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THE FOURIER-JACOBI WAVELET CONVOLUTION PRODUCT

C. P. Pandey1, Pranami Phukan, and Mopi Ado

ABSTRACT. The convolution product associated with the Fourier-Jacobi wavelet
transformation is investigated. Certain norm inequalities for the convolution
product are established.

1. INTRODUCTION

May authors studied the Fourier-Jacobi convolution for the following form of
the Fourier-Jacobi transformation of a function f ∈ L1(µ) and L1(µ) = {f :

∫∞
0
|

f(x) | dµ(x) <∞}. Namely,

(1.1) (jµf) (x) = f̂(x) =

∫ ∞
0

f(t)ϕλ(t)dµ(t),

where

dµ(t) = ∆(t)

(2π)
1
2
dt,

ϕλ(t) = (et − e−t)iλ−ρ F
(
β−α+1−iλ

2
, ρ−iλ

2
; 1− iλ;− 1

(sht)2

)
we say that f ∈ L1(µ), 1 ≤ p <∞, if

‖f‖p =
(∫∞

0
| f |p dµ

) 1
p <∞.
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If f ∈ L1(µ) and (jµf) ∈ L1(µ) then the inverse Fourier-Jacobi transform is
given by

(1.2) f(x) =
(
j−1
µ

[
f̂
])

(x) =

∫ ∞
0

f̂(x)ϕλ(t)dν(λ),

where f ∈ L1(µ), g ∈ L1(µ) then the Fourier-Jacobi convolution is defined by

(f ∗ g)(x) =

∫ ∞
0

∫ ∞
0

f(z)g(y)K(x, y, z)dµ(z)dµ(y)

(f ∗ g)(x) =

∫ ∞
0

(τxf) (y)g(y)dµ(y),(1.3)

where the Fourier-Jacobi translation τx is given by

(τxf) (y) = f(x, y) =

∫ ∞
0

f(z)K(x, y, z)dµ(z), 0 < x, y <∞(1.4)

K(x, y, z) =

∫ ∞
0

ϕλ(x)ϕλ(y)ϕλ(z)dν(λ)

= 2
1
2−2ρΓ(α+1)(chxchychz)α−β−1

Γ(α+ 1
2)(shxshyshz)2α

× F
(
α + β, α− β;α + 1

2
; 1−B

2

)
,

with

B = (chx)2+(chy)2+(chz)2−1
2chxchychz

, | x− y |< z < x1 + x2.

Here we note that K(x, y, z) is symmetric in x, y, z. Applying (1.2) and (1.4),
we get ∫∞

0
ϕλ(z)K(x, y, z)dµ(z) = ϕλ(x)ϕλ(y).

Setting t = 0, we get ∫∞
0
K(x, y, z)dµ(z) = 1.

Therefore in view of (1.4)

(1.5) ‖f̂(x, y)‖1 ≤ ‖f‖1.

Now, using (1.4) awe can write (1.3) in the following form

(f ∗ g)(x) =
∫∞

0

∫∞
0
K(x, y, z)f(z)g(y)dµ(z)dµ(y).

Some important properties of Fourier-Jacobi convolution that are relevant
are:

1. If f, g ∈ L1(µ) then from [1]

(1.6) ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.
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2. With the same assumptions

(1.7) jµ(f ∗ g)(x) = (jµf)(x)(jµg)(x).

3. Let f ∈ L1(µ) and g ∈ Lp(µ), p ≥ 1. Then (f ∗g) exists, is continuous and
from [1], we get the inequality

(1.8) ‖f ∗ g‖p ≤ ‖f‖1‖g‖p.

4. Let f ∈ Lp(µ) and g ∈ Lq(µ), 1
p

+ 1
q

= 1. Then (f ∗ g) exists, is continuous
and from [1], we have

(1.9) ‖f ∗ g‖∞ ≤ ‖f‖p‖g‖q.

5. Let f ∈ Lp(µ) and g ∈ Lq(µ), 1
r

= 1
p

+ 1
q
− 1. Then (f ∗ g) exists, is

continuous and from [1], we get the inequality

(1.10) ‖f ∗ g‖r ≤ ‖f‖p‖g‖q.

6. Let f ∈ Lp(µ), g ∈ Lq(µ) and h ∈ Lr(µ). Then the weighted norm
inequality

|
∫∞

0
f(x)(g ∗ h)(x)dµ(x) |≤ ‖f‖p‖g‖q‖h‖r

holds for 1
p

+ 1
q

+ 1
r

= 2.

