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ON A SUBCLASS OF ANALYTIC FUNCTIONS WITH FIXED FINITELY
MANY COEFFICIENTS BASED ON SALAGEAN OPERATOR AND MODIFIED
SIGMOID FUNCTION

M.O. Oluwayemi!, Olubunmi A. Fadipe-Joseph, and Sh. Najafzadeh
ABSTRACT. A new family of analytic functions involving sigmoid function de-

fined as T.,(\, 8, a, . ¢) C Ty (A, B, v, ) are established. Certain geometric
properties of the class are obtained.

1. INTRODUCTION

Let 7', denote the class of functions of the form

(1.1 fy(2) =2 — Zv(s)akzk; ap >0
k=2

and

(1.2) gy(2) =z — Zv(s)bkzk; b, > 0,
k=2

which are analytic and univalent in the unit disk U = {z : z < 1}.
If for convenience, we set 7., = T} we see that 7} is the usual class of the form
f(z) =2 = >, arz"; ap > 0 which is analytic in the open unit disk U.
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We define an identity function as

(1.3) e (2) =23 ar =0 forall k> 2but y(s) #0.

1.1. Definition (Convolution or Hadamard Product): Given two analytic func-

tions f,(z) and g,(z) in 7', where f,(z) and g,(z) are given by ((1.1))) and ((I.2)))
respectively.
Convolution of f,(z) and g,(z) are defined as

(1.4) (fy*gy) =2 — ZV(S)kakzk = (gy * [5); arby > 0.

k=2

2. PRELIMINARY RESULTS

Salagean Differential Operator Involving Modified Sigmoid Function

Define

2.1 D" f,(z) Z Y™ (8)k a2 m=n+1
k=2

for details see [3].

Definition 2.1. A function f. € T, defined by (1.1) belongs to the class T',(\, 3, a, i)
if
Drtifi(z)
D) M

Drtlf (2) o Dntlf,(z)

(D"f( +A> 20 (an@) ”)
for |z <1, 0 <A< La(s) = 5= (e #0),0< < 1,3 <a<Lpu>1,
n € Ng = N U{0}. See [3].

> B (2 €U),

Lemma 2.1. [3] Let f,(z) € T, defined as f,(z) = z— > o, ¥(s)arz* (ar, > 0 and
v # O) Iff“/ € TW(/\,/B,Oz,,u), then

1
Zv "kl 31 = 20) = 8] (3 2000+ 5 )| o
%ﬁﬂ—ﬁ%+ﬂ%WW@—u%—M—u
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Now we introduce the class 7', (A, 3, «, 41, ¢;,) as a subclass of T, (A, 8, a., 1) with
fixed finitely many negative coefficients of the form:

3 9) + 82000 () =) = = plem w9
mZ n[<>k[1—6<1—2a>]—5(2au+%)} 2,

These type of functions were also investigated by various authors. For examples,
see [1], [4], [5], [6] and [7] for details. Other authors such as [2] and [3]]
also investigated some geometric properties of certain subclasses of univalent
functions. In order to establish our results in this current work therefore, we

use 211

3. MAIN RESULTS
Theorem 3.1. Let f.(z) defined by ((1.1))). Then, f,(z) € T,(\, B, a, u, ¢ if and
only if

< Y(s)k" [v(s)k[l —B(1—2a)] - 8 (A 42+ %)] i
k;d v(8)(1 = B) + B2a(v(s) — u) — A — p <1- mZ:2cm.

Proof. Let

()1 = B) + B2al(s) — ) = Al — ] (1= S5 em)
Ay [Y(s)mlt = B(1 = 20)] = B (A+2an+5)|
We say that 7, (), 8, o, i1, ¢y) € T(N, B, «, ), if, and only if,

1y (s)m™ [v(S)m[l —B(1-2a)] -8 <)‘ +2ap+ %ﬂ

(3.1 Ay =

k;nb K1 =51 = 2a)] 5( + 2a + )}
+k;—1 v($)(1 = B) + B2a(vy(s) — u) = A] — i ap < 1.
So that
j+1 [ € )k[l—ﬂ(l—Qa)]—ﬁ()\+2au+[l3>]

ap < 1.

