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FRACTIONAL KINETIC EQUATIONS INVOLVING GENERALIZED
V-FUNCTION VIA LAPLACE TRANSFORM

Wagdi F.S. Ahmed!, D.D. Pawar, and W.D. Patil

ABSTRACT. In this study, a new and further generalized form of the fractional
kinetic equation involving the generalized V—function has been developed. We
have discussed the manifold generality of the generalized V—function in terms
of the solution of the fractional kinetic equation. Also, the graphical interpre-
tation of the solutions by employing MATLAB is given. The results are very
general in nature, and they can be used to generate a large number of known
and novel results.

1. INTRODUCTION AND PRELIMINARIES

Fractional calculus (FC) is regarded as a beneficial tool for studying fractional
order integrals and derivatives. Fractional calculus has been adopted and used
in a variety of scientific and engineering fields. Fractional differential equa-
tions and their applications are very useful in many fields and have played a
very important role in a wide range of applications in applied science, chem-
istry ,physics, engineering and biology. The kinetic equations are a collection of
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differential equations that explain the rate of change in a star’s chemical com-
position for each order in terms of production and destruction reaction rates
Fractional kinetic equations in various forms have been widely and successfully
used to describe and solve a variety of important physics and astrophysics prob-
lems over the last several decades (see, for example, [|148,(11,/19,20]] and the
references therein).

The special functions and their applications can be found in the solutions of
fractional integral and differential equations, as well as in a variety of other
areas of mathematics and mathematical physics problems. The authors have
developed a generalized form of the fractional kinetic equations as well as the
V-function series in light of the usefulness and significance of the fractional ki-
netic equations in some astrophysical problems. The V-function series’ broad
generality will enable us to deduce several special cases of the main results.

So, we recall the differential fractional equation for the rate of reaction change
M = M(¢t) ,the destruction rate d = d(9) and the production rate p = p(9M)
that given by Haubold and Mathai [[12] as the follows

d(om)

(1.1 “dt = —d(M) + p(M,),

where 91, is the function identified by
(1.2) M (t") = M(t —¢t7),t" > 0.

Neglecting the inhomogeneity in the quantity 9t(¢) that is the equation

am
dt
is part of the initial condition 9% (¢ = 0) = M, is the number of density of index
17) at time ¢ = 0.

The equation solution ((1.3)is referred as

(14) ml(t) = mo eicit
On the other hand, we can take
(1.5) M(t) — My = co D;M(2),

where the (D; ! is the standard fractional integral operator.In addition, the frac-
tional generalization for the standard kinetic equation((1.5]) defined by Haubold
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and Mathai [12] as the form
(16) Qﬁ(t) - 9)?0 = O.D;’Y ?Jﬁ(t),

where (D, " is the Riemann-Liouville fractional integral operator expressed as
(see, Samko et al. [17])

1 t
A7) WD) =i [ (=T (> 0.30) > o)
F(V) 0
Haubold and Mathai [|12] provide the equation solution (1.6) in the form:
— (-1)"
1.8 M) =M —(ct)"".
(1.8) ®) o;m ()

Further, Saxena and Kalla [[18] expressed the following fractional kinetic equa-
tion as the form

(1.9) M(t) —Mof(t) = =" (D7 M)(2), (R(7) >0,

where 9M(¢) denotes the density number of a given species at every time t, M, =
M (0) is a density number that species at time t = O, c is a constant and f €

L(0,00).
Now, applying laplace transform in Eq:(1.9), we get
(1.10)
L{M(t); 7} = My = Mo( Y ()T, (e M, ;) <1),

n=0

where the Laplace transform [21] is given by

(1.11) F(r)=L{M(t);7} = / e THf(t)dt, (R(T) > 0).
0

Recently, the VV—function is defined by Kumar [[14] as follows:

V(t) = V’nflu7h’bv(p7 g’ g’ 57 q7 Kl/x? AU7Bw7a7 /67 p; t)
© [ \nTTI ¢ nC+hé+q
(112) =9 ( s Lo e [ ) (E) ,

n=0 H:;:l [(bv)n+Av:| HZ):I [(h)anp+Bw] 2

where
(i) p?(7§7QJ/87p7kﬂ(u = 1727"'7j)7AU(v = 1727"'7i>7Bw<w = 1727"'7u)
are real numbers;
(ii) 4, j, and u are natural numbers;
(iii) a,, b, > 1(p=1,2,...,5;0v=1,2,...,1);
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(iv) a > 0,R(§) > 0,R(h) > 0,t is a complex variable and < is an arbitrary
constant;

(v) the series on the RHS of converges absolutely if j < i or j = i
with | p(t/2)¢ |< 1.

