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WEIGHTED MOSTAR INDICES OF CERTAIN GRAPHS

P. Kandan1,2, S. Subramanian2, and P. Rajesh3

ABSTRACT. Chemical graph theory is a mixture of chemistry and mathematics
both play an important role in chemical graph theory. Chemistry provides a
chemical compound and graph theory transform this chemical compound into
a molecular graph, which are associated with some numerical values these val-
ues are known as topological indices. In this study we consider the weighted
modification of new bond-additive Mostar indices that appear to provide quan-
titative measures of peripheral shapes of molecules. We have computed the
Additively Weighted Mostar Index and Multiplicatively Weighted Mostar Index
for Conical and Generalized gear graph.

1. INTRODUCTION AND PRELIMINARIES

In graph theory, it is a branch of mathematics but at present graph the-
ory is mostly used in chemistry, engineering and physics departments for their
research studies. In the fields of chemical sciences, mathematical chemistry,
chemical graph theory, and pharmaceutical science, topological invariants are
of significant importance because of their definitional use, bond connectivity
topological indices are used to measure the branching, compactness, central-
ity, regularity, variability, bipartivity, etc. In reticular chemistry, quantitative
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structure-property / quantitative structure-activity relationship (QSPR/QSAR)
schemes are correlation/regression models used to associate with various bio-
logical and physicochemical activities. The Harold Wiener initiated this study; in
1947, he introduced a distance-based structure invariant to find out the boiling
point of alkanes. In this process, the topologically invariant quantities change
the chemical structure into a specific mathematical number named as topolog-
ical descriptor or index. In chemical graph theory, the molecular structure de-
scriptors establish, which models organic compounds into hydrogen-suppressed
graphs with a relationship of vertices (resp. edges) to atoms (resp. bonds).
The structure descriptors give efficient regression models, which correspond to
different biological and physicochemical properties, including the critical tem-
perature, critical volume, critical pressure, the boiling point, the heat of forma-
tion, enthalpy of vaporizationof organic compounds. There are several classes
of topologicaldescriptors, including counting-based descriptors, valency-based
descriptors, spectrum-based descriptors.

Apart from these, yet another interesting class of indices strives to capture
some relevant properties of whole graphs by summing contributions of indi-
vidual vertices and/or edges, such indices are called vertex and bond-additive
indices or distance based, respectively. It attracted considerable attention, both
in the context of complex networks and in more classical applications of chemi-
cal graph theory. Some of the familiar bond-additive distance-based indices like
szeged index put forward by Gutman [20], Padmakar-Ivan(PI) index introduced
by Khalifeh et al. [25] and Došlić et al. [14] recently introduced a Mostar index
that measures the peripherality of individual bonds (i.e., edges) and then sums
the contributions of all edges and produces a global measure of peripherality of
a given graph, which are defined respectively as follows:

Sz(G) =
∑

e=uvεE(G)

nGe (u)nGe (v),

P Iv(G) =
∑

e=uvεE(G)

(
nGe (u) + nGe (v)

)
,

Mo(G) =
∑

e=uvεE(G)

∣∣nGe (u)− nGe (v)
∣∣ .

Here nGe (u) denotes the number of vertices of G closer to u than to v and nGe (v)

is defined analogously. Nowadays there is a vast literature presenting scientific
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researches deeply related to the szeged and PI index (e.g. for some recent results
see [23] and references cited therein). For a comprehensive study on the success
of Mostar index, the interested reader is referred to [3–5,8,11,12,15,16,19,26,
28]. After the introduction of szeged and PI index which are attracted much
attention in the mathematical chemistry community, Ilič andMilosavljević pro-
posed a modification of the Szeged index and PI index [21] get inspired after
extension of the Wiener index. This quantatity is named as weighted Szeged
index and weighted PI index, defined as

PIw(G) =
∑

e=uvεE(G)

(degGe (u) + degGe (v))
(
nGe (u) + nGe (v)

)
,

Szw(G) =
∑

e=uvεE(G)

(degGe (u) + degGe (v))nGe (u)nGe (v).