As indicated above, the proof of property 1 to 1 are well known. Hence we
next give the proof of 1.

Using Holder’s inequality, we get

|
∫∞

0
f(x)(g ∗ h)(x)dµ(x) |≤ ‖f‖p‖g ∗ h‖s, 1

p
+ 1

s
= 1.

Therefore using (1.9) we have

|
∫∞

0
f(x)(g ∗ h)(x)dµ(x) |≤ ‖f‖p‖g‖q‖h‖s, 1

s
= 1

q
+ 1

r
− 1.

From paper, jµ is isometric on L2(µ),
(
j−1
µ jµf

)
= f , then Parsevals formula of

the Fourier-Jacobi transformation for f, g ∈ L2(µ) given by

(f ∗ g)∧(x) = f̂(x)ĝ(x)

⇒
∫ ∞

0

f(x)(g)(x)dµ(x) =

∫ ∞
0

(jµf) (y) (jµg) (y)dµ(y).

Furthermore, the relation also holds for f, g ∈ L1(µ), from [7].



2258 C. P. Pandey, P. Phukan, and M. Ado

For ψ ∈ L1(µ), using translation τ given in equation (1.4) and dilationDaf(x, y) =

f(ax, ay),

(1.11) ψ

(
t

a
,
b

a

)
= D 1

a
τbψ(t) =

∫ ∞
0

ψ(z)K

(
t

a
,
b

a
, z

)
dµ(z).

Then the continuous Fourier-Jacobi wavelet transform [5] of a function f ∈
L1(µ) with respect to wavelet ψ ∈ L1(µ) is defined by

(Jψf) (b, a) =

∫ ∞
0

f(t)ψ̄b,a(t)dµ(t)

=

∫ ∞
0

f(t)ψ̄

(
t

a
,
b

a

)
dµ(t), a > 0.(1.12)

By simple modification of (1.12), we get

(Jψf) (b, a) = (f ∗ ψ)
(
b
a

)
, a > 0.

From (1.3) and (1.4) the continuous Fourier-Jacobi wavelet transform of a
function f ∈ L1(µ) can be written in the form

(Jψf) (b, a) = (f ∗ ψ)

(
b

a

)
⇒ jµ [(Jψf) (b, a)] = jµ

[
(f ∗ ψ)

(
b

a

)]
⇒ jµ [(Jψf) (b, a)] = (jµf)

(
b

a

)
(jµψ)

(
b

a

)
⇒ [(Jψf) (b, a)] = j−1

µ

[
(jµf)

(
b

a

)
(jµψ)

(
b

a

)]
⇒ [(Jψf) (b, a)] =

∫ ∞
0

ϕλ(b) (jµf) (a, λ) (jµψ) (λ)dν(λ).(1.13)

Now we state that the Parseval formula of the Fourier-Jacobi wavelet trans-
form from [5],

(1.14)
∫ ∞

0

(Jψf) (b, a)(Jψg) (b, a)
dµ(a)dµ(b)

a
= Cψ〈f, g〉,

for f ∈ L2(µ) and g ∈ L2(µ).
Now, we also state from [6] which is useful for our approximation results.

Theorem 1.1. Suppose that

1. Mn(x) ≥ 0, 0 < x <∞.
2.
∫∞

0
Mn(x)dµ(x) = 1, n = 0, 1, 2, 3, . . . .
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3. limn→∞
∫∞
δ
Mn(x)dµ(x) = 0, for each δ > 0.

4. φ(x) ∈ L∞(µ).
5. φ is continuous at x0, x0 ∈ [x− δ, x+ δ] and δ > 0.

Then limn→∞ (φ ∗Mn) (x0) = φ(x0).

Corollary 1.1. With the same assumptions on Mn(x), if f(x) ∈ L∞(µ) then

limn→∞ ‖f ∗Mn − f‖1 = 0.

In this paper, Motivated from [4] we defined convolution product for Bessel
wavelet transform and study some of its properties.

2. THE BESSEL WAVELET CONVOLUTION PRODUCT

In this section, using properties (1.5), (??) and (1.11), we formally define the
convolution product for Fourier-Jacobi wavelet transform by the relation

(2.1) Jψ(f ⊗ g)(b, a) = (Jψf) (b, a) (Jψg) (b, a).