2. SOLUTION OF GENERALIZED FRACTIONAL KINETIC EQUATIONS

In this section, we use the technique of Laplace transform to solve the frac-
tional kinetic equation associated with the generalized V' —function.

Remark 2.1. In this section, solutions for fractional kinetic equations are obtained
in terms of the generalized Mittag-Leffler Function E, ;(z) (see [15], which is de-
scribed as the form:

z?’L

I'(an+h)’

g

2.1) Eon(z) = R(a) > 0, R(h) > 0.

Il
o

n

Theorem 2.1. let R(y) > 0,d > 0;p,&,(, 60,9, K, Ay, By, € 50,4, 5,u € N, a,,
b, > L,a > 0,%(¢) > 0,R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
(u=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

(22) m<t) — m(] <Vr?wh’bv (p7 éa <7 67 q, K,Lu AU? Bun «, 67 P t)) = _d’y OD;’ym(t)

has a solution given by

_ = (—p)" Hizl [(a#)n-&-Ku] (h +an + 5)—5 ; n¢+hd+q
(2.3) N =S mo(% T [(Bo)nga,] T [(R)anpsB.] ) (5)

X F(n( +ho+q+ 1) Ew,(n(+h§+q+1) (—dﬁytv).

Proof. The Laplace transform of Riemann- Liouville fractional integral operator
is presented as

(2.4) LA{oD; " f(t);7)} = (1) F(7),

where F'(7) is define in (1.11)).
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Now, after we apply the Laplace transform to both sides of equation (2.2) and
using (2.4) we have

L(WOW) =Ny L (Vﬁ“’h”’”(p,& ¢,0,q, K, Ay, Bu, o, B, p; t))

(2.5)
—d L( th“ﬁ(t);T),
that is
ey S i:l [(@)ntr, ] (h + om+ﬁ)€>
N(1) =N e’ :
(2 6) ( ) A (; Hz;zl [(bv)n—&-AJ HZ:l [(h‘)anp—i-Bw}

; nC+hdé+q
(5) dt — d'(1)7"N(7).

By interchanging the order of integration and summation in the equation (2.6]),
we obtain

@27) N1 +d(r) 7]
00 nTTJ _ n¢+hd+q
=3 N, (Z (_p)i u=1 [(au)n+K:] (h + an + 5) £> (1)
n=0 | [(bv)n'i‘Av] | [(h)aanrBw] 2

oo
% / ethtnC+h5+th'
0

Equation leads to
2.8)  N(n) [1 + dW(T)_’q

— 3N, (i (—p)" i:l [(au)n-i-l(u] (h+an + B)£> (1) né+hé+q
0 = TLoy [b)nia] ey [(Wanps 5. 9

P(n¢ + o +q +1)
X 7n¢+hé+q+1

Equation (2.8)) leads to

_ = (=p)" Hizl [(au)nJrK“} (h+ an + 5)—5 ] nC+hé+q
2.9 N(r) =9 mo(;% Hizl [(bv)n—mv] I, [(h)omp—l-Bw} ) (5)

< T(nC +hd + g +1) {T(n4+h6+q+1)i [_ (g)—vr}
=0
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Now, taking inverse Laplace transform on both sides of the equation (2.9), and
using
!

(2.10) LYty = =

)’ (R(v) >0)

we have
L7HMN(7)}

00 (_p)n {L:1 [(au)n—kKu} (h + an + ﬂ)_£> (1) n¢+hé+q
nz% IT o [0o)na,] T2y [(R)anpr 5. 5

x D(n¢ +hé +q+1) L™ <Z(—1)5(d)%(f(whwﬂsﬂ)) ,

s=0

(2.11) :S‘ﬁo<

that is

2 ()" [Ty [(@)nsr,] (o + am + 5)—&) <1>n<+h6+q
N(H) = S N , !
(t) (% IT o [00)nsa] TTcy [(R)anp+5.] 5

00 . . $(nC+hd+q+s)
(212)  xT(n¢+hd+q+1) (Z(—l) (d)” T(vs +nC+ 7o +q+ 1)>

s=0

Nt) =3I N (i (—p)éprodizl [(ap)nsk, ] (h+ an + ,6’)—€> <E> n¢+hé+q

n=0 Hz;:l [(bv)nﬁ%} H:Z:l [(h>omp+Bw} 2
(2.13)  xD(n¢+hé +m+1) (Z(—USF(% - n(gtld% 5 1)> .

Now, we can Written equation (2.13) as

()" Tl [(@)nsse, )+ an+ W) (
N(t) =N ;
(t) (nz; IToes [(0o)nia,] TToey [(R)anpr 5.