These quantities are some of the central and most commonly studied weighted
version of distance-based topological descriptors. For example, see recent re-
search on weighted Szeged index and weighted PI index [22,31,32]. In [1] the
simplest, to define the weight as the sum of the degree, degGe (u) + degGe (v) and
the product degree degGe (u).degGe (v), these two weights are known as an addi-
tive and multiplicative degree-weighting respectively. Recently, in this direction
a new topological indices called Additively weighted(Weighted plus) Mostar in-
dex and Multiplicatively weighted(Weighted product) Mostar index have been
proposed by Arokiaraj et al. [6] defined as

MoA(G) =
∑

e=uvεE(G)

(degGe (u) + degGe (v))
∣∣nGe (u)− nGe (v)

∣∣ ,
MoM(G) =

∑
e=uvεE(G)

(degGe (u).degGe (v))
∣∣nGe (u)− nGe (v)

∣∣ .
In his paper using cut method explicit formulae of Weighted plus Mostar indices
and Weighted product Mostar indices have obtained to the chemically interested
graphs like graphene, graphyne, graphdiyne and benzenoid system. In [7] Trat-
nik and Brezovnik have discussed various weighted version of mostar index for
strength weighted graphs and some well known families of molecular structures
like phenylenes, coronoid and benzenoid systems.

Through out this paper we consider a graph G be a simple, undirected, and
connected graph with the vertex set V (G) and the edge set E(G). The degree
of uεV (G), represented as degG(u) = degGe (u), is described as the number of
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edges directly linked with u [29]. Graph operations play an important role in
chemical graph theory. Different molecular graphs can be obtained by applying
graph operations on some general or particular graphs. For example, the linear
polynomial chain, nanotube, nanotorus, tetrameric 1,3-adamantane, truncated
cube etc.. Hence it is important to study the various graph operations in order
to understand how it is related to the corresponding topological indices of the
original graphs. There are several other results regarding various topological
indices under different graph operations, refer to recent paper [10,24,31].

In 2020, Ayache et al. [2] introduced a graph called the conical graph that
consists of center uo and (`, k)-Cycles C1

k , C
2
k , . . . , C

`
k interposed as it’s illustrated

in Figure 1. given below, and denoted by G(`, k) = C(`, k). One can be seen that
for ` = 1, the graph G(1, k) is not other of classic wheel graph Wk formed by
connecting a single vertex uo to all vertices of k-cycles Ck. Recently in [27, 30]
the (a,b)-Zagreb index is obtained for co-normal, concentric wheel and intersec-
tion of graphs. Motivated by this structure, Kandan and Subramanian [22, 23]
recently obtained the explicit formula of bond-additive indices like PI, szeged,
Mostar and weighted version of PI and szeged index to the conical grap

Definition 1.1. The Conical graph C(`, k) is a graph which is obtained by taking
adjacency from a center vertex uo to the first layer of the Cartesian product of Ck
and P`, with ` ≥ 1 and k ≥ 3. (see Figure 1.)

Let vertex set of C(`, k) can be written as

V (G) =
{
uo, u

1
1, . . . , u

1
k, u

2
1, . . . , u

2
k, . . . , u

`
1, . . . , u

`
k

}
and for our convenience the edges set of C(`, k) into four sets such that E(C) =
3⋃

n=0

En(C), where

E0(C) = {uou11, uou12, . . . , uou1k}, ⇒ |E0| = k,
E1(C) =

{
u`−11 u`1, . . . , u

`−1
k u`k

}
, ⇒|E1| = k,

E2(C) =
{
u`1u

`
2, u

`
2u

`
3, . . . , u

`
ku

`
1

}
, ⇒ |E2| = k,

E3(C) = E+(C)
⋃
E
′
(C)

