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ABSTRACT. An eternal 1-secure set, in a graph G = (V, E) isaset D C V having
the property that for any finite sequence of vertices r1,rq,. .., 7 there exists a
sequence of vertices vy, v9,...,v, and a sequence D = Dy, D1, D>, ..., Dy of
dominating sets of G, such that for each i, 1 <i <k, D; = (D;—1 — {v; }) U{r;},
where v; € D;,_y and r; € Nlv;]. Here r; = v; is possible. The cardinality of
the smallest eternal 1-secure set in a graph G is called the eternal 1-security
number of G. In this paper we study a variations of eternal 1-secure sets named
safe eternal 1-secure sets. A vertex v is safe with respect to an eternal 1-secure
set S'if N[v]()S = 1. An eternal 1 secure set S is a safe eternal 1 secure set if at
least one vertex in G is safe with respect to the set S. We characterize the class
of graphs having safe eternal 1-secure sets for which all vertices - excluding
those in the safe 1-secure sets - are safe. Also we introduce a new kind of
directed graphs which represent the transformation from one safe 1 - secure set
to another safe 1-secure set of a given graph and study its properties.

1. INTRODUCTION

Throughout this paper by a graph G = (V, E) we mean a finite, connected,
undirected graph without loops or multiple edges and by D = (V, A) we mean
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a finite and simple directed graph without multiple arcs. For graph theoretic
terminology we refer to West [15]. A dominating set in a graph is a set of
vertices D having the property that every vertex in V — D is adjacent to at
least one vertex in D. A dominating set D is a minimal dominating set if no
proper subset of D is a dominating set. The minimum number of elements in
a minimal dominating set is called the domination number and it is denoted by
v(G). The concepts related to domination are well explained in the books by
Haynes, Hedetniemi and Slater [[4].

Police forces are deployed to guard the important places in a city on the oc-
casion of riots. Deploying the policemen at all places is not practically possible.
Instead group of policemen can be deployed at the key places and the remaining
places can be brought under their surveillance. In case of emergency, the police
party could move to the place where a need arises. The policemen can guard
all the places only if they either have a camp there or they can reach the place
directly from the place of their camp. This problem can be modeled as follows.

All important places in a city are represented by nodes in a graph and the di-
rect road connectivity between two places by edges connecting the correspond-
ing nodes. The police party must be stationed at the places which correspond to
a dominating set in the graph for effective surveillance of the places. If a place
where no policemen stationed is attacked by the terrorists then the police from
an adjacent place will come forward to defend the attack and will remain in the
new place until there is no attack in the neighboring places. Set of the places
where the police force is stationed is denoted by D and it must be domination
set in the underlying graph. The position of police force may change after each
attack. This situation is mathematically modeled below.

If a place represented by the vertex w € V — D is attacked by the enemy,
then the police force from one of the places represented by a vertex v in the
dominating set D moves to defend the attack. But the resulting set D —{v}U{w}
may not be a dominating set. Motivated by this fact, the eternal 1-secure set is
defined. An eternal 1-secure set is a dominating set D C V having the property
that for any finite sequence of vertices rq,rs, ..., 7, there exists a sequence of
vertices vy, vo, ..., v, and a sequence D = Dy, Dy, Ds, ..., Dy of dominating sets
of G, such that for each i, 1 <i <k, D; = (D;_1 — {v;}) U {r;}, where v; € D;
and r; € N[v;]. It may be noted that r; = v; is possible. The number of elements
of a smallest eternal 1-secure set is called the eternal 1-security number. This
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parameter was introduced by Burger et al. [1,12]. They used the notation ~,,
which was later replaced by the notation o4 (G) by Goddard et al. [3]].

Goddard et al. [3]] proved the following inequality, which is valid for all graphs
G,

a(G) < 1(G) < 6(G).

Here a(G) is the independence number and 6(G) is the clique covering number
of G. Also we have 0, (G) < ay(G), where a4 (G) equals the edge covering number
of a graph G. It is well known that for any graph G of order n, a; (G) + 1 (G) =
n. The following upper bound in terms of independence number is given by
Klostermeyer et al.