(214)  xT'(n(+hé+q+1) B, (nesnorqrn) (—dt7).

) nC+hé+q

g

DO | o+

Theorem 2.2. Let R(y) > 0,d > 0;p,&,(,0,¢, K, Ay, By € R;b,i,5,u € N,
Ay, by > 1,0 > 0,98(¢) > 0,%R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
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(n=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

N(t) — No [ Vet (p,€,¢, 6, ¢, Ky Ay, By @, B, p; 't
(2.15) Q 0< ( s )

=—d" oD, "MN(t)

has a solution given by

= (—p)" Hft=1 [(a,)n+k, ] (h+ an + 5)—5) (d”t”) n¢+hd+q
N(t) =3 Ny .
(1) (; Ty [(0)nsan] Ty [(Wanpss.] 5

(2.16)  x I'(n¢y+ hdy +7vq+ 1) E; n¢thsrgmy+ (—d't7).

Theorem 2.3. Let () > 0,¢ > 0,d > 0,¢ # d;p,£,(,0,q, K., Ay, By € R; 0,4,
Ju €N, a,b, > 1,a>0RE) >0,R~h) >0,t>0,and I > 0is an arbitrary
constant; (un=1,...,7),(v=1,...,4),(w = 1,...,u) then the following equation:

m t - m VTLaN7h7bU p? ) 757 q7 K 7AU’Bw7a7 /67 ;d’yt’y
(2.17) () 0( ( §,¢ u P )

=—c" oD, "N(1)
has a solution given by
] n¢+hd
f: (—p)" Ty [(ap)n+k, ] (h+ an + 5)—&) <d7t7> (+ho+q

1Ly [(00)nsa] ey [(Manps5..] 2
(2.18)  x I'(nCy 4 hoy + g+ 1) By (ncrhsrgp-1 (—C77).

m@:s%<

Proof. Proof of Theorems 2.2 and 2.3 are similar to the proof of Theorem 2.1 so
it is omitted here. d

3. SPECIAL CASES

(i) If we choose p = 1,v =2,w = 1,a; = 1,by = 1,bo = 1,p=1,£ =1, =
20=1,¢=0,k =0,4,=0,4=0,B=0,a=1,=0,p=1and 3 = ﬁ,
then the Theorems 1, 2 and 3 are reduces to the following form including the
Bessel function J;,(t) (see, eg, [[10]).
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Corollary 3.1. Let R(y) > 0,d > 0;p,&,(,0,q, K, Ay, By € R;0,0,5,u € N, a,,
b, > L,a > 0,9R(¢) > 0,R(h) > 0,t > 0,and & > 0 is an arbitrary constant;
(w=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

N(t) — Ny (an’h’l’l(l, 1,2,1,0,0,0,0,0, 1,0, 1;t>> = —d" ¢D;"N(t)

has a solution given by

00 (_1)n ; 2n+h
M) = Mo (Z n!l(n+ h+ 1)) <§>

n=0

X F(QTL —|— h, + 1) E’y,(2n+h+l) (_d’Yt’Y)

Corollary 3.2. Let R(y) > 0,d > 0;p,£,¢,0,q, K., Ay, By, € R; 0,4, j,u € N, a,,
b, > 1,a > 0,R(&) > 0,R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
(n=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

N(t) —No (an’hﬂvlu, 1,2,1,0,0,0,0,0,1,0,1; mm) = —d" ¢D;"N(t)

has a solution given by

> (e o\
M) = m()(ZO n!l'(n+h + 1)) ( 2 )

n=

X F(QN’}/ + h'}/ + 1) E%(Qn-&-h)v-i-l (_d'Yt'Y)

Corollary 3.3. Let R(y) > 0,¢ > 0,d > 0,c # d;p,§,¢, 0,9, K, Ay, By, € R; 0,1,
Jyu €N, a,b, > 1,a>0RE) >0R~h) >0,t>0and S > 0is an arbitrary
constant; (u=1,...,7),(v=1,...,4),(w = 1,...,u) then the following equation:

N(t) — No (vﬂvl’l(l, 1,2,1,0,0,0,0,0,1,0, 1; dW)) =~ ¢D;"N()

has a solution given by

0 (_1)n 'ty o
N(t) = mo<zn!F(n+h+1)> ( 2 )

n=0

X T(2ny + hy 4+ 1) B, (2n+h)y+1 (—C7t7).
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(i) If we choose n = 1,v = 2;w = 1,a; = 1,b; = 3/2,by = 1,p = 1,£ =

17C = 275 = 17q - 17k1 - 07A1 - OaAQ = 07B1 - 1/2705 - 17B = 1/2;/) -

1 and & = m, then the Theorems 1, 2 and 3 are reduces to the following
form including the Struve function H,(¢)(see, e.g., [10]]).