ZC’”* Z 1(s)(T = B) + BRa(v(s)

—0) =N —p
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Thus,
5 Y™ [1()k{1 = 51— 20)] = 5 (A + 200+ 1) L Z )
) Y(s)(1 = B) + B2a(v(s) —p) = Al —n ~
as required. O

Corollary 3.1. Let the function f.(z) defined by ((1.1)) belongs to the class
T’Y(/\7ﬁaoéaluacm>, thel’l

() (1= B) + Bay(s) — ) = N = i (1= S0 e
k" [Yk(L = B —20)] = B (A + 200+ 5)|

Equality holds for the function

()1 = 8) + ARaly(s) = ) = X = ] (1= Ziyem) |
Wk [Y()k[L = 81— 20)] = B (A +20n+ 3 )|

|Z|<1,0</\§1,7(s):1+i,50<5§1,%gagl,uzl,neNozNU{O}.

ap =

f(z) =2 -

Corollary 3.2. If f.(z) € T,(1, B, o, 1, ¢;,), then

> 2ok [k - 800 - 200 5 (1+ 200+ 1 ) o

k=j+1 B

< (s)(1 = B) + BRa(v(s) — p) — 1] — 4] (1 - 0m>

m=2

which implies
_ D&)A =B)+ B +2a(y(s) —p) —1] — plem
)" [7(s)h[1 = B0~ 200] = 5 1+ 20+ 5 )

The result is sharp with the extremal functions as
()1 = B) + B2a(r(s) — ) — 1) = ] (1 = S5y )
Y(s)km | (s)k[1 = B(1 = 20)] = B (1+2ap+ )|

|Z]<1,O<)\§1,7(5):1+i_30<6§1,%gagl,,uZLnENy:NU{O}.

2F,

f(z) =2~
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Corollary 3.3. If f.,(z) € T,(\, 1, o, i1, ¢,,), then

> (k" 2aky(s) = (A + 2ap + 1)] |ay]
k=j+1
<A{Raly(s) =) = Al =} (1 - cm> :

which implies

{Ra(y(s) =) = A =} (1= S0 en)
Y(s)k™ [2aky(s) — (A +2ap+1)]
The result is sharp with the extremal functions as
{Ra(y(s) =) =N —p} (1= S en)
V(s)k 2aky(s) — A+ 2ap + 1))
O<ﬁ<1 <a<lLpu>LneN.,=NU{0}.

ap =

fv(z) =Z=

2] <L O< A< y(s) =

1+*

Corollary 3.4. If f,(z) € T,(\, 5, a, 1, ¢,), then

o0

> Ao [kt = a1 - 200] = 5 (A4 20+ 5 ) |

k=j+1
Jj+1
< (s)(1 = B) + BRa(v(s) = 1) = Al 1] (1 -> Cm) ,
which implies
()1 = B) + Bl2a(y(s) = 1) = Al = 1] (1 = X3 )
W)k [r()k{1 = 501 —20)] - 5 (A +20+4)]
The result is sharp with the extremal functions as
()1 = 8) + BRa(y(s) = 1) = A = 1] (1= Ziaem) |
s)k™ |v(s B(1 —2a)] — ﬁ<>\+2a+3>] ’

2] <L O0< A<, y(s) = HiSO B<1l,3<a<lu>1neNy=NU{0}.

ap —




2812 M.O. Oluwayemi, Olubunmi A. Fadipe-Joseph, and Sh. Najafzadeh

Corollary 3.5. If f,(z) € T,(1,1,, 1, ¢y,), then

S A(s)k"(2aky(s)) — 2(1 + a)lax] < 2laly(s) — 1) — 1] (1 =S m> ,

k=j+1

which implies

2la(y(s) = 1) = 1] (1= 37, cn)

V(s)k"(2aky(s)) =21 + )

The result is sharp with the extremal functions as

2la(y(s) = 1) = 1] (1= 37, e

f’}’(’z) =z = Zk7
V(s)k™(2ak~y(s)) — 2(1 + )

]z]<1,0<)\§1,’y(3):1+i,50<6§1,%Sagl,uzl,neNy:NU{O}.

