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THE FINITENESS OF THE NUMBER OF EIGENVALUES OF THE
FOUR-PARTICLE SCHRODINGER OPERATOR WITH THREE-PARTICLE
CONTACT INTERACTION

Islom N. Bozorov!, Usmon R. Shadiev, and Gayerat R. Yodgorov

ABSTRACT. In this paper, we consider the four-particle Schrédinger operator
corresponding to the Hamiltonian of a system of four arbitrary quantum par-
ticles via a three-particle contact interaction potential on a three-dimensional
lattice. The finiteness of the number of eigenvalues of the Schrodinger op-
erator lying to the left of the essential spectrum for zero value of the total
quasi-momentum is proved.

1. INTRODUCTION

The spectral properties of many-particle Schrodinger operators in Euclidean
space are well studied in the books [9], [[15] and [14]. For a system of many
particles with arbitrary strongly decreasing interactions, the finiteness of the
discrete spectrum was established by Zhislin [4]], [|5] and Yafaev [17]].

In the articles [1] and [8], the finiteness of the three-particle bound states is
proved for the three-dimensional discrete Schrodinger operator on the condition
that the operators describing the two-particle subsystems have no virtual levels.
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The finiteness of the discrete spectrum of Schrodinger operators corresponding
to the systems of the three-particles are investigated in [7], [10] and [11].

In the paper [2], the discrete Schrodinger operator acting in the Hilbert space
is considered, which corresponds to the Hamiltonian of a system of four identical
particles (bosons) interacting via pair contact attraction potentials on the lattice.
It is proved that the number of eigenvalues lying to the left of the essential
spectrum is finite for any value of ; > 0 (i is the interaction energy of two
bosons), and their absence is established for sufficiently small ;. > 0.

In this paper, we consider the four-particle Schrodinger operator correspond-
ing to the Hamiltonian of a system of four arbitrary quantum particles with a
three-particle contact interaction potential on a three-dimensional lattice. The
finiteness of the number of eigenvalues of the Schrodinger operator lying to the
left of the essential spectrum is proved for any value of u, > 0, « = 1,....4 (4
is the interaction energy of three particles) and zero value of the total quasi-
momentum.

2. FORMULATION OF THE MAIN RESULTS

Let L,((T®)3) be the Hilbert space of square-integrable functions defined on
(T3)3, T = (-, 7.

We consider the family of operators H(K), K € T* (four-particle discrete
Schrédinger operator) corresponding to the Hamiltonian of a system of four
arbitrary quantum particles with a three-particle contact interaction potential
on a three-dimensional lattice, where H(K) acts in the Hilbert space L, ((T?)?)
by the formula (see [13], [16])

H(K) = Hy(K) = 3 praVi

I, iS an interaction energy of particles 5, v and 0, 5 < v < 0, {a, (3,7,0} =
{1,2, 3,4}, the operators Hy(K) and V,, are defined by the formulas

(Ho(K)f)(p) = Ex(P)f(P), P = (p1,p2,13), pi €T,

3 1 3

Ex(p) = Zgi(pi)+€4(K—p1—p2—p3), calp) = — Z(l—cospi), a=1,..4,

m
i=1 @ i=1
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m,; mass i-th particle,

(Vif)(p) = (21)"° / F (1, 42, 48)ddads.

(T3)>

(Vaf)(p) = (27)"° / F(a1. pa, a)dasdas,
(T3)2

(Vaf)(p) = (21)"° / F(a1, 42, D) dasda,

(T3)>

(Vaf)(p) = (2m)~° / fla1, 2,01 +p2+ps — 1 — @2)dgudgo.
(T3)?

We denote by Az the positive square root of the operator A > 0, and by
o(A) and o.4s(A), respectively, the spectrum and the essential spectrum of the
operator A.

Note that the operator V,, is a positive operator and the equality Va% = Va,
a = 1,...,4 holds, i.e. V,, is projector. Therefore, the positive square root of the
operator /i, V, is equal to the operator /1o V,, o =1, ..., 4.

Let H,(K) = Hy(K)—f1aVa. The operator H,(K) is called the channel operator
corresponding to the Hamiltonian of the system {«a}, {5,7,60}, {«,3,7,0} =
{1,2,3,4}.

We set

W = Wa(K, 2) = (I — paVERoVE)™Y, Ry = Ro(K, 2) = (Ho(K) — 2)~",

where z ¢ 0(H,(K)), a = 1,....4, I is identity operator in Ly((T?)3).