Corollary 3.4. Let R(v) > 0,d > 0;p,&,(,9,q, K,,, Ay, By, € R;b,i,5,u € N, a,,
b, > L,a > 0,9%R(&) > 0,R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
(w=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

m@) - sIRO (an,h,?)/Q,l(L 17 27 17 17 07 07 07 1/27 17 1/27 17 t)) = —d’ OD;’ym@)

has a solution given by

) -~ 1y L\ 2
M) = m()(Z L(n+3)0(n+h+ %)) (5)

n=0
X F(2n + h + 2) E77(2n+h+2) (_d’Yt'Y)

Corollary 3.5. Let R(vy) > 0,d > 0;p,&,(,9,q, K., Ay, By € R;b,0,5,u € N, a,,
b, > 1,a > 0,R(§) > 0,R(h) > 0,t > 0,and & > 0 is an arbitrary constant;
(n=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

N(t) — N <v57h73/271(1, 1,2,1,1,0,0,0,1/2,1,1/2,1; dW)) = —d" oD;"N()

has a solution given by

A ()" GAN

n=0

x T2ny + hy + v+ 1) B, @nihityyr (—d7t7).

Corollary 3.6. Let R(vy) > 0,c > 0,d > 0,¢ # d;p,£,¢,0,q, K, Ay, By, € R; b, 4,
Jou €N, a,, b, >1a>0RE) >0,R"h) >0,t>0,and I > 0is an arbitrary
constant; (u=1,...,7),(v=1,...,4),(w = 1,...,u) then the following equation:

N(t) — Ny <an’h’3/2’1(1, 1,2,1,1,0,0,0,1/2,1,1/2,1; dW)) = —c" oD;"N(t)
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has a solution given by

B 0 (_1)n D 2n+h+1
) = %(Z F(n+3)L(n+h+ %)) ( 2 )

n=0

X T'@2ny +hy +v+1) By ontnti)y+1 (—7t7).

(iii) If we choose w = 1,h =1, = Ji=1I,p= -2, =1,( =1,0 =0,q =
0,k, =04, =0,By=-1,a=1,8=—1,p=1and 3 = 1, then the Theorems
1, 2 and 3 are reduces to the following form including generalized hypergeo-
metric function (see, e.g., [9]]),

Corollary 3.7. Let R(y) > 0,d > 0;p,&,(,9,q, K,,, Ay, By, € R;b,i,5,u € N, a,,
b, > L,a > 0,R(&) > 0,R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
(w=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

Vewbh(—2,1,1,0,0,0,0,—1,1,—1,1;¢) = —d” ¢D; "N(t)
has a solution given by
= (@) (@) ) ()
N(t) = N —
Q 0(; B (b)) \ !
X F(n + 1) E'y,(n—',-l) (_thW)'

Corollary 3.8. Let R(y) > 0,d > 0;p,¢,(,0,q, K, Ay, By, € 0,4, j,u € N, q,
b, > 1,a > 0,9%(¢) > 0,R(h) > 0,t > 0,and I > 0 is an arbitrary constant;
(w=1,...,5),(v=1,...,i),(w=1,...,u) then the following equation:

Vrf‘“l’b“(—Q, 1,1,0,0,0,0,—1,1,—1,1;d"t") = —d" (D, "M(¢t)
has a solution given by
(1) () \ (A
t) = r 1) E —d't7).
= o ( Z (01)ny - (bi)n n! T +1) By ( )
Corollary 3.9. Let R(vy) > 0,¢ > 0,d > 0,¢ # d;p,£,(,0,q, K., Ay, By, € R; b, 4,

Ju €N, a,b, >1,a>0RE) >0R~h) >0,t>0,and I > 0 is an arbitrary
constant; (u=1,...,7),(v=1,...,4),(w = 1,...,u) then the following equation:

Vet (22,1,1,0,0,0,0, 1,1, -1, 1;d"t7) = —c” oD; "N(t)
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has a solution given by

N(t) = mo(i(al)”"[’(af)”) (dw) xT(yn+1) By sy (—=¢110).

n!
n=0

(iv) If we choose = 1, v =2,w =1,a; = 1,b; = 1,b, = 1,p=2,{ =1,( =
1,60 =1,g=0,k; =0,4, =0,4 =0,B,=0,=0,p=1and S = ﬁ then
the V—function (13) turns into the Wright generalized Bessel function (see,

e.g., [10]),
V2,1, 1,1,0,0,0,0,0, 0,0, 1;1) = ik ().