A =

Corollary 3.6. If f.,(z) € T1(\, B, o, i, ¢1,), then

i k" lk:[l —B(1—2a)] -8 (A+ 20 + 1)} BN

k—j11 B
<[(1= )+ 82001 — ) — X - (1—203) ,

which implies
(1= 8) + B2a(t =) =X =l (1= X0 )
b [y ()klL = B —20)] = 8 (A + 20+ 1) |
The result is sharp with the extremal functions as
(1= 8)+ 8201 — ) = N =il (1= Tiyea) |
B (k[ = 81 = 20)] = 8 (A + 20+ 1) -

|Z]<1,0<)\§1,7(5):#0<ﬁ§1,%Saﬁl,,uZl,neNy:NU{O}.

Qp =

fi(z) =2 —

Corollary 3.7. If f,(z) € T,(\, B, o, i, c3), then

f: (s)k" {V(S)k[l =B =2a)] = p (A + 20 + 1)} |ax]

k=j+1 B



SUBCLASS OF ANALYTIC FUNCTIONS WITH FIXED FINITELY MANY COEFFICIENTS

< [(s)(1 = B) + BRa(v(s) —p) = Al = 4 (1 - 03> :

m=2

which implies

[(5)(1 = B) + B2a(r(s) = 1) = Al = ] (1= X5 e
Ak (1)L =51 —20)] = 5 (A 200+ 3 )|

ap =

2813

Theorem 3.2. Let f.(z) be defined by ((L.I)) be in the class T, (), B, a, i, c).
Then f.,(z) is starlike of order 6 (0 < § < 1) in |z| < R;, where R, is the largest

value such that

Z (m—2-0)(1- i en)

e Y (s)kn [v(s)k[l - A1 =2a)] = p (A +2ap+ %ﬂ
(k—2-0) (1= S cn)

)

S A [ — A1 —200] — B (3 -+ 200+ 5)]
1

m—1
Ry

k—1
Rl

T ) R Y o g
Proof. Let
(3.2)
f ( ) o J+1 [7(5)(1 - 6) + ﬁ[2a(7(5) — N) _ )\] _ N] <1 . 2512 Cm>

5 A6 6K~ 81— 20)] — 8 (A + 200+ 1))
— i aiz”.

k=j+1

2f1(2) N
We need to show that Re ) > ¢, implying
S (z

£ 2)

3.3
B3 f+(2)

—1‘<1—(5.

Zm
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Consider the analytic function f,(z) with finitely many coefficient defined as
(B.2),

2fi(2) = 2 <1

it mly(s)(1 — B) + B2a(y(s) — p) — A] — p ( AL > -
(3.4) 1 m
= (ke [y()k1 - 80— 20)] - 8 (A + 200+ 1)
— Z kakzk_l)
k=j+1
So,
G|
f+(2)
_ g+1 mly(s)(1-B)+B[2a(y(s)— )=\ —p] (1-22, cm) oo .
& Z ~(s) k"[ (s)k[1— ﬁ(172a)]7,8()\+2a,u,+ )] Zk:j—H kagz .
P [Y(s)(1=B)+B2a(v(s)— )~ Al — ) (1= 3710 e ) )
m=2 A(s)k" [y(s)k[1—

— o0 k
02 —p(r2aptl)] 21 U2

By collecting the like terms and dividing each term of the numerator and the
denominator by |z|, we have

i+ (m—1)[7(s)(1—B)+B[20(v(5) — )~ N —pu] (130 1 QCm)
2im=2 "k (kB2 B (2o 1] ~ 2k =
[v(s)(1=8)+B120(v(5)— )~ N —pl (1= em)

-1 _ o k—1
AR I A 20)| (M 2at 5)] L=+ 2

)akzk 1
J
m=2

<1-09.