Theorem 1.1. [5] For any graph G with independence number o(G) > 1,

a(G) +1

Fractional versions of domination was studied by Reji et al. in a sequence of
papers [|7H14] Connected eternal domination was defined by Reji et al. [6] by
adding the condition that the eternal dominating set must induce a connected
sub-graph of the underlying graph. In this paper we study another variation of
the eternal domination problem. We restate the problem as a two player game.
One player is the defender and the other player is the attacker. The defender
will select a dominating set D; in the i** step of the play, such that there exists at
least one vertex v satisfying |N[v] (| D;| = 1. Let Ap, = {v € V|N[pv] D; = 1}.
In each step an attacking player selects a vertex r; € Ap,. Then the first player
modifies his set D; to obtain D, = (D; — {v;}) U{r:}, where v; € N[r;]. While
playing the game, if the set Ap, becomes empty, then the game stops. The main
question is, whether for a given graph G, the game terminates after some time
or goes indefinitely? We try to find answer to these questions in the following
section. The vertices in the set Ap,, are called safe vertices. If a vertex x € Ap, is
in D; also, then x is a safe dominating vertex. The dominating set D, is called a
safe 1-secure set if Ap, # 0.

If the second player selects a safe dominating vertex, then we get D; = D,
and we call it a trivial case. An initial dominating set D, can be called a
failed dominating set, if responding to a sequence of attacks at the vertices
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r1,72,73,...,7;, the set obtained D;,; is not a dominating set. If the dominating
set is not a failed dominating set , then it is a winner dominating set.

In the next section we prove that every graph has at least one safe 1 - secure
set and give a characterization of the graphs in which all vertices excluding one
is a safe vertex. We then classify the whole family of graphs into three classes
based on the existence of safe 1 - secure set.

In the third section, we define a new kind of directed graphs which represent
the transformation from one safe 1 - secure set to another safe 1 - secure set of
a given graph.

2. SAFE ETERNAL 1 - SECURITY IN GRAPHS

If for any finite sequence of safe vertices r1, 79, ..., 1, there exists a sequence
of vertices vy, vq, ..., v, and a sequence D = Dy, Dy, D>, ..., D, of safe 1-secure
sets of (G, which satisfy the conditions given above, then the same is true for any
infinite sequence of safe vertices r{, 79, ..., and vice versa. Next we proceed to
prove that every graph has at least one safe 1 - secure set.

Theorem 2.1. Every graph has at least one safe 1 - secure set.

Proof Let x € V be any leaf in a graph G. Then the set D = V' — {z} is a safe
1-secure set. If the graph GG does not have any leaf, then we have the following
cases.

Case 1: There is a vertex v € V such that all vertices in N[v] —{v} are adjacent
to a vertex in V' — N[v]. Make D using exactly one vertex, which is in N[v] — {v}
and all the vertices in V' — N|[v].

Case 2: There is no vertex v € V such that all vertices in N[v] — {v} are
adjacent to a vertex in V' — N|v|. Since there is no leaf in G, for any « € V, there
exist some y € N(x) such that N[y|] C N|[z|. If there exists only one such vertex
in N(z) for some z, say w, then the set D = (V' — N[w|) |J{z} is a safe 1-secure
set.

Next assume that G is a graph such that for any v € V, there exists two
vertices ,,, 2,9 € N(v) and N[z,,], N[z, € N[v]. If x,, and z,, are adjacent,
then both (V' — N[z,;]) U{x,:} and (V — Nz,s]) U{z.2} are safe 1-secure sets.

Finally assume that G is a graph such that for any v € V, there exists two
vertices 1, Tyo € N(v), N[xy1], N[zy] € N[v] and z,, and z,, are not adjacent.
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We claim that this case is impossible. Otherwise the inclusion described above
is proper and this implies the existence of a proper chain of subsets of V; V' D
N[z] D N]y] D N[z] D ..., where y € N(x), z € N(y) etc. This contradicts the
fact that the graph is finite. d

Next theorem is a characterization of the graphs such that all safe 1 - secure
sets are safe eternal 1 - secure sets and all vertices in V' — D are safe with respect
to D, for any safe eternal 1 - secure set D.

Theorem 2.2. Let D, be an eternal 1 - secure set of a graph G and the subsequent
safe 1 - secure sets are Dy, Do, .... All vertices in V — D; are safe with respect to D;,
where i =0, 1,2, ... if and only if G is a disjoint union of complete graphs.