(v) If we choose ¢ = 1,v = 1,w = 1,a; = 1,b = 1,p = =2,& = 1,( =
1,0=0,q=0,ki =0,A, =0,By=-1,=-1,p=1land S = ﬁ, then the
V —function (13) turns into the Mittag-Leffler function (see, e.g., [[13,/16]),

an,h,l(_z 1,1,0,0,0,0, —1,c, —1, 15 t) = Eop(2).

(vi) If we choose =1, v =2, w =1,a; = 1,by = (T+ €+ 3)/2,bo = (T — e+
3)/2,p=1,6=1,h=1,(=20=7,g=0k =0,4;, =0,A,=0,B; = —1,a =
L,B=-1,p=1and S =2""/{(7+€e+1)(7 — e+ 1)},then the V—function (13)
turns into the Lommel function (see, e.g., [10]),

YLLOHer3)/2=et3)/2(1 19 7.1,0,0,0, 1,1, —1,1;t) = S,..(¢).

4. GRAPHICAL INTERPRETATION

In this part, we plot the graphs of our kinetic equation solutions, which are es-
tablished in Egs. (2.3), and (2.18). In each graph, we give four solutions
of the results on the basis of assigning different values to the parameters, where
values of the parameters are given as y = w =a; = by = by =p=§ =0 =
a=d=c=p=1,g=k =A,=A4, =B, =0=0, v:C:2,%:ﬁ,7:
1.25,1.5,1.75, 2 for solution of the Eq. we plot four graphs of the Eq.
in figures Similarly, we plot the graph of the solution given in Eq. (2.16)),
which are in figure |5/ and also give graph of the solution of Eq. in figure
6L

Where values of the parameters are givenas y =w =a; =by =p=§( =0 =
g=d=c=p=h=a=1k=A=4=0B=0=1/2,v=(=2,b =
3/2,and v & = ﬁ, for solutions of the Egs. (2.3),(2.16) and plotted
in Figs. respectively.
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001 T T T T T T T ¥ T
y=2
~=1.75
=15
=1.25

0.009

0.008 |

0.007
0.006 [
< 0005t
0.004
0.003 [
0.002 F

0.001

FIGURE 1. The Solution of (2.3) for 91(¢) and h = 1,y = 1.25,1.5,1.75, 2

3
14 X 10 T I T T T T T T T
=2
v=1.75
12 ~y=1.5
v=1.25
1+
0.8
z
0.6 [
0.4
0.2
O 1 1 |

FIGURE 2. The Solution of (2.3)) for N(¢) and h = 2,y = 1.25,1.5,1.75,2
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4
14 ! 10 T I T T T T T ¥ T
~y=2
=175
121 =15
=125
1F
0.8
z
0.6 [
0.4
0.2
O 1 1 1

FIGURE 3. The Solution of (2.3) for 91(¢) and h = 3,y = 1.25,1.5,1.75, 2

-5
12 X 10 T T T T T T T T T
y=2
~=1.75
1k =15
v=1.25
0.8
= 0.6 [
04
0.2
O 1 1 1 1

FIGURE 4. The Solution of (2.3) for M(¢) and h = 4,y = 1.25,1.5,1.75, 2
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3

8 N 10 T T T T T T T ¥ T
y=2

7F v=1.75
v=1.5
~v=1.25

6 -

5 -

Sar

3 -

2 =

1t

O 1 1

FIGURE 5. The Solution of for N(¢t) and h = 1,7 = 1.25,1.5,1.75,2

-3
8 10 T T T T T T T T T
y=2
| =175
7 =15
v=1.25
6 -
5 -
Sar
3 -
2 =
1t
O 1 1

FIGURE 6. The Solution of (2.18) for 9t(t) and h =1,y = 1.25,1.5,1.75,2
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x1073
T

1.8

T T T T T T T T

=2

16} 4=1.75
=15
v=1.25

1471

1.2

0.8

0.6 [

02r

FIGURE 7. The Solution of (2.3) for 91(¢) and h = 1,y = 1.25,1.5,1.75, 2
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FIGURE 9. The Solution of (2.18) for 91(¢) and h = 1,y = 1.25,1.5,1.75,2

5. CONCLUSION

We present a new fractional generalization of the standard kinetic equation
as well as derive a solution for it in this paper. We can easily create various
new and known fractional kinetic equations using the close relationship of the
generalized V —function with several special functions. We also deduced from
the graphical interpretation that the solutions to all three Egs. (2.3),
and for all positive values of the parameters N(¢) are Non-negative and
N(t) >0
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