By virtue of the lemma (see below) the operator W, (K, z) exists if and
only if z ¢ o(H,(K)), in addition W, (K, z) is a positive operator for all z <
Ta(K>J Ta(K) = inf Uess(Ha(K))'

1
Let 7x = inf |J 0(Ha(K)). We define the matrix operators acting in the
=1

Hilbert space L§4?((T3)3) = Ly((T%)?) @ Lo((T?)3) @ Lo((T?)?) @ Lo((T?)?) as

A(K,z) =W(K 2)L(K,z),  z€C\|]o(Ha(K)),

B(K,z) = W2(K,2)L(K,2)W2(K,z), z< 7k,
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where

0 VinpeViRoVa  \/pnpisViRoVs  /injaViRoVy

LK, 2) = Vi VaRoVy 0 ViepsVaRoVs  \/lapiaVaRoVy

Vi VaRoVi \/pspaVaRoVa 0 Vista V3 RoVy
ViapVaRoVi \/lapisVaRoVa  \/fiafisViRoVs 0

Y

Wy 0 0 0
0O Wy 0 0
0 0 Ws 0
o 0 0 W

W(K, z) =

Note that each nonzero element V; R (K, z)V;, i # j of the matrix operator
L(K,z) is an integral operator and its kernel is a continuous function on the
(T%)? x (T%)? for each z ¢ C\J;_, o(Hi(K)). Therefore V;Ry(K,z)V; belongs
to the Hilbert-Schmidt class. Hence, the operator L(K, z) is compact. It follows
from the boundedness of W (K, z) that the operator A (K, z) is compact [16].

Remark 2.1. The equation A(K; z)p = ¢ is an analogue of the Faddeev equation,
which is obtained for the three-particle continuous Schrodinger operator (see [9]).

Note that for any K € T? the essential spectrum o, (H(K)) of the operator
H(K) coincides with the union of the spectra channel operators (see [12]], [16]),
i.e.

Uess(H(K)) = U U(HQ(K))u

a=1

@D o(HalK)) = 0ess(Ha(K)) = | {o(ha(K =) +2a(0) }.

peT

w

where the notation A+b means that A+b={\+b: )\ € A}, the operator h, (k)
acts in the space Ly((T?)?) by

(ha(k)f) (Ps,Py) = [Eﬂ(pﬁ) +e4(py) +eo(k —ps — pv)} f(ps,py)—

(;;)6 / flar, @2)dqidge, {a,B,7,0} ={1,2,3,4}.
(T3)2

The main results of this work are the following statements.
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Lemma 2.1. Suppose that the family of operators B(K, z), z < 7k uniformly
converges to some operator B(K, k) as = — 17k — 0. Then the operator H(K) on
the interval (—oo, 7xc) can have only a finite number of eigenvalues.

Using the Lemma [2.1], we obtain

Theorem 2.1. For all i = (uq, p2, i3, f14), where p, > 0, a = 1, ..., 4 the operator
H(0), 0 = (0,0,0) can have only a finite number of eigenvalues lying to the left of
the essential spectrum.

3. PROOF OF THE MAIN RESULTS

The rest of the work is devoted to the proof of the main results.

Lemma 3.1. The operator W, (K, z) exists if and only if z ¢ o(H,(K)), in addi-
tion, W, (K, z) is a positive operator for all z < 7,(K).

Proof Let z & 0.ss(Ha(K)). Since
Ho(K) = Vo — 21 = (Ho(K) — 21)[I — Ro(K,2)Va],

the operator H,(K) — zI is invertible if and only if I — Ry(K,2)V, is invert-
ible. The equality o(Ro(K,z)V,) \ {0} = a(V RO(K 2)V, 1) \ {0} gives that
1 € o(Ro(K,2)V,) if and only if 1 € o(Va Ry(K, z)Va ). Therefore, the operator
I — Ry(K,2)V, is invertible if and only if the operator I— V%RO(K z)Vj is in-
vertlble Since Va RO(K zl)Va < Va RO(K zg)Va for z; < 29 < mg, we have
I-vg RO(K zl)V2 >1—-Vy RO(K z2)V2

Hence we obtain the assertion of the Lemma O

We denote by N(K;z), 2 < 7k the number of eigenvalues of the operator
H(K) lying to the left of z. Let A be a self-adjoint operator acting in the Hilbert
space H, and let H 4(A\), A > sup o.ss(A) be the subspace consisting of the ele-
ments of f € H satisfying the inequality (Af, f) > A(f, f).

