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NONLINEAR DIFFUSION EQUATION WITH A PERTURBED
CONVECTIONTERM: POTENTIAL SYMMETRIES WITH RESPECT TO THE
SECOND CONSERVATION LAW

Ojen Kumar Narain! and Fazal Mahmood Mahomed

ABSTRACT. We consider the nonlinear diffusion equation with a perturbed con-
vection term. The potential symmetries for the exact equation with respect to
the second conservation law are classified. It is found that these exist only in
the linear case. It is further shown that no nontrivial approximate potential
symmetries of order one exists for the perturbed equation with respect to the
other conservation law.

1. INTRODUCTION

Certain nonlinear PDEs that arise in applications depend on a small param-
eter. Thus it is of importance to find approximate solutions. Baikov et al
( (21, [2, [3]) developed the theory and applications of the approximate sym-
metry group method to find approximate invariant solutions of DEs amongst
other things.
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We consider the nonlinear diffusion equation with a perturbed convection
term, viz.,

(1.1) up = (k(u)ug)e + (f (1)),

where k and f are as yet arbitrary functions of u. This equation arises in several
applications, e.g. in the modelling of the evolution of thermal waves in plasma
[71.

The approximate potential symmetries with respect to the usual conservation
law of equation are obtained in Kara et al [|6] and the corresponding ap-
proximate group-invariant solutions are also derived in the reference just cited.

Firstly, we investigate the conservation laws of equation and this in turn
is utilised to study the approximate potential symmetries of equation (1.1)) with
respect to the second conservation law.

2. CONSERVATION LAWS

We use the direct method (see e.g. Kara and Mahomed [5]]) to derive the
conservation laws of the perturbed equation (1.1)). To that end, equation (1.1))
has an obvious conserved vector 7" with components

T ' =u, T?=—k(u)u, —cf(u).

The other first-order in the derivatives conservation laws are determined from
D, T* + D,T? = 0 which upon expansion and separation gives

T' = A(t,z)u + B(t, x),

T? = —k(uw)uA(t,z) — ef(w)A(t,z) + A, [ k(u)du + C(t,x), where
A, B and C satisfy

A —ef(u)Az + Agy / k(u)du + By + C, = 0.

An additional conservation law arises in the following cases:

() k(u) # const, f(u) = fuu+ f
T' = (z +efit)y,
T? = (—k(wu, — efiu—efo)(x + efit) + [ k(u)du + € for,
(b) k(u) # const., f(u) = f1 [ k(uw)du+ fou+ fs, f1 #0
T = uexp(efiz + €2 f1 fot),
T? = (—k(u)u, — e fou) exp(efrx + €2 f1fot),
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(c) linear case, k(u) = ko, f(u) = fiu+ fo
T! = Au + B,
T2 = —koumA — E(flu -+ fz)A —+ koAmU + O,
where A, B and C' are constrained by

At - efle + kOAacac = 07
—EfQAw + Bt + Cx =0.

3. POTENTIAL SYMMETRIES WITH RESPECT TO THE SECOND CONSERVATION LAW

We calculate the potential symmetries with respect to the second conservation
law of the unperturbed equation of equation (1.1)), viz.,

(3.1 u = (k(u)ug )y

The potential symmetries of equation (3.1)) with respect to the usual conser-
vation law are given in [4]. We use the results of the previous section. Equation
(3.1) written in terms of the Case (a) conservation law of Section 2 is (take
e=0) DT+ D, T? = 0, where

T = 2zu,

T° = —k(uw)zu, + /k(u)du
The associated auxiliary system S{x,t, u,v} is given by

vy = au,
(3.2) v = xk(u)uz—/k(u)du

Suppose S{z,t,u,v} admits a local Lie group of transformations with infini-
tesimal generator

0
+ 7]2(t,x,u,v)—

s 2

) 2

X = €t 2, u,0) 2 3
x

ot

and in the extended form

Xt = X+<tlau + g +§tavt+§avz
= él +€28x+n +n +§taut+§1‘8u +gtt9vt+g 8”’
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where the coefficients are given by