⋃
E∗(C),

where E+(C) = {u11u12, . . . , u1ku11}, E
′
(C) = {uj1u

j
2, u

j
2u

j
3, . . . , u

j
ku

j
1|j = 2, 3, . . . ,

` − 1}, E∗(C) =
{
uj1u

j+1
1 , uj2u

j+1
2 , . . . , ujku

j+1
k |j = 1, 2, . . . , `− 2

}
, ⇒ |E3(C)| =

k+k(`−2)+k(`−2). Its clear for a conical graph C(`, k), we have |V (C(`, k))| =
k` + 1, |E(C(`, k))| = 2k` and noticed that degC(uo) = k, degC(uji ) = 4, if
i = 1, 2, . . . , k and j = 1, 2, . . . , `− 1, degC(u`i) = 3, if i = 1, 2, . . . , k.
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FIGURE 1. Conical graph C(`, k)

Inspired by the structure of conical graph and by the definition of subdivison
graph, Kandan and Subramanian [23], recently introduced a Generalized gear
graph and obtained the exact formula of PI, szeged, Mostar indices, moreover
in [22] weighted PI and weighted szeged indices to it.

Definition 1.2. For ` ≥ 1 and k ≥ 2, the Generalized gear graph C∗(`, 2k) is graph
obtain from the conical graph with a vertex added between each pair adjacent
vertices of the cycles. (see Figure 2.)

Let vertex set of C∗(`, 2k) can be written as V (C∗) = {uo, . . . , u1k,1, u21, . . . ,
u2k,1, . . . , u

`
1, . . . , u

`
k,1} and our convenience the edges set of C(`, 2k) into for

sets such that E(C∗) =
3⋃

n=0

En, where E0 = {uou11, uou12, . . . , uou1k}, E1 ={
u`−11 u`1, u

`−1
2 u`2, . . . , u

`−1
k u`k

}
, E2 =

{
u`1u

`
1,2, . . . , u

`
k,1u

`
1

}
, E3(C

∗) = E+(C∗)
⋃

E
′
(C∗)

⋃
E∗(C∗), where E+(C∗) =

{
u11u

1
1,2, u

1
1,2u

1
2, . . . , u

1
ku

1
k,1, u

1
k,1u

1
1

}
and E ′(C∗)

=
{
uj1u

j
1,2, . . . , u

j
ku

j
k,1, u

j
k,1u

j
1|j = 2, 3, . . . , `− 1

}
, and E∗(C∗) = {uj1u

j+1
1 , . . . ,

ujku
j+1
k } such that E(G) =

3⋃
n=o

En.

Its clear that for a Generalized gear graph C∗(`, 2k), we have |V (C∗(`, 2k))| =

2k`+ 1 and |E(C∗(`, 2k))| = |E0(C
∗)|+ |E1(C

∗)|+ |E2(C
∗)|+ |E3(C

∗)| = k+k+

2k+3k`−4k = 3k` and notices that degC∗(uo) = k, degC∗(uji ) = 4, if i = 1, 2, . . . , k

and j = 1, 2, . . . , ` − 1 degC
∗
(u`i) = 3, if i = 1, 2, . . . , k, degC∗(u`i,i+1) = 2, if i =

1, 2, . . . , k and j = 1, 2, . . . , ` For ` = 1 the Generalized gear graph is Gear graph
of C∗(`, 2k), also sometimes known as a bipartite wheel graph. More topological
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FIGURE 2. Generalized gear graph C∗(`, 2k)

indices has been studied to wheel and gear related graphs ref [9,13,17,18,23].
The following Lemma 2.1, is used to prove the main result of this section which
follows immediately from the Figure 2.

2. MAIN RESULT

The main purpose of the present paper is to obtain the explicit formulae for
the additively weighted Mostar index and multplicatively weighted Mostar index
to the conical graph and Generalized gear graph.

2.1. Conical graph. As defined in the introduction part of the Conical graph,
for our convenience the conical graph C(`, k) is sometime simply denoted by C.
The following Lemma is used in the proof of the main Theorem of this section,
which follows immediately from the above defined edge partitions and structure
of the conical graph.