And investigate its boundedness and approximation properties. This in turn
implies that the product of two Fourier-Jacobi wavelet transform could be wavelet
transform under certain conditions.

Theorem 2.1. Let f, g, ψ ∈ L1(µ) and jµ(ψ)(ω) 6= 0. Then the Fourier-Jacobi
avelet convolution can be written in the form

(f ⊗ g)(z) =
∫∞

0
(τz,af) (y)g(y)dµ(y),

where

(τz,af) (y) =
∫∞

0
f(x)Ka(x, y, z)dµ(x),

(2.2)

Ka(x, y, z) =

∫ ∞
0

∫ ∞
0

ϕx(t)ϕy(ξ) (jµψ) (at) (jµψ) (aξ)La(t, ξ, z)dµ(ξ)dµ(t),

La(t, ξ, z) =
∫∞

0
ϕλ(t)ϕλ(ξ)Qa(λ, z)dν(λ),

and

(2.3) Qa(λ, z) =

∫ ∞
0

ϕλ(ω)ϕλ(z)

(jµψ) (aω)
dν(ω).

Proof. From (1.13) we have

(2.4) jµ [(Jψf) (b, a)] (ω) = (jµf) (λ) (jµψ) (aλ).
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Using (2.1) and (2.4), we get

jµ [Jψ (f ⊗ g) (b, a)] (ω) = jµ [(Jψf) (b, a) (Jψg) (b, a)] (ω)

= jµ
[
j−1
µ ((jµf) (·) (jµψ) (a, ·)) j−1

µ ((jµg) (·) (jµψ) (a, ·))
]

(ω).

By property (1.7) of the Fourier-Jacobi convolution, we have

jµ [Jψ (f ⊗ g) (b, a)] (ω) = [(jµψ) (a, ·) (jµf) (a) ∗ (jµψ) (a, ·) (jµg) (·)] (ω).

Therefore by (2.4), we get

(2.5) (jµψ) (aω)jµ (f ⊗ g) (ω) = [(jµψ) (a, ·) (jµf) (a) ∗ (jµψ) (a, ·) (jµg) (·)] (ω).

This gives the relation between the Fourier-Jacobi wavelet transform convo-
lution and Fourier-Jacobi transformation convolution.

Let us set

Fa = (jµψ) (a, ·) (jµf) (·).
Ga = (jµψ) (a, ·) (jµg) (·).

Then by (1.3) and (1.4), we get

(jµψ) (aω)jµ (f ⊗ g) (ω)(2.6)

=

∫ ∞
0

(τωGa) (η)dµ(η)

=

∫ ∞
0

Fa(η)

{∫ ∞
0

K(ω, η, ξ)Ga(ξ)dµ(ξ)

}
dµ(η)

=

∫ ∞
0

∫ ∞
0

Fa(η)Ga(ξ)K(ω, η, ξ)dµ(ξ)dµ(η)

=

∫ ∞
0

∫ ∞
0

Fa(η)Ga(ξ)

(∫ ∞
0

ϕλ(ω)ϕλ(η)ϕλ(ξ)dν(λ)

)
dµ(ξ)dµ(η)

=

∫ ∞
0

(∫ ∞
0

Fa(η)ϕλ(η)dµ(η)

)(∫ ∞
0

Ga(ξ)ϕλ(ξ)dµ(ξ)

)
ϕλ(ω)dν(λ)

=

∫ ∞
0

(jµFa) (λ) (jµGa) (λ)ϕλ(ω)dν(λ).
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Therefore by the inversion formula of the Fourier-Jacobi wavelet transform
(1.2), we have

jµ (f ⊗ g) (z) =
1

(jµψ) (aω)

∫ ∞
0

(jµFa) (λ) (jµGa) (λ)ϕλ(ω)dν(λ)

⇒ (f ⊗ g) (z) = j−1
µ

[
ϕλ(z)

(jµψ) (aω)

∫ ∞
0

(jµFa) (λ) (jµGa) (λ)ϕλ(ω)dν(λ)

]
=

∫ ∞
0

(jµFa) (λ) (jµGa) (λ)

(∫ ∞
0

ϕλ(z)ϕλ(ω)

(jµψ) (aω)
dν(ω)

)
dν(λ)

=

∫ ∞
0

(jµFa) (λ) (jµGa) (λ)Qa(λ, z)dν(λ),

where Qa(λ, z) is given by (2.3).
Then by the definition of the Fourier-Jacobi transformation (1.1)