But |z| < R;. Thus, by substituting a; in[3.1]in the relation above, we have by
using equation ((3.3)) that,

j+1 (m=D)y(s)(1-B)+B[2a(y(s)—

m=2

W -N=pl (1500 gcm)Rm !
V(s )kn[ (s)k[1-B(1—20)]-B(A+20p+ 1]
-

st [(s)(1=B)+B[2a(v(5)— )~ N —p] (1- 4T, em
)k:" [’y s)k[1— (1_20‘)}_/60‘""20"”',8)]
_y ~OI) (8 +8Rar(6) ) A (1T om) -1
k=j+1 Y(s)kn [1(s)k[1-B(1—20)] - B(A+2ap+ 3 )]
E:k ]+1

<1-46.
(5)(1- >+5[2a< () =)A= (1-520"5 em) Ri-1
’Y(s)k”['y 1-B(1—20)]-B(A+2ap+1)]

)le

CIJ
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Thus,
2 (m = V()1 - 8) + BR2a(y(s) =) = N = s (1= S0em)
m=2 ~v(s)km [7(8)]{3[1 —5(1—-2a)]—-p ()\ + 2o + %)} 1
L5 (DR - ¢ Betrls) — (1-Ziem)
S Ak [k — A1 —20)] = 8 (A + 20+ 1) 1
A=D1 -g)+ sRats) —w A = pl (1= Tihen)
= ke [k - B0 20)] - B (A + 20+ )] 1
5 (9B -8+ 3Re) )~ (1-%en)
S ek [k - B0 - 20 - 8 (At 20+ 3)]

By collecting the like terms and dividing through by [v(s)(1 — 3) + B[2a(y(s) —

G lon =) = (=) =)+ 8220) ) =~ (-0 em)
s )k [(s)k[1 = 51— 20)] = B (A + 200+ 3] !
_ 5 [0Sl =) + Slataie) )~ - (1-Sithen)
f () [Y()k[1L = B(1L = 20)] = B (A+2ap + 1] !
< 1.
That is,
L (m—2-38) (1= i en) -
s y(s)kn [v(s)k[l —B(1-2a)] - 8 ()\ 42+ %ﬂ !
- i (k —2—6) (1 _ S Cm) .
Sk [k = 81— 20)] - 8 (A+ 200+ £)]
1
<
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Theorem 3.3. Let f, € T, (\, 5, o, pi, ¢). Then f,(z) is convex of order 6 (0 < § <
1) in |z| < Ry is the largest value such that

j41 m[(1 - 8) — m] (1 -5 cm) -
T oL 125 (v 20+ 2)]
5 (=) = 1] (1- ) .

Sk (k[ = 81— 20)] = 8 (A + 20+ 5|
)
[v(s)(1 = B) + B2a(y(s) — p) — Al — ]’

<

Proof. Let g,(z) = f!(2) given by ((3.2)). It suffices to show that

zq! (2 2f(z
%) _ . f/»y( )
9+(2) f1(2)
So,
2[5 (2)
1+ - =1-
f5(2)
A m(m=1)[y(s)(1=B)+2a((8)=m) =N =pl (1= g em) 1 F S5y k(k — DagE!

(s)kn[ (s)k[1—B (1—204)}—6()\4-2041—&—%)]
| — 5L ) U= +BRaG) ) N W= em)
z
(o) [1()k[1-B(1-20)] B (A+2a+1 ) |

1

1 _ yooe ke~
D k=i kakz

using a;, given by Theorem [3.1]yields

S m(m—1)[y(s)(1—B)+B[2a(y(s)— )~ -] (1-31 5 Qcm)zm_l
L Y(s)kn [y(s)k[1-B(1—20)] - B(A+2ap+3 )]
|yt my(s)(1-B)+B[2a(v(s) — 1)~ N -] (1- zﬁ;cm)zmil

Y(s)km [v(s)k[1—B(1—20)]—-B(M+2au+1 )]

s k(k=1)[7(5) (1= B)+B[20(y(s)— )~ N — ) (1= 50F2 e ) k1
k=j+1 ¥(s)kn [1(s)k[1-B(1—20)] - B(A+2ap+ 3 )]
_ iy (5)(1-B)+B[2a(y(s)— )N —p) (1— zz:gcm)zk_l
'f—ﬂ+1 v(s)kﬂ[ry(s)ku B(1-2a)]-B(A2ap+3 )]
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1—2]“ m[1+(m—1)][v(s)(1-B)+B[2a(v(s)— )~ N -] (1- 1L 2cm)zm_1
W(S)k" [v(s)k[1-B(1—20)]—B(A+2ap+ 1 )|