Lemma 2.1. [22] For a conical graph C(`, k), with ` ≥ 1 and k ≥ 4, we have
(i) if e = uou

1
i εE0(C), then nCe (uo) = `(k − 3) + 1 and nCe (u1i ) = `, for i =

1, 2, . . . , k;
(ii) if e = u`−1i u`iεE1(C), then nCe (u`−1i ) = (k` + 1) − k and nCe (u`i) = k, for

i = 1, 2, . . . , k;
(iii) if e = u`iu

`
i+1εE2(C), for i = 1(= k + 1), 2, . . . , k then,

(a) if nCe (u`i) = k`
2

= nCe (u`i+1), for k is even
(b) if nCe (u`i) = (k−1)`

2
= nCe (u`i+1), for k is odd.
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(iv)(a) for i = 1(= k + 1), 2, . . . , k, if e = u1iu
1
i+1εE

+(C), then nCe (u1i ) = 2` =

nCe (u1i+1).
(b) for j = 2, 3, . . . , ` − 1 and i = 1(= k + 1), 2, . . . , k, if e = ujiu

j
i+1εE

′
(C),

then
(i) if nCe (uji ) = k`

2
= nCe (uji+1), k is even

(ii) if nCe (uji ) = (k−1)`
2

= nCe (uji+1), k is odd
(c) for j = 1, 2, . . . , ` − 2 and i = 1, 2, . . . , k, if e = ujiu

j+1
i εE∗(C), then

nCe (uji ) =
`−2∑
j=1

(jk + 1) and nCe (uj+1
i ) =

`−2∑
j=1

(`− j)k.

Using the Lemma 2.1, next we determine the exact value of Additively weighted
Mostar index to the conical graph C(`, k)

Theorem 2.1. For any conical graph C(`, k) with ` ≥ 1 and k ≥ 4, we have
MoA(C(`, k)) =

k ((k + 4)(`(k − 4) + 1) + 7(k(`− 2) + 1)) + 4(k(`− 2))2

if ` is even

k ((k + 4)(`(k − 4) + 1) + 7(k(`− 2) + 1)) + 8k
(

(k`− 1) + k(`−1)(`−5)
2

)
if ` is odd.

Proof. By the definition of Additively weighted Mostar index, to obtain it for the
conical graph, we have

MoA(C(`, k)) =
∑

e=uvεE(C)

(
degCe (u) + degCe (v)

) ∣∣nCe (u)− nCe (v)
∣∣ .

Using the edge partition, E0, E1, E2 and E3, of the conical graph C(`, k), as
define in the introduction and by the Lemma 2.1, we have the following four
cases,

Case (i): For i = 1, 2, . . . , k, if e = uou
1
i εE0(C), then∑

eεE0(C)

(degCe (uo) + degCe (u1i ))
∣∣nCe (uo)− nCe (u1i )

∣∣
=

∑
eεE0(C)

(k + 4) |(`(k − 3) + 1)− `| = k(k + 4)(`(k − 4) + 1), since k ≥ 4

Case (ii): For i = 1, 2, . . . , k, if e = u`−1i u`iεE1(C), then∑
eεE1(C)

(
degCe (u`−1i ) + degCe (u`i)

) ∣∣nCe (u`−1i )− nCe (u`i)
∣∣

=
∑

eεE1(C)

(4 + 3) |((`k + 1)− k)− k| = 7k(k(`− 2) + 1).

Case (iii): For i = 1(= k + 1), 2, . . . , k, if e = u`iu
`
i+1εE2(C), then
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eεE2(C)

(degCe (u`i) + degCe (u`i+1))
∣∣nCe (u`i)− nCe (u`i+1)

∣∣ = 0.

Case (iv): For e ∈ E3(C) = E+(C)
⋃
E
′
(C)

⋃
E∗(C), then the three sub-cases

are
sub-case(a): For i = 1(= k + 1), 2, . . . , k, if e = u1iu

1
i+1εE

+(C), then∑
e∈E+(C)

(degCe (u1i ) + degCe (u1i+1))
∣∣nCe (u1i )− nCe (u1i+1)

∣∣ = 0

sub-case(b): For i = 1(= k + 1), 2, . . . , k and j = 2, 3, . . . , ` − 1, if e =

ujiu
j
i+1εE

′
(C), then∑

eεE′ (C)