Proof. Let G be a disjoint union of complete graphs. We claim that any safe
eternal 1 - secure set of G contains exactly one vertex from each component.
Suppose, two vertices in a component are present in a safe eternal 1 - secure
set. None of the vertices in that component is a safe vertex. So it is clear
that any safe eternal 1 - secure set of G contains exactly one vertex from each
component and all other vertices in each component are safe vertices.

To prove the converse, first we shall prove that if u,v and w are any three
vertices in the graph such that the edges (u,v) and (v, w) are present in it, then
(u,w) is also present. Suppose that (u,w) is not present in G. Now we have to
consider the following two cases.

Case 1: The vertex v is a member of the safe eternal 1 - secure set D,. Then
v and w cannot be in Dy. Suppose that the vertex u is selected by the second
player. The fist player modifies Dy by replacing v by u to get the eternal 1 -
secure set D;. If the second player selects the vertex w subsequently, then Dy =
(Dy — {u}) U {w} must be an eternal 1 - secure set. Otherwise |Dy N N[w]| > 2,
which is a contradiction.

Case 2: The vertex v ¢ Dy. Then there exists exactly one vertex x € N(v),
such that z € D,. The possibility that = is either u or w is not ruled out. All
vertices in N(v) must be adjacent to x. If + = u or x = w, we are done.
Otherwise suppose that the second player selects the vertex v and consequently
the first player selects a new dominating set which contains v. Since v and w
are not in the new dominating set, by the steps of case 1, we can show that u
and w are adjacent.
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Thus whenever there are three vertices u, v and w, such that the edges (u,v)
and (v, w) are present in the graph, then the edge (u,w) is also present in G.
Thus if G is connected, then it is a complete graph. Otherwise it is a disjoint
union of complete graphs. d

Now we define three different types of graphs, which form the basis of the
classification of the family of all graphs. A graph G is an «; - graph if it has
no safe eternal 1 - secure set. A graph is a 3, - graph if it has at least one safe
eternal 1 - secure set. A graph is a v; - graph if every safe 1 - secure set of the
graph is a safe eternal 1 - secure set. The following are examples of graphs for
each type. Let GG be a path having length two in which the vertex v is adjacent
to v and w. The set {u,v,w} is not a safe 1 - secure set. The set D = {u,v} is
a safe 1 - secure set. But after defending an attack at w, the new set obtained,
that is {u, w} not a safe 1 - secure set. The set D = {v, w} gives a similar result.
Next we have to consider all one vertex cases. The sets {u} and {v} are not safe
1 - secure sets. Even though D = {v} is a safe 1 - secure set, after one attack,
the resulting set is not a safe 1 - secure set.

Theorem 2.3. Complete multipartite graphs K, ., ., where r; > 2 for some i are
in oy category.

gooe

partitioned in to Vi, V5,...V,. Let Dy be a safe 1 - secure set chosen by the
first player and let v € V(G) be a safe vertex. Then |N(u) N Dy| = 1. We
can relabel the partition so that v € V; and v € V5. Since u is a safe vertex,
DoV = Vi —{v}) = ¢.

Now we have to consider two cases.

Case 1: |Vj| > 1. We claim that, x € D, for all z € V; —{u}. Suppose not. Let
x € Vi and x ¢ D,. The second player chooses the vertex u and subsequently the
first player selects the set D; = Dy—{v}U{u}. But this set is not a dominating set
as the vertex z is not defended by any guard in D;. Hence the claim is proved.
Next we proceed by assuming that |D, (V7 — {u})| = 1. After u being chosen
by the second player, D; (Vi = V; and D, ((V — V;) = ¢. There are only safe
dominating vertices left in the graph. So the graph is in the o, category.

Case 2 : |Vj| = 1. We claim that |V;| = 1 for all i. Suppose |V;| > 1 for some
i > 1. After the vertex u being selected by the second player, D; (Vi = ¢ for
all 7 > 1. Subsequently if the second player chooses a vertex = € V;, from V; for



SAFE ETERNAL 1-SECURE SETS 2543

which |V;| > 1. Then Dy = D; — {u} U{z} is not a dominating set. So the graph
is in o category. O

For a complete graph any dominating set containing exactly one vertex is a
safe eternal 1- secure set and no other dominating set is a safe 1- secure set. So
all complete graphs are in ~; - category.