(f ⊗ g) (z)

=

∫ ∞
0

∫ ∞
0

ϕλ(t) (jµψ) (at) (jµf) (t)dµ(t)(∫ ∞
0

ϕλ(ξ) (jµψ) (aξ) (jµg) (ξ)dµ(ξ)

)
Qa(λ, z)dν(λ)

=

∫ ∞
0

∫ ∞
0

(jµψ) (at) (jµψ) (aξ) (jµf) (t) (jµg) (ξ)(∫ ∞
0

ϕλ(t)ϕλ(ξ)Qa(λ, z)dν(λ)

)
dµ(ξ)dµ(t)

=

∫ ∞
0

∫ ∞
0

(jµψ) (at) (jµψ) (aξ) (jµf) (t) (jµg) (ξ)La(t, ξ, z)dµ(ξ)dµ(t).

Therefore,

(f ⊗ g) (z)

=

∫ ∞
0

∫ ∞
0

(jµψ) (at) (jµψ) (aξ)

(∫ ∞
0

ϕx(t)f(x)dµ(x)

∫ ∞
0

ϕy(ξ)g(y)dµ(y)

)
La(t, ξ, z)dµ(ξ)dµ(t)

=

∫ ∞
0

∫ ∞
0

f(x)g(y)

(∫ ∞
0

∫ ∞
0

ϕx(t)ϕy(ξ) (jµψ) (at)

(jµψ) (aξ)La(t, ξ, z)dµ(ξ)dµ(t)) dµ(x)dµ(y)

=

∫ ∞
0

∫ ∞
0

f(x)g(y)Ka(x, y, z)dµ(x)dµ(y),

where
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Ka(x, y, z) =
∫∞

0

∫∞
0
ϕx(t)ϕy(ξ) (jµψ) (at) (jµψ) (aξ)La(t, ξ, z)dµ(ξ)dµ(t).

If we define the generalized translation by

Fa(z, y) = (τz,af) (y) =
∫∞

0
f(x)Ka(x, y, z)dµ(x),

then

(f ⊗ g) (z) =
∫∞

0
(τz,af) (y)g(y)dµ(y).

�

Theorem 2.2. Assume that infω | (jµψ) (aω) |= Bψ(a) > 0. Then

| Ka(x, y, z) |≤ a−2

Bψ(a)
[‖ψ‖1,µ]2 .

Proof. From (2.2) we have

Ka(x, y, z)

=

∫ ∞
0

∫ ∞
0

ϕx(t)ϕy(ξ) (jµψ) (at) (jµψ) (aξ)La(t, ξ, z)dµ(ξ)dµ(t)

=

∫ ∞
0

∫ ∞
0

ϕx(t)ϕy(ξ) (jµψ) (at) (jµψ) (aξ)(∫ ∞
0

ϕλ(t)ϕλ(ξ)Qa(λ, z)dν(λ)

)
dµ(ξ)dµ(t)

=

∫ ∞
0

(∫ ∞
0

ϕx(t)ϕλ(t) (jµψ) (at)dµ(t)

)
(∫ ∞

0

ϕy(ξ)ϕλ(ξ) (jµψ) (aξ)dµ(ξ)

)
Qa(λ, z)dν(λ)

=

∫ ∞
0

jµ [ϕx(t) (jµψ) (at)] (λ)jµ [ϕy(ξ) (jµψ) (aξ)] (λ)Qa(λ, z)dν(λ)

=

∫ ∞
0

jµ [ϕx(t) (jµψ) (at) ∗ ϕy(ξ) (jµψ) (aξ)] (λ)

∫ ∞
0

ϕλ(ω)ϕλ(z)

(jµψ) (aω)
dν(ω)dν(λ)

=

∫ ∞
0

[ϕx(·) (jµψ) (a·) ∗ ϕy(·) (jµψ) (a·)] (λ)ϕλ(ω) [(jµψ) (aω)]−1 dν(ω).