(degCe (uji ) + degCe (uji+1))
∣∣nCe (uji )− nCe (uji+1)

∣∣ = 0

sub-case(c): For i = 1, 2, . . . , k and j = 1, 2, . . . , ` − 2, if e = ujiu
j+1
i εE∗(C),

then ∑
eεE∗(C)

(degCe (uji ) + degCe (uj+1
i ))

∣∣nCe (uji )− nCe (uj+1
i )

∣∣
=

k∑
i=1

(4 + 4)
`−2∑
j=1

|(jk + 1)− (`− j)k|

= 8k



`−2
2∑
j=1

k`− (2jk + 1) +
`−2∑
j= `

2

k(2jk + 1)− k` if ` is even

`−1
2∑
j=1

k`− (2jk + 1) +
`−2∑
j= `+1

2

(2jk + 1)− k` if ` is odd

= 8k


k(`−2)2

2
if ` is even

k`− 1 + k(`−1)(`−5)
2

if ` is odd

Hence from the above four cases, we have the explicit formula of Additively
weighted Mostar index to the conical graph C(`, k) is

Case (i): For ` is even
MoA(C(`, k)) = k ((k + 4)(`(k − 4) + 1) + 7(k(`− 2) + 1)) + 4(k(`− 2))2.

Case (ii): For ` is odd
MoA(C(`, k)) = k ((k + 4)(`(k − 4) + 1) + 7(k(`− 2) + 1)) + 8k ((k`− 1)

+k(`−1)(`−5)
2

)
. �

Observe that Aditively weighted Mostar index of conical graph C(`, k) can
expressed interms of Mostar index as MoA(C(`, k)) = (k + 4)Mo(E0(C)) +
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7Mo(E1(C)) + 8Mo(E∗(C)) Using the above Theorem 2.1, we have following
corollary.

Corollary 2.1. For ` = 1 and k ≥ 4 the wheel graph Wk whose Additively weighted
Mostar index MoA(Wk) = k(k2 − 9)

Next we have obtain the Multiplicatively weighted Mostar index of conical
graph C(`, k). as follow.

Theorem 2.2. For a conical graph C(`, k) with ` ≥ 1 and k ≥ 4, we have

MoM(C(`, k)) =


4k (k(`(k − 4) + 1) + 3(k(`− 2) + 1))

+8(k(`− 2))2 if ` is even

4k (k(`(k − 4) + 1) + 3(k(`− 2) + 1))

+16k
(

(k`− 1) + k(`−1)(`−5)
2

)
if ` is odd

.

Proof. By the definition of Multiplicatively weighted Mostar index, to obtain it
for the conical graph, we have

MoM(C(`, k)) =
∑

e=uvεE(C)

(
degCe (u).degCe (v)

) ∣∣nCe (u)− nCe (v)
∣∣ .

Using the edge partition E0, E1, E2 and E3, of the conical graph C(`, k), as
defined in the introduction and by the Lemma 2.1, we have the following four
cases,

Case (i): For i = 1, 2, . . . , k, if e = uou
1
i εE0(C), then∑

eεE0(C)

(
degCe (uo).deg

C
e (u1i )

) ∣∣nCe (uo)− nCe (u1i )
∣∣

=
∑

eεE0(C)

(4k) |(`(k − 3) + 1)− `| = k(4k)(`(k − 4) + 1), since k ≥ 4

Case (ii): For i = 1, 2, . . . , k, if e = u`−1i u`iεE1(C), then∑
eεE1(C)

(
degCe (u`−1i ).degCe (u`i)

) ∣∣nCe (u`−1i )− nCe (u`i)
∣∣

=
∑

eεE1(C)

(4.3) |((`k + 1)− k)− k| = 12k(k(`− 2) + 1)

Case (iii): For i = 1(= k + 1), 2, . . . , k, if e = u`iu
`
i+1εE2(C), then∑

eεE2(C)

(degCe (u`i).deg
C
e (u`i+1))

∣∣nCe (u`i)− nCe (u`i+1)
∣∣ = 0

Case (iv): For eεE3(C) = E+(C)
⋃
E
′
(C)