Next we proceed to find a class of graphs which fall in g; - category. A member
of this class is constructed using the graphs G, Go, ..., G, such that G; = K,
where n > 3. Let T be the class of all graphs obtained by using G;s, either fusing
some vertices in V(G;) and V(G;) or adding edges between a vertex V(G;) and
a vertex in V (G;) or applying both operations, such that there exists at least one
vertex v; € V(G;) satisfying N[v;] C V(G;), for each i.

Theorem 2.4. If G € %, then G is a (3, - graph. Also, o5, (G) = r where r is the
number of complete graphs used to construct G.

Proof. First player can choose Dy = {vy, vs, ..., v, }, where v; € V(G,) if i = j and
v; ¢ V(G;) if i # j. Second player can select any vertex which is not in Dy, say
r € G;. Then Dy = (Do — {v;}) U{r}. Renaming r by v;, we can repeat the game
any number of times. Next suppose that there exists a safe eternal dominating
set with |Dy| = r — 1. Let Dy = {v1,vs,...,v—1)}. Then at least one vertex is
common to G; and G, where i # j.

We can place one guard exactly at one vertex in each G;. This guard can move
to defend any attack with in GG;. The presence of at least one vertex in every
complete graph v; € V(G;) with the property N[v;] C V(G;) ensures minimum
one safe vertex in each G;. This arrangement is the smallest possible. So we get
0s1(G) = r. O

Another class of graphs & is obtained by joining to some vertices in G € ¥,
the vertex having degree n in K, ,,, where n > 2 using an edge.

Theorem 2.5. Let G € & be constructed using r complete graphs and the stars
Kin, King, ... Kiy,. Then Gisa By - graph and 0 (G) =7+ ), n,.

Proof. Arrangement of guards in the clique subgraphs in G is done as in the
pervious proof. In addition, we have to arrange guards at leaves in K, ,,, for
all 7. This arrangement is a safe eternal 1 security set. Thus the graph is in
fy category. The number of guards required is » + ), n;. Next suppose that
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the graph has an arrangement of guards in its safe eternal 1 security set which
contains less vertices than r + ) . n,. If the guard absent is in a clique, then two
connected cliques ¢ and C5 must be guarded by a guard. Let v; and v, be the
vertices in (' and C, respectively, where no other clique is joined. An attack
either at v; or vy results into a non secure set. If a guard is absent in a star
subgraph (say in K ,,) of G, then one guard must be present at the vertex with
degree n; and two leaves must be vacant. If the enemy attacks one of the leaves,
the guard at the center vertex must defend it. This makes the second vacant leaf
un-dominated. So at least r + ) . n; guards are required. O

We have proved that one can easily find a safe one secure set in any graph.
But for a safe one secure set to be a safe eternal one secure set is extremely
difficult. This difficulty naturally reduces the possibility to exist graphs having
the property that all safe one secure sets are safe eternal one secure sets. So we
conjecture that the only class of graphs which is in the v; category is K,. Next
we proceed to describe the three categories of graphs in an elegant way. The
relationship of the three classes of graphs is given in the Figure 2.1.

oy graphs 7, graphs

(1 graphs

Figure 2.1

We denote the set of all subsets of V, excluding the empty set, by P(G). The
set of all safe one secure sets of G is denoted by &(G). Clearly &(G) C PB(G).
We can construct a directed graph with vertices equivalent to the elements in
B(G) and a directed edge from S € S(G) to P € B(G) if and only if it is possible
to get P as the new arrangement of guards when a safe vertex in the set S is
attacked. The graph thus obtained is named the safe graph. We denote the safe
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graph of a graph G by G;. In the following section we study the general nature
of the safe graph of a graph G.

3. SAFE GRAPH OF A GRAPH

The following properties of safe graphs are very clear.

- There is no directed edge from a vertex in B(G) — &(G) to a vertex in
S(G).

- It is possible to exist directed edges in both directions between two ver-
tices.

- For a given graph G, G is unique.