¢ = D' —u D&t —u, DE?
(3.3) = 77t1 + Utﬂi + vmi - Utftl - (Ut)2 fi - Ut”tle; - Umff

_uwutgz% - ufbvté?) )

& = Dot —uDy&r — uyD,E2
(34) - 773; + Ua:ni + U;ﬂﬁ - utf; - utumgi - utvxgzlz - Ux&%

- (uﬂ?)2 §12L - uwvxé?n

¢ = D —uDi§ — v, D&
(3.5) = 07w o — okl — vl — (0)" € — v,

_Uzutgg - /Uﬂfvtgg )

2 = D? =D& — v, D,
(36) = 77;% + uzni + ang - Utgi - Utungi - Utvzgi - Uxfg

_Umuzgg - (U$>2 512)

We have the following invariance criterion

XU (v, — xu)|{vz:xu,vt:azk(u)uz—fk(u)du} =0,
3.7) X <vt — xk(u)u, + /k(u)du) =0.
{ve=2u,vi=ak(w)uz— [ k(u)du}
Equations (3.7 give rise to the system of determining equations
(3.8) ¢ —&u—an' =0,
and
(3.9) S = Eh(uug — an' K (w)us + k(w)n' — zk(u)s, =0,
on the solutions of (3.I)). These equations and give rise to the system
& =0,

e — wk(u)&, — t*uk(u)é, — zuél = 0,
n2 + xk(w)€El + 2Puk(u)é — zué? =0,
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n? 4 zun? + £ / k(u)du + zué, /k(u)du — zué?
—r — Eu—an' =0,
k() = wh(u)é) +20k(u)e! [ Kudu — K¢
—ak/ ()’ — xk(u)n, +zk(u)s; =0,
= [ s g! [ =€) [ budu? - aug}
(3.10) +rug? / k(u)du + k(u)n' — zk(u)nl — 2*uk(u)n? = 0.

The solution of the first four equations of (3.10) is straightforward and yields

¢ = al),
52 - /B(t7 x7 U)?
(3.11) n” = ~(t, z,v).

The substitution of (3.11)) into the fifth equation of (3.10) results in
(3.12) nt =y, +uy, — ufby — 2ulBy — 7 Bu.
The sixth and seventh equations of (3.10), taking into account (3.11) and
(3.12), then gives
k(u) 228, — wé + 22°uf3,]
(3.13) +K (u) e — 2y + vuBy +ufB + 2*u?B,) =0,

v — %/k(u)du + d/k(u)du — zuf; + xuﬂv/k(U)du
(3.14)  +k(w)[20 1y, + uvy — Yer — 2UTVay + TUBLe — 22 M uf
+2x2u26mv - mQUQ/Vvv + x3u3ﬂvv + xUQBU] = 0.

For arbitrary k(u), the principal Lie algebra of the potential system (3.2) is ob-
tained by analysing equations (3.13) and (3.14). Equation (3.13)), for arbitrary
k(u), gives

B = %L v =dw + by (1)
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and (3.14) further results in

a = ait + ao,
a1
e e
= aiv + as,

where the a;s are constants. Thus, the principal algebra is spanned by

0
Xl - §7
0
X -
2 81)’
0 0 0

and is hence three-dimensional. We now investigate when the principal algebra
extends. An extension of this algebra occurs if k(u) satisfies

(3.16) k(u)(a + 2bu) + k' (u)(c + du + bu®) = 0,

where a to d are constants not all zero. In order to obtain further simplification
of (3.16) we look at equivalence transformations of equation (3.1)).