We set

n(A, A) = sup dimHa(N).
Ha(N)

The number n()\, A) coincides with the number of eigenvalues of the operator
A lying to the right of \.
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We set
N(K,z)=n(—-2-H(K)), —z>-1x.

Lemma 3.2. For each z < 7k, the equality
(3.1) N(K,z) =n(1,B(K, z))
holds.

Proof. We prove lemma by the method used in [7]. Assume f € Hy(2), z < T,
ie.,

<(H0(K) _Zf)f,f> <WV£ ), V=mVi+pVa+ pusVs+ Vi

Therefore,

N

(v.9) < (B3 UK =)V R U 2)y.y). y = (Ho(K) = 21)* .

Thus N(K,z) <n(1,R¢(K,z)VR (K, z)).
Arguing similarly, we obtain the converse statement

N(K,2) > n(1, R (K, 2)VRZ (K, 2)).
This implies the equality
N(K, z) = n(1, R2 (K, 2)VRZ (K, ).

We consider the equation for the eigenfunctions f € Ly((T?)?) of the operator
11 1 1
RZVRZ, R = RZ(K, 2)

1 1
(3.2) A= B Vi + sV + Vs + paVi| Ry f, A > 1.
Let
(3.3) i = VPRG f.

1
Taking into account the equality V;> =V, ¢ = 1, ...,4 and (3.3), we write equality
(3.2) in the form

1 1 1 1 1
A = RZ [usl% + 3 Voo + p3 Vaps + M42V4S04]-
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Substituting this expression in (3.3]), we obtain the system of integral equations

/ 1 1 1 1 1

MﬁZM%R%M%%+NﬂWTH@%%+MﬂMQ=
1 1 1 1 1

Am=uﬂﬂ%@ﬂ@%+%%w+MQWyﬂd%m,

1 1 1 1 1
Aoz = 3 VaRo | i Vier + 3 Vo + ps Vaps + i Vaps ),

1 1

1 1 1 1 1
Aoy = pi VaRo | i Vier + 3 Vaps + pz Vaos + i Vips

N e

?
\

i.e., the equation
3.4 AP =T(K, 2)P,

has a nontrivial solution ® = (¢, 3, ©3, ©4), Where the operator T(K, z) acts in
L(4)((T3)3) as
2

mViRoVi  apeViRoVa  /uipsViReVs  \/iapaViRoVy
Vit VaRoVi 12VaRoVa  \/liapisVaRoVs  \/liaftaVaRo Vi
Vi VaRoVi \/uspaVaRoVa  usVsRoVs  \/uspaVsRoVy
ViapiVaRo Vi /papeVaRo Ve \/papsViRoVs  paViRoV)y
It is easy to check that the equations and are equivalent. From this
we obtain the equality

T(K,z) =

N(K,z) =n(1,T(K,2)).

If we show that

[N

n(1,T(K, 2)) = n(1, W2 (K, 2)L(K, 2) W2 (K, 2)),

then Lemma [3.2| will be proved.
Suppose f € Hrk,» (1), thatis (T(K, z)f, f) > (f, f) or

(B -VERVEL ) < (L(K,2)1, 1),

where E is the identity operator in L{"((T?)?) and

p1ViRoVy 0 0 0
0 0 p3VaRoVs 0
0 0 0 paViRoVy

Hence,

(9. 0) < (W2(K,2)L(K, 2)W2(K, 2)p,¢), f=W2(K,z)p.
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Thus, n(1, T(K, 2)) < n(1,W3 (K, 2)L(K, 2)W3 (K, 2)).
Arguing similarly, we obtain the converse statement

n(1, T(K, 2)) > n(1, W2 (K, 2)L(K, 2) W3 (K, 2)).
This implies the equality (3.1)). O

Proof of the Lemma Note that for any 2 < 7 the operator B(K;z) is a
compact and continuous operator-valued function for z < 7x. Therefore, using
the Weyl inequality [3]

n(a+b,A+ B) < n(a, A) +n(b, B)

for compact operators A, B and according the Lemma we obtain the proof
of the Lemma [71.
In what follows we assume that X = 0, 0 = (0,0,0). We set

1 dq1dq
Apo(k;2) =1 = palu(k;z), Fa(k;z) = (26 / e (qn 1q2)2_ P
k )
(T2)?

z € C\ [ma(k), Ma(k)], where m, (k) = min e¢(p,q), Ma(k)= max £}(p,q).

p,q€T3 p,qeT3

Lemma 3.3. The number z € C\0.5s(ha(k)) is an eigenvalue of the operator h, (k)
if and only if A, (k; z) = 0.

A similar lemma is proved in [6].