- The graph G is not in general connected because some graphs have safe
1 secure sets of different cardinality. Since rearrangements of guards do
not alter their number, there cannot be a directed path connection be-
tween two vertices representing safe 1 secure sets of different cardinal-
ity. So, if a graph has safe 1 secure sets of different cardinality, then G,
is disconnected.

Lemma 3.1. If there is a leaf S in G with in-degree, then S € PB(G) — &(G).

Proof. Since S a leaf in G, with in-degree, it is clear that S is not a safe one
secure set. Hence the lemma. O

Lemma 3.2. If G has two safe 1 secure sets of different cardinality, then G is
disconnected.

Proof. In G4, if S; and S, represent two safe 1 secure sets of different cardinality,
then it is not possible to arrange guards in S, starting from S; or vice versa,
defending a sequence of attacks at the vertices in G. Hence the result. g

Theorem 3.1. A graph G is an «; graph if and only if there is no vertex s in G
such that the induced subgraph of all the vertices reachable from s has no vertex,
which is an element of B(G) — S(G).

Proof. Suppose that the graph GG has a vertex s such that the induced subgraph
of all the vertices reachable from s has no vertex, which is an element of B(G) —
S(G). Consider all the vertices which are reachable through directed paths from
the vertex s. Name the set of all vertices on such paths by R. By our assumption,
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RNP(G) — 6(G) = 0. Since S(G) is a finite set, vertices in each directed path
must repeat an infinite number of times. Thus some vertices in R make directed
cycles in G. If two directed cycles have some vertices in common, then take the
union of the cycles. Consider the biggest such subgraph C' of G, which is the
join of directed cycles. Let S be a safe one secure set corresponding to a vertex
v in C. We can defend any sequence of attacks at the vertices in G arranging
guards at the vertices in S. So S is an safe eternal one secure set and G is not
an «; graph.

Conversely, if G is not an «; graph, then it is a #; graph. By definition there
exists a safe eternal one secure set S. Then reversing the arguments in the first
part of the proof, we get a vertex s which corresponds to S, such that such that
the induced subgraph of all the vertices reachable from s has no vertex, which
is an element of P(G) — &(G). O

Theorem 3.2. A graph G is a 5, graph if and only if there is a connected induced
subgraph of G5, which has all vertices in S(G).

Proof. Suppose that the graph G, has a safe 1 secure set. vertex s such that the
induced subgraph of all the vertices reachable from s has no vertex, which is an
element of P(G) — &(G). Consider all the vertices which are reachable through
directed paths from the vertex s. Name the set of all vertices on such paths by
R. By our assumption, RN‘P(G) — S(G) = . Since S(G) is a finite set, vertices
in each directed path must repeat infinite times. Thus some vertices in R make
directed cycles in G,. If two directed cycles have some vertices in common, then
take the union of the cycles. Consider the biggest such subgraph C' of G, which
is the join of directed cycles. Let S be a safe one secure set corresponding to
a vertex v in C. We can defend any sequence of attacks at the vertices in G
arranging guards at the vertices in S. So S is a safe eternal one secure set and
hence G is not an «; graph.

Conversely, if GG is not an «; graph, then it is a §; graph. By definition, there
exists a safe eternal one secure set S. Then reversing the arguments in the
first part of the proof, we get a vertex s, which corresponds to S, such that the
induced subgraph of all the vertices reachable from s has no vertex, which is an
element of P(G) — S(G). O

Theorem 3.3. A graph G is a v, graph if and only if there is no edge directed from
a vertex in S(G) to a vertex in P(G) — S(G).
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Proof. Suppose that the graph G has an edge directed from a vertex S € G(G)
to a vertex P € P(G) — 6(G). Clearly S is not a safe eternal 1 secure set. Hence
G is not a ~; graph.

Conversely, suppose that GG is not a y; graph. Then there exists at least one
safe 1 secure set which is not safe eternal. So after defending a finite sequence
of attacks we get an arrangement of guards, which does not correspond to a safe
1 secure set. 0

4. PROBLEMS FOR FURTHER RESEARCH

In this paper the idea of safe eternal 1 - security is introduced as a game of
two persons. Lower and upper bounds of safe eternal 1 - security number are
not known for classes of graphs. Actual values of the eternal security number is
determined for only a few classes of graphs. Many classes of graphs are yet to
be explored.
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