Now, set Fa(t) = ϕλ(t)(jµψ)(at) and assume that infω | (jµψ) (aω) |= Bψ(a) >

0. Since | jµ(z) |≤ 1, we have

| Ka(x, y, z) |≤ 1
Bψ(a)

∫∞
0
| (Fa ∗ Fa) | dµ(ω).
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Using (1.6), we have

| Ka(x, y, z) | ≤ a−2

Bψ(a)
[‖ψ‖1,µ]2

≤ 1

Bψ(a)

[∫ ∞
0

| ϕλ(x)(jµψ)(aλ)dµ(λ) |
]2

≤ 1

Bψ(a)

[∫ ∞
0

| ψ(aλ))dµ(λ) |
]2

≤ 1

Bψ(a)
[‖ψa‖1,µ]2

≤ a−2

Bψ(a)
[‖ψ‖1,µ]2 .

In order to obtain Plancharal formula for the Fourier-Jacobi wavelet trans-
form, we define the space

W 2(I × I) =

{
f(b, a) : ‖f‖W 2 =

(∫∞
0

∫∞
0
| f(b, a) |2 dµ(a)dµ(b)

a2

)2

<∞
}
.

�

Theorem 2.3. Let f ∈ L2(µ) and let g ∈ L2(µ). Then

‖ (jψf) (b, a)‖ω2 =
√
Cψ‖f‖2,µ.

Proof. Putting f = g in (1.14), we prove the above theorem. �

Theorem 2.4. Let f, g ∈ L2(µ) and let ψ ∈ L2(µ) be a Bessel wavelet which
satisfies Cψ =

∫∞
0
| (jψf) (b, a) |2 dµ(a)

a
> 0. Then

‖f ⊗ g‖2,µ ≤ ‖f‖2,µ‖g‖2,µ‖ψ‖2,µ.

Proof. Using theorem 2.3 and (2.1),√
Cψ‖f ⊗ g‖2,µ = ‖Jψ (f ⊗ g) ‖W 2

= ‖Jψf(b, a)Jψg(b, a)‖W 2

=

(∫ ∞
0

∫ ∞
0

| Jψf(b, a)Jψg(b, a) |2 dµ(a)dµ(b)

a2

) 1
2

.(2.7)

From (1.13) and (2.3), we have

(2.8) | Jψg(b, a) |≤| (g(a·) ∗ ψ(·))
(
b

a

)
|≤ ‖g‖2,µ‖ψ‖2,µ.

Applying (2.7) in (2.8), we have
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Cψ‖f ⊗ g‖2,µ ≤ ‖g‖2,µ‖ψ‖2,µ

(∫∞
0

∫∞
0
| Jψf(b, a)Jψg(b, a) |2 dµ(a)dµ(b)

a2

) 1
2
.

From 2.3, we obtain√
Cψ‖f ⊗ g‖2,µ ≤ ‖g‖2,µ‖ψ‖2,µ

√
Cψ‖f‖2,µ.

Hence

‖f ⊗ g‖2,µ ≤ ‖g‖2,µ‖ψ‖2,µ‖f‖2,µ.

�

3. WEIGHTED SOBOLEV SPACE

In this section we study certain properties of the Fourier-Jacobi wavelet con-
volution on a Weighted Sobolev space defined below:

Definition 3.1. The Zemanian space H(σ), is the set of all infinitely differentiable
functions φ on (−∞,∞) such that

γσm,k(φ) = supx∈(0,∞) | xm
(
x−1 d

dx

)k
x−σ

2
φ(x) |<∞,

for all m, k ∈ N0. Then f ∈ H ′(σ) is defined by the following way:

〈f, φ〉 =
∫∞

0
f(x)φ(x)dx, φ ∈ H(σ),

Definition 3.2. Let k(ω) be an arbitrary weight function. Then a function Φ ∈
[H(σ)]′ is said to belong to the weighted sobolev space Gp

k(σ) for 1 ≤ p < ∞, if it
satisfies

(3.1) ‖Φ‖p,σ,µ,k =

(∫ ∞
−∞
| k(ω) (H(φ)) (ω) |p dµ(w)

) 1
p

,

where a > 0 and Φ ∈ Lp(σ).

In what follows we shall assume that k(ω) =| (jµψ) (aω) | for fixed a > 0.

Theorem 3.1. Let f ∈ G1
k(σ) and g ∈ G1

k(σ), p ≥ 1. Then

‖f ⊗ g‖p,σ,µ,k = (‖f‖1,σ,µ,k‖g‖p,σ,µ,k) .