The Lemma [3.3| and the equality (2.1]) imply

Lemma 3.4. For the spectrum of the operator H,(0) = Hy(0) — 1oV, o €
{1,2,3,4} the equality
0 (Ha(0)) = [0, Mo] U o

holds, where o, = {z € C\[0, Mo] : A,(p; z2—ea(p)) = 0 for at least one p € T3}.

Let
dsdt
fa($az):/ 1 1 i 1 )
m—ﬂ(l —coss) + (1 —cost) + (1 —cos(s +t+z) — 2
T2 7
zeT, z<O.

Then the function f,(x, z) is analytic on T for each z < 0.

Proposition 3.1. Let z < 0. Then max f,(z,2) = f,(0, 2).
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Proof. A simple calculation shows that from the monotonicity of the function
fa(z,-) on (—o0,0). Therefore, if the function f,(-, z) for each z < 0 reaches its
maximum value at the point 2/, then it reaches its maximum value for all 2’ # z,
2" < 0 at the same point z’.

Suppose that f,(z/, z) = max fa(z,2) > fa(0,2) for z < 0. Then lergo fal2', 2)
exists and it is finite, and zl—i>H—lO fa(0,2) = +o00. Therefore, there exists z* < 0

such that f, (2, z*) < f,(0, z*). This contradiction proves Proposition |3.1 O
From the Proposition we obtain the following

Corollary 3.1. Let z < 0 and max F,(p; z) = F,(p'; z). Then p’ = 0.
p

It follows from the Corollary [3.1] that if o, # (), then inf o, = z, A, (0; 2) = 0.
From here and the Lemma [3.4/ we have

Proposition 3.2. For all j1,, > 0 the equality
To =1 To(0) = inf 0 (H,(0)) = min{0, A},
holds, where A, such that A, (0;\,) = 0, herewith 7, = 7,(ia) < 0.
The expression for the essential spectrum of the operator H(K') implies
To = inf 0ess (H(0)) = min{7, 72, 73, 74}

We denote

fa(z) = [#FQ(O; z)] 71, z <0.

A simple calculation shows that

>0 for pa < pa(2),
Apo(kiz) =9 0 for pa = pa(2),
<0 for pa > pa(z).

Lemma 3.5. There exists a number C' > 0 such that, for all o, > 0, « = 1,...,4
and z < 1, the inequality

(3.5) A, (pyz —ea(p)) > Cp?

holds.
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Proof. The function A, (p; z— 6a(p)) is continuous in z and p, and strictly mono-
tonically decreases in z < 7, for any fixed p € T3. Hence, if y1, < po(0), then

Aua (p; z — ea(p)) > Aua(O) (p; 0— ea(p)) Z AMOL(O) (O, 0— 5&(0)) = 0.

Therefore, inequality (3.5) for 1, < 11,(0) holds.
Let 1o > 11a(0). Then pio(70) Fo (05 7o) = 1and A, (p; 2—2a(p)) > Apoira) (93 Ta—
ea(p)). By the Corollary we have

Aﬂa(Ta)(p7 Ta — €a(p)>

:MQ<TQ)Fa<O;Ta>_Ma(Ta) / ) da1dg,

(2m)° +e5(q1, @2) — Ta
(T3)2
3.6) < HalTa) / dgdgy — pa(7a) / dqrdags
- (2m)® y 6(q1, @) — Ta (2m)° ) a(p) +e5(a1, @2) — Ta
(T3)2 (T3)2
— ¢ ( ) MOJ(TQ) / dQ1dQQ
S (2m)e (ea(p) +€§(q1, q2) — 7a)(5(q1, @2) — Ta)

(T3)?
Since the point p = 0 is the unique nondegenerate minimum point for the func-
tion ¢,(-), there exists C' > 0 such that for all p € T? the inequality

(3.7) ea(p) > Cp?

holds. Therefore, the integral

/ dq1dgs
(192 (ca(p) +€8(q1,02) — Ta) (€8 (q1, G2) — Ta)

converges for all 7, < 0 and p € T3. From here and according to (3.7) from the
inequality we obtain the inequality (3.5) for p, > p1a(0). O

Using V,, = V2 and performing elementary calculations on integral equations,
it is easy to check that the operator 1, (0, z) acts as

Wa(0,2) = I + oA VR (0, 2)Va,

where A_! is the operator of multiplication by [A,,, (p;z — €4(p))]~'. Moreover,
the operator W, (0, z) is continuous in z < 7, < 0.