⋃
E∗(C), then the three sub-cases

are
sub-case(a): For i = 1(= k + 1), 2, . . . , k, if u1iu

1
i+1εE

+(C), then
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e∈E+(C)

(degCe (u1i ).deg
C
e (u1i+1))

∣∣nCe (u1i )− nCe (u1i+1)
∣∣ = 0

sub-case(b): For i = 1(= k + 1), 2, . . . , k and j = 2, 3, . . . , ` − 1, if e =

ujiu
j
i+1εE

′
(C), then∑

eεE′ (C)

(degCe (uji ).deg
C
e (uji+1))

∣∣nCe (uji )− nCe (uji+1)
∣∣ = 0

sub-case(c): For i = 1, 2, . . . , k and j = 1, 2, . . . , ` − 2, if e = ujiu
j+1
i εE∗(C),

then ∑
eεE∗(C)

(degCe (uji ).deg
C
e (uj+1

i ))
∣∣nCe (uji )− nCe (uj+1

i )
∣∣

= 16k
`−2∑
j=1

|k`− (2jk + 1)|

= 16k



`−2
2∑
j=1

k`− (2jk + 1) +
`−2∑
j= `

2

(2jk + 1)− k` if ` is even

`−1
2∑
j=1

k`− (2jk + 1) +
`−2∑
j= `+1

2

(2jk + 1)− k` if ` is odd

= 16k


k(`−2)2

2
if ` is even

k`− 1 + k(`−1)(`−5)
2

if ` is odd
.

By summing the above four cases, we have the explicit formula of Multiplica-
tively weighted Mostar index to the conical graph C(`, k) is

Case (i): For ` is even
MoM(C(`, k)) = 4k (k(`(k − 4) + 1) + 3(k(`− 2) + 1)) + 8(k(`− 2))2.

Case (ii): For ` is odd
MoM(C(`, k)) = 4k (k(`(k − 4) + 1) + 3(k(`− 2) + 1))

+16k
(

(k`− 1) + k(`−1)(`−5)
2

)
. �

Observe that Multiplicatively weighted Mostar Index of conical graph C(`, k)

can be expressed interms of Mostar index as follow:

MoM(C(`, k)) = 4kMo(E0(C)) + 12Mo(E1(C)) + 16Mo(E∗(C)).

Using the above Theorem 2.2, we have following corollary.

Corollary 2.2. For ` = 1 and k ≥ 3 the wheel graph Wk whose Multiplicatively
weighted Mostar index MoM(Wk) = 3k2(k − 3).
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3. GENERALIZED GEAR GRAPH

In this section we have obtained the exact formula of Additively weighted
Mostar index and Multiplicatively weighted Mostar index to the Generalized
gear graph. The following Lemma is used in the proof of the main Theorem
of this section, which follows immediately from the edge partitions as defined
early and structure of the Generalized gear graph.

Lemma 3.1. [22] For a Generalized gear graph C∗(`, 2k), with ` ≥ 1 and k ≥ 2,
we have

(i) for i = 1, 2, . . . , k, if e = uou
1
i εE0(C

∗), then nC
∗

e (uo) = `(2k − 3) + 1 and
nC
∗

e (u1i ) = 3`.
(ii) for i = 1, 2, . . . , k, if e = u`−1i u`iεE1(C

∗), then nC∗e (u`−1i ) = 2k(`− 1) + 1 and
nC
∗

e (u`i) = 2k.
(iii) for i = 1(= k + 1), 2, . . . , k and let E2(C

∗) = E
′
(C∗)

⋃
E
′′
(C∗), where

e = u`iu
`
i,i+1εE

′
(C∗) and e = u`i,i+1u

`
i+1εE

′′
(C∗).

sub-case(a) if e = u`iu
`
i,i+1εE

′
(C∗), then nC∗e (u`i) = `(k + 1) and nC∗e (u`i,i+1) =

`(k − 1) + 1.
sub-case(b) if e = u`i,i+1u

`
i+1εE

′′
(C∗), then nC

∗
e (u`i,i+1) = `(k − 1) + 1 and

nC
∗

e (u`i+1) = `(k + 1).
(iv) For e ∈ E3(C

∗) = E+(C∗)
⋃
E−(C∗)