Proof. In view of (3.1) we have

‖f ⊗ g‖p,σ,µ,k =
(∫∞
−∞ | k(ω)jµ (f ⊗ g) (ω) |p dµ(ω)

) 1
p
.
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By (1.8) and (1.11) we have

‖f ⊗ g‖p,σ,µ,k ≤ ‖Fa(ω)‖1,σ,µ,k‖Ga(ω)‖p,σ,µ,k
≤ ‖ (jµψ) (aω) (jµf) (ω)‖1,σ,µ,k‖ (jµψ) (aω) (jµg) (ω)‖p,σ,µ,k.

From Definition 3.2, we have

‖f ⊗ g‖p,σ,µ,k = ‖f‖1,σ,µ,k‖g‖p,σ,µ,k.

�

Theorem 3.2. Let f ∈ Gp
k(σ) and g ∈ Gq

k(σ), with 1 ≤ p, q <∞ and 1
r

= 1
p

+ 1
q
−1.

Then

(3.2) ‖f ⊗ g‖r,σ,µ,k = ‖f‖p,σ,µ,k‖g‖q,σ,µ,k.

Proof. Using (1.10) and (3.1) we get (3.2). �

Approximation properties of the Fourier-Jacobi wavelet convolution are given
next.

Theorem 3.3. Let ψn,a(ω) = ψn(aω), n = 0, 1, 2, .... be the sequence of basic
wavelet functions such that

1. ψn,a(ω) ≥ 0, 0 < ω <∞.
2.
∫∞

0
ψn,a(ω)dµ(ω) = 1.

3. limn→∞
∫∞
ε
ψn,a(ω)dµ(ω) = 0, for each ε > 0.

4. (jµψn,a) (ω) ∈ L1
µ(I).

5. j−1
µ [(jµψn,a) (ω)] = ψn,a(ω).

Then

limn→∞ ‖f(b)− (Jψnf) (b, a)‖1,µ = 0.

Proof. Refer in [6]. �

Theorem 3.4. Let kn(ω) = (jµψ) (aω) (jµgn) (ω) for fixed a > 0, n ∈ N , and
φ(ω) = (jµψ) (aω) (jµf) (ω) satisfy:

1. kn(ω) ≥ 0, 0 < ω <∞.
2.
∫∞
−∞ kn(ω)dµ(ω) = 1, ω = 0, 1, 2, 3, . . . .

3. limn→∞
∫∞
δ
kn(ω)dµ(ω) = 0, for each δ > 0.

4. φ(ω) ∈ L∞(µ).

5. φ is continuous at ω0 and (jµψ) (aω0) 6= 0 for ω0 ∈ [ω − δ, ω + δ] , δ > 0.
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Then

limn→∞ jµ (f ⊗ gn) (ω0) = (jµf) (ω0).

Proof. In view of relation (2.5) we have

(jµψ) (aω)jµ (f ⊗ gn) (ω) = (φ ∗ kn) (ω).

Now, using Theorem 1.1, we have

lim
n→∞

(jµψ) (aω0)jµ (f ⊗ gn) (ω0) = lim
n→∞

(φ ∗ kn) (ω0)

= φ(ω0)

= (jµψ) (aω0) (jµf) (ω0).

This implies that

limn→∞ jµ (f ⊗ gn) (ω0) = (jµf) (ω0).

�

Theorem 3.5. Let f, ψ ∈ L2(µ) and kn(ω) be the same as Theorem 3.4, which
satisfies all the properties of Theorem 3.3. Then

limn→∞ ‖ (jµψ) (aω0) (jµf) (ω0)− (jµψ) (aω0)jµ (f ⊗ gn) (ω0)‖1,µ = 0.

Proof. Using (2.5), we have

lim
n→∞

‖ (jµψ) (aω0) (jµf) (ω0)− (jµψ) (aω0)jµ (f ⊗ gn) (ω0)‖1,µ

= lim
n→∞

‖ (jµψ) (aω0) (jµf) (ω0)− [(jµψ) (a·) (jµf) (·)

∗ (jµψ) (a·) (jµgn) (·)] (ω0)‖1,µ

= lim
n→∞

‖ψ(ω0)− (ψ ∗ kn) (ω0)‖1,µ.

Since f, ψa ∈ L2(µ), ψ(ω) = (jµf) (jµψa) = jµ (f ∗ ψa) ∈ L1(µ). Therefore using
the tools of [6], we have

limn→∞ ‖ (jµψ) (aω0) (jµf) (ω0)− (jµψ) (aω0)jµ (f ⊗ gn) (ω0)‖1,µ = 0.

�
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