4. EQUIVALENCE TRANSFORMATIONS

We write equation (3.1]) as the system

4.1) Uy = k:uui + kg,

(4.2) ky = ky =0,

in which v and k are dependent variables in the (¢, z) and (¢, x, u) spaces respec-
tively. The generator of the group of equivalence transformations is
0 0 0 0 0

Y — 1~ 2 7 _ o —
T e Wi

a ua ta x
(43) + M%‘i‘ﬁb aku‘i‘ﬂa—k:t‘i‘ﬂa—kgg,
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where ¢; and ¢, are the usual prolongations as before and (we have set k; = k, =
0)

p' = Dy — ko Dy,

with the total derivatives given by

~ 9, 0
Dy= o +higr+-o
~ 9, 9,
Dm_£+kx%+---,
~ 0 0

(4.5) Du_%Jrku%er.

The application of Y on (4.2)) (subject to (4.1) and (4.2)) yields

pe — kune =0,
These relations imply that

The action of Y on equation (4.1]), taking into account conditions (4.6), gives
rise to the determining equation

Nutt — Stlut - giu? - ftqu - Sgutuﬂc - u?c (Mu + kuﬂk - kunu)
(4'79 Qkuuw (nuum - éiut - giutuw - égux - giuiﬂ) — HUgy

éﬁuui - giufcumﬁ - 2§iutx - zfqiuxut:v - 253“:636 - 2§3u:vua:x] =0.

The substitution of equation (4.1) into equation (4.7) and separation results
in the following system of equations
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& =6 =0,

& =0,

p+ ke — 2kE3 = 0,
27— & — =0,

(4.8) —& + k€2, = 0.
The solution of system (4.8) is
! = + Cgt,
2 = (3 + C4,
= ¢35+ CgU,
(4.9) po= k(2c4 — c2),

where the ¢;s are constants. Hence, the generators of the equivalence group are

0
}/1 - Ev
0
Y, = =
2 8:1:7
0 0
Y; = ta—kaa
0 0
0
v, = 2
5 8u7
0
(4.10) Yo = u—.
ou

The one-parameter groups corresponding to each Y; are (a;s are the group pa-
rameters)
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4.11) t=1t7=mrexpas, U= u,k = kexp(2ag).

The composition of the one-parameter groups (4.11)) is the six-parameter equiv-
alence group:

t=texpas+ ai,T = xexpag + as,

(4.12) U = uexpay + as, k = kexp(2ag — as).

5. CLASSIFICATION

Under the equivalence transformations (4.12]), equation (3.16) has the same
differential structure, where the coefficients a to d are connected with a to d by
the relations

o
I

(a + 2bag) exp ay,

SN
Il

bexp(2a,).
(5.1)

ol
I

¢+ daz + ba3,

= (d+ 2basz) exp ay.

Relations (5.1) are used to obtain non-equivalent forms of k. Two cases arise.
We consider each in turn.

Db#£0
(i) If d — a = 0, then equation (3.16) takes the form

(5.2) 2ku + k(0 +u*) =0, &==+1.
(ii) If d — a # 0, then equation (3.16) has the form

(5.3) 2% + k(0 +u) =0, &=+l
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or
(5.4) 2ku + k(v +du+u®) =0, 6==+1, v= const. #0.
2)b=0
(i) If d # 0, then equation has the form
(5.5) uk, — vk =0, v = const.
(ii) If d = 0, ¢ # 0, then equation takes the form
(5.6) k, — 0k =0, §==l.

Thus, there are five forms for k& each obtained by solving equations (5.2)) to
(5.6). In fact, we have the following:

(D) k(u) = k(6 +u?)7,
(2) k(u) = k(6 +u)7?,

2u
v+ ou+ u?

(3) k(u) =k exp[—/

du], v = const. # 0,
(4) k(u) = kju”, v = const.,

(5) k(u) = ky exp(du),

where £, is a nonzero constant and § = +=1. We substitute each of the ks above

into equations (3.13)) and (3.14) to obtain an extension of the three-dimensional
principal Lie algebra.