⋃
E∗(C∗), then the three cases are

Case (a) For i = 1(= k + 1), 2, . . . , k,and let E+(C∗) = E+
a (C∗)

⋃
E+
b (C∗),

where e = u1iu
1
i,i+1εE

+
a (C∗) and e = u1i,i+1u

1
i+1εE

+
b (C∗).

sub-case(a) if e = u1iu
1
i,i+1εE

+
a (C∗), then nC∗e (u1i ) = 2`(k−1) and nC∗e (u1i,i+1) =

2`+ 1.
sub-case(b) if e = u1i,i+1u

1
i+1εE

+
b (C∗), then nC∗e (u1i,i+1) = 2`+1 and nC∗e (uji+1) =

2`(k − 1).
Case (b) For i = 1(= k + 1), 2, . . . , k and j = 2, 3, . . . , ` − 1, let E−(C∗) =

E−a (C∗)
⋃
E−b (C∗), where e = ujiu

j
i,i+1εE

−
a (C∗) and e = uji,i+1u

j
i+1εE

−
b (C∗) then

sub-case(a) if e = ujiu
j
i,i+1εE

−
a (C∗), then nC∗e (uji ) = `(k+1) and nC∗e (uji,i+1) =

`(k − 1) + 1.
sub-case(b) if e = uji,i+1u

j
i+1εE

−
b (C∗), then nC∗e (uji,i+1) = `(k − 1) + 1 and

nC
∗

e (uji+1) = `(k + 1).
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Case (c) if e = ujiu
j+1
i εE∗(C∗) then, nC∗e (uji ) =

`−2∑
j=1

(2kj + 1) and nC∗e (uj+1
i ) =

`−2∑
j=1

2k(`− j).

Using the Lemma 3.1, next we determine the explicit formula of Additively
weighted Mostar index to the Generalized gear graph C∗(`, 2k).

Theorem 3.1. For a Generalized gear graph C∗(`, 2k) with ` ≥ 1 and k ≥ 3, we
have
MoA(C∗(`, 2k)) =

k((k + 4)(2`(k − 3) + 1) + 7(2k(`− 2) + 1)) + 12k(2k`− (4`+ 1))

+2k(2`− 1)(6`− 7) + 8k2(`− 2)2, if ` is even

k((k + 4)(2`(k − 3) + 1) + 7(2k(`− 2) + 1)) + 12k(2k`− (4`+ 1))

+2k(2`− 1)(6`− 7) + 8k ((2k`− 1) + k(`− 1)(`− 5)) , if ` is odd

.

Proof. By the definition of Additively weighted Mostar index, to obtain it for the
Generalized gear graph C∗(`, 2k), we have

MoA(C∗(`, 2k)) =
∑

e=uvεE(C∗)

(degC
∗

e (u) + degC
∗

e (v))
∣∣nC∗e (u)− nC∗e (v)

∣∣ .
Using the partition E0, E1, E2 and E3 of the Generalized gear graph C∗(`, 2k), as
defined in the introduction and by the Lemma 3.1, we have the following four
cases,

Case (i): For i = 1, 2, . . . , k, if e = uou
1
i εE0(C

∗), we have∑
eεE0(C∗)

(degC
∗

e (uo) + degC
∗

e (u1i ))
∣∣nC∗e (uo)− nC

∗
e (u1i )

∣∣
= k(k + 4) |(`(2k − 3) + 1)− 3`| = k(k + 4)(2`(k − 3) + 1), since k ≥ 3

Case (ii): For i = 1, 2, . . . , k, if e = u`−1i u`iεE1(C
∗), we have∑

eεE1(C∗)

(degC
∗

e (u`−1i ) + degC
∗

e (u`i))
∣∣nC∗e (u`−1i )− nC∗e (u`i)

∣∣
=

∑
eεE1(C∗)

