom

Theorem 3.2. Let f € G(0) and g € G{(0), with1 <p,qg < ocoand ; = S+, —1.
Then

(3.2) If® QHnmu,k = ||f||p,ow7kHqu,muJﬁ'
Proof. Using ((1.10) and (3.1)) we get (3.2). O

Approximation properties of the Fourier-Jacobi wavelet convolution are given
next.

Theorem 3.3. Let 1, ,(w) = ¢,(aw),n = 0,1,2,.... be the sequence of basic
wavelet functions such that

1. Ype(w) >0,0 <w < o0,

2. [ Una(w)dp(w) = 1.
3. limy o0 [ Y a(w)dp(w) = 0, for each e > 0.
4. (juwn,a) (CU) - LL(])
5. 5 (Guthna) (@)] = Yna(w).
Then
limy, o0 [ £(0) = (Jy,. f) (b, @) [|l1,. = 0.
Proof. Refer in [6]. O

Theorem 3.4. Let k,(w) = (j, ) (aw) (jugn) (w) for fixed a > 0,n € N, and
P(w) = (Ju¥) (aw) (juf) (w) satisfy:

1. kp(w) > 0,0 <w < 0.

2. [7 kp(w)dp(w) =1,w=0,1,2,3,....

3. limy o0 [5 kp(w)dp(w) = 0, for each 6 > 0.

4. 6(w) € L™(p).

5. ¢ is continuous at wy and (j,) (awy) # 0 for wy € [w — 0, w + d], 5 > 0.
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Then
1imn—>oo ju (f & gn) (WO) - (]uf) (WO)~

Proof. In view of relation (2.5]) we have

(Juh) (aw)ju (f @ gn) (w) = (¢ k) (w).

Now, using Theorem (1.1, we have

T (i) (@) (f  g) (w0) = Tim (6% ) (o)

= ¢(wo)
= (Ju¥) (awo) (Juf) (wo).

This implies that

limy o0 ju (f @ gn) (wo) = (Juf) (wo)-
O
Theorem 3.5. Let f,¢ € L*(u) and k,(w) be the same as Theorem which
satisfies all the properties of Theorem Then
lim, o0 [| (Gut) (awo) (G,.f) (wo) = (Gu80) (awo)jy (f @ gn) (wo)ll1. = 0.

Proof. Using (2.5), we have

lim [ (j.4) (awo) (uf) (wo) = (Ju¥) (aw0)jiu (f @ gn) (wo)ll1

n—00

= Jim ] G) (o) Gf) () = [Git) (@) (i) ()

* (]uw) (a) (jugn) ()] (WO)HLM
— i [0en) = (0 ) () e

Since f,v, € L* (1), ¥(w) = (Juf) (Guta) = Ju (f * ) € L*(u). Therefore using
the tools of [6]], we have

hmn%oo ” (]u¢) (GWO) (]uf) (WO) - (]u¢) (awo)ju (f ® gn) (WO)HLH = 0.
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