For Case (1), we do not obtain an extension of the principal algebra. Indeed
if we substitute k(u) of Case (1) into (3.13)) we get

(6 + u?)[228, — wé + 20%upB,) — 2u[—v, — vuy, + TuBy + uf + 2*u?B,] =0
Separation and solution of the resultant equations give
B = %x, v = av + a(t).
Then equation (3.14) constrains « and a to be

a=ct+c, a=cs.
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Hence,
fl = Clt + Co,
& =9,
n =0,
772 = C1v + c3,

which yields the operators for the principal algebra. Likewise Cases (2) and (3)
also yield the principal algebra.

Extensions of the principal algebra occurs for Cases (4) and (5). We provide
the extensions.

4
Q) k=K
0 0
Xy = u% + U@v’
0 0 0 0
_ 2 7 — 2.\ 7 2 Il
X5 = 4]€1t 875 + 4t1]k51 835 (21) +x u) au ( 2tk1)8?}7
0 0
I i
Xe=1 Cw(?u * Cav’
¢+ 2x Y kycp — kyCer = 0.
(ii) k = kju=?
0 0 0
X4 :"E% —U%—f—l)%
(iii) k& = kjut

(iv) k = kju™/3

0 0
Xy = 22— — 3xuﬁ
T ou’

W) k=ku",v#0,-1,-2,-4/3

X ——th—F £_|_ 2
T T Y 9 T Yo
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(5) k = ky exp(du)

Only for Case 4(i) which corresponds to the linear case do we obtain a non-
trivial potential symmetry, viz., X5. All the other symmetries in all the other
cases give trivial potential symmetries.

In view of the preceding discussion, we have the following theorem.

Theorem 5.1. Equation (3.1), with respect to the second conservation law, has
nontrivial potential symmetry only for the linear case.

The above results are quite different from those in [[4]].

6. APPROXIMATE POTENTIAL SYMMETRY WITH RESPECT TO THE SECOND
CONSERVATION LAW

We now investigate the approximate potential symmetries of with re-
spect to the second conservation law given in Section 2. There are three cases
to consider since there are three cases of conservation laws (see Section 2) for
different ks and fs. We write the corresponding auxiliary system for each case.

(@) k(u) # const., f(u) = fiu+ fo,
vy, = (z+efit)u,
vy = (k(uw)uy +efru+efo)(x+efit) — /k(u)du —cfox.
(b) k(u) # const., f(u) = f1 [ k(w)du+ fou+ fs, f1 #0
v, = uexp(efiz + e fifat),
v = (k(uu, +efou) exp(efiz + & 1 fot),
(c) linear case, k(u) = ko, f(u) = fiu+ fo

v, = Au+ B,
V¢ = k‘oumA + g(flu + fg)A - I{I()Axu - C,
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where A and B are constrained by

At - sfle + kOAa:ac = 07
—cfoA, + B, + C, = 0.

In Cases (a) and (b), it is clear that there is no nontrivial first-order approxi-
mate symmetry as the potential systems in each of these cases is of higher order
than e.

In Case (c), we choose the simplest system, viz. we set kg =1, fi =1, fo =0
and A = A(x). We find that

vy = exp(ex)u,

vy = (ugy +eu) exp(ex) + euexp(ex).

This potential system also has higher than one ¢ terms. In fact, in general,
Case (c) gives potential systems which are of higher order than . Hence, in
Case (c) there is no nontrivial first-order approximate potential symmetry.

The results obtained here are distinct from those that appear in [|6].

In view of our discussions, we can state the following result.

Theorem 6.1. The perturbed equation ([1.1)), with respect to the second conserva-
tion law, has no nontrivial first-order approximate potential symmetry.

7. CONCLUDING REMARKS

We have shown that the exact equation (3.1) with respect to the second con-
servation law has no nontrivial potential symmetry except in the linear case.
This is quite distinct from the potential symmetries obtained for the same equa-
tion in [4] with respect to the usual conservation law. Then finally, we showed
that no first-order approximate symmetry for equation (1.1)) with respect to the
second conservation law exists. This can easily be contrasted with the results
obtained in [|6] - they are distinct.
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