1 1
Lemma 3.6. For all z < 7,, the operator W3 (z) =: W (0, z) represents as

W2 (2) = [1aA7 ]2 Mo (2) 2V + Wal(2),
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where M, (z) is operator of multiplication by the function V,R(0, z)¢o, vo = 1,
W, (z) is a bounded operator for each =z € (—o0,7,|, and the operator function
W, () is continuous on the interval (—oo, 7,].

Proof. Note that the operator [u,A 1]%Ma(z)%\/a is a positive root of the posi-
tive operator pu AV, Ry(0, 2)V,. From here and according to the well-known
inequality [3]]
|B2 — Az < ||B - A2,
for all positive operators A and B, we have
IWit (2) = l1adg 1 Ma(2)* Vel < 1.
This gives the representation
Wi (2) = 10711 Ma(2) Vo + Wa(2).

11 1o
The nonzero elements W3 Vi’ RoVi W, a # 3 of the matrix operator B(0, 2)
have the form

1 =

W Vit RoVEWE = pdpsWe () Kas()W3 (2), Kap(2) = VaRo(0,2)V,
a # B. H

1 1
Lemma 3.7. Let po, > 0, @ = 1,...,4. Then Wg (2)Kap(2)W; (2), a« # B is a

1 1
compact operator for z € (—oo, o] and the operator function We (-) Kas(-)Wj3 (+),
« # [ is continuous on the interval (—oo, 7o)

Proof. According to the Lemma 3.6, we write
Wit () Kas(2) W (2)
1 1 1 a1l ~ 1 112
= (1025 "] Ma(2)} Kap(2) M (2)? [1525']* + Wa(2) Kas(2) My (2)? [1525]

+ (a1

N

Mo (2)2 Kag(2)W5(2) + Wa(2) Kas(2) Ws(2).

The operators M, (z) and Wa(z) are bounded for all z < 79 and o = 1,...4.

Therefore, taking into account the commutativity of the operators M, (z) and

pa ALY, according to the last equality, for the compactness of the operator W2 (2)

1 i

Kos(2)W3(z), z < 7o it suffices to show that the operators Kqs(2), [taAS']?
1 1 1

Kap(2), Kap(2)[1s5']? and [naAJ]? Kop(2) [1sA ;"] * are compact for all z <

To- These operators belong to the Hilbert-Schmidt class for all z < 74. Indeed,
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for convenience, we show this for « = 1 and = 2. The operator K;,(z) acts in
Ly((T3)3) as

(2m) "2 f(q1, b, q3)dqidgadgbdds

el —(T3/)2 (T?’/)2 e1(pr) +e2(qy) +e3(q3) +eal(pr + g2 + q3) —

According to (3.7)), the kernel

(2m) dg

K zZ, 5 /7 :/
12(25 P15 G5, G3) 3 e1(p1) +e2(dh) +e3(dh) +ealpr + 2 + ¢4) —
T

of the integral operator Ki,(z) is bounded for all p;,q),q3 € T2 and 2 < 7.
Therefore, the operator K;5(z) belongs to the Hilbert-Schmidt class for all z <
To-

Since [, A;']? is a multiplication operator, according to the Lemma 3.5| from
the boundedness of the kernel of the operator K;,(z), we obtain boundedness of
the kernels of the operators [[LaA ]2K12( ), Klz( )p2A5 12 and [ ATV 2 Kia(2)
2, respectively, by functions \/_ \/_ and \/_ T for all p;,p, € T? and 2 < 7.

Therefore the operators [ A7 2 K12(2), Kia(2)[1eA; ]2 and [ A2 Kio(2)
2 belong to the Hilbert-Schmidt class for all z < To-

Thus, we have proved that W (2)Kia(z )W (z) is a compact operator for all
z < To.

By similar way are proved the compactness of the operators Wa% (2)Kap(2)
Wé(z), a # G forall z < 7.

The kernel of the integral operator Wé(z)Kaﬁ(z)WE(z), a # [ is contin-
uous in T3 x T? for all z < 79. Therefore, the function Wé()Kaﬁ()Wé(),
a # [ is continuous on the interval (—oo, 79). The continuity of the function
Wé ()Kag()Wé(), a # 3, at the point z = 79 follows from the dominated con-
vergence theorem. O

From the Lemma we obtain

Lemma 3.8. For each pu = (p1, fto, i3, pta) With po > 0, a = 1,...,4, the family
of operators B(0,z), z < 7o uniformly converges to some operator B(0, ) for
z— 19— 0.

The proof of the Theorem [2.1] follows from the Lemmas [3.8/ and [2.1]
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