1— Zg—i—l my(s)(1—B)+B[2a(v(s)—p) —N—p) (1-4 55

k=2 ¢m
kn[ (s)k[1-B(1-20)] - B(M20p+1 )]

_yoe MU DIN 00 +3Rat () ) - A=) (1- zzn“zcm)zk_l
k=j+1 Y(s)kn [ (s)k[1—B(1—20)]—B(A+2ap+3 )]
_y k() (A=) +BR2a(r(s) =)A=l (1=33 0y em) p_y
k=il (s)kn[v(s)k[1-B(1—-2a)]-B(M2ap+1 )]

)Zm—l

|-yt m?[y(s)(1=B8) +B8[2a(v(s) =) =N =l (1- 45 em
(s)kn [y(s)k[1—B(1—20)]—B(A 20+ 3 )]
1 —Z”l mly(s)(1-B)+B[2a(v(s)— )~ —p] (1- 215

k QCW) m—1
S)k”[v(S)’f[l B(1- 2a)]—6(/\+2au+5)]

iy k2[v(5)(1=B)+B[2a(v(s)—p) =\ —p] (1- X7 2, cm)zk_1
F=i41 oy (9)kn [1(o)k[1-B(1—20)] =B (A\+20p+5 )]

g Y(8)(A=B)+BR20(v () =) -A—ul (1-0 0 em) 4 1
- AR - B2 -8 (M 2ant §)]

)Zm—l

But,

2f7(2) N 7(2)
(3.5 Re <1 + () ) > ¢ implying 7(2) ‘ <1-—09.
Hence,

29, (2) ‘
R
94(2)

1—- Zi;;g 2 — ZZO:]-H i
1=, et — D g1 227

1 m— [e'e) _
1_Z]+ Pz|m! Zk:jJrl\Ij’Z‘k !
1 m— e} _
1— Zﬁ I|z|m=t — Zk:jJrl Q2]

where

2817
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m2(s)(1 = B) + B2a(3(s) = ) = X = ] (1= S o)

Q) - B =
()™ | y(s)k[L = B(1 - 20)] — 8 <>\ 1 apu+ _>_
. K2 [y(s)(1 = B) + Bl2a(y(s) — p) — Al — 1] ( _ gt Cm)
Yk (YKL= B(1—20)] = B (A+ 200 +5)]
(

_mh)1 =3 +8l2a0(5) ) = N — ] (1= T en)
)k [()k{1 = 51— 20)] = 3 (A + 200+ 1)
Ei(s)(1 = 8) + B2a(y(s) = ) = N = p] (1= T3 )

Y (kL= B0 = 20)] = 5 (A+ 20+ 5)

Q:

From the above values of ®, ¥, IT and (2 and the fact that |z| < R,, then

LD ()1 = )+ Bl2ar(s) — )~ N = (1= Shen)
P Ak [k - 80 - 20)] = 8 (A 20+ 3)]
= K(s)(1 = B) + ARaly(s) =) = X =] (1= Tifhem)
S Ak [k - 81 -20) - 8 (A+20u+5)]

It m (1 —8)[y(s)(1 — aly(s) —p) — Al — St e
1 gy AN =)+ PR i) A i (- Tihen)

1 —

S ek [k B0 20)) — 5 (A + 20+ 1]
o k(L= 0)[v(s)(1 = B) + Bl2a(y(s) — p) — Al — i (1 - Cm) K1
A ) KO S ] (TS | R

Collecting like terms and dividing through by [v(s)(1—8)+8[2a(v(s)—u)—\—pu],
we have
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J+1 ml(l—0)—m — jflz Cm

S (1=8)—m] (1= T en) o
(s [(s)k[L = B(1 = 20)] = 6 (A+20p+ 5 )|

RS K1 —8) = K (1= X0 cu) .
WS (ke [0kl = B(1 = 20)] = 8 (A+ 2000+ 1)
0
“ (&)X =B) + BRa(y(s) — 1) — N — 4]’
which completes the proof. 0
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