(4 + 3) |(2k(`− 1) + 1)− 2k| = 7k(2k(`− 2) + 1)

Case (iii): For i = (= k+1), 2, . . . , k, let e = u`iu
`
i+1 ∈ E2(C

∗) = E
′
(C∗)

⋃
E
′′
(C∗),

with u`iu
`
i,i+1εE

′
(C∗) and u`i,i+1u

`
i+1εE

′′
(C∗), then we have∑

eεE2(C∗)

(degC
∗

e (u`i) + degC
∗

e (u`i+1))
∣∣nC∗e (u`i)− nC

∗
e (u`i+1)

∣∣
= k(3 + 2) |`(k + 1)− (`(k − 1) + 1)|+ k(3 + 2) |(`(k − 1) + 1)− `(k + 1)|
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= 10k(2`− 1)

Case (iv): For e ∈ E3(C
∗) = E+(C∗)

⋃
E−(C∗)

⋃
E∗(C∗), then the three sub-

cases are
sub-case(a): For i = 1(= k + 1), 2, . . . , k, let e = u1iu

1
i+1εE

+(C∗), with
u1iu

1
i,i+1εE

+
a (C∗) and u1i,i+1u

1
i+1εE

+
b (C∗), then we have∑

eεE+(C∗)

(degC
∗

e (u1i ) + degC
∗

e (u1i+1))
∣∣nC∗e (u1i )− nC

∗
e (u1i+1)

∣∣
= (4 + 2)k |2`(k − 1)− (2`+ 1)|+ k(2 + 4) |(2`+ 1)− 2`(k − 1)|
= 12k(2k`− (4`+ 1))

sub-case(b): For i = 1(= k + 1), 2, . . . , k and j = 2, 3, . . . , ` − 1, let e =

ujiu
j
i+1εE

−(C∗), with ujiu
j
i+1εE

−
a (C∗) and uji,i+1u

j
i+1εE

−
b (C∗), then we have∑

eεE−(C∗)

(degC
∗

e (uji ) + degC
∗

e (uji+1))
∣∣nC∗e (uji )− nC

∗
e (uji+1)

∣∣
= k(`−2)(4+2) |`(k + 1)− (`(k − 1) + 1)|+k(`−2)(2+4) |(`(k − 1) + 1)− `(k + 1)|

= 12k(2`− 1)(`− 2)

sub-case(c): For i = 1, 2, . . . , k and j = 1, 2, . . . , `− 2, if e = ujiu
j+1
i εE∗(C∗),

we have ∑
eεE∗(C∗)

(degC
∗

e (uji ) + degC
∗

e (uj+1
i )

∣∣(nC∗e (uji )− nC
∗

e (uj+1
i )

∣∣
=

k∑
i=1

(4 + 4)

∣∣∣∣∣
`−2∑
j=1

(2kj + 1)−
`−2∑
j=1

2k(`− j)

∣∣∣∣∣
= 8k

`−2∑
j=1

|2k`− (4kj + 1)|

= 8k



`−2
2∑
j=1

2k`− (4jk + 1) +
`−2∑
j= `

2

(4jk + 1)− 2k` if ` is even

`−1
2∑
j=1

2k`− (4jk + 1) +
`−2∑
j= `+1

2

(4jk + 1)− 2k` if ` is odd

= 8k

k(`− 2)2 if ` is even

(2k`− 1) + k(`− 1)(`− 5) if ` is odd

By summing the above four cases, we have the explicit formula of Additively
weighted Mostar index to the Generalized gear graph C∗(`, 2k) is

Case (i): For ` is even: MoA(C∗(`, 2k)) = k((k + 4)(2`(k − 3) + 1) + 7(2k(`−
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2) + 1)) + 12k(2k`− (4`+ 1)) + 2k(2`− 1)(6`− 7) + 8k2(`− 2)2

Case (ii): For ` is odd: MoA(C∗(`, 2k)) = k((k+4)(2`(k−3)+1)+7(2k(`−2)+

1))+12k(2k`−(4`+1))+2k(2`−1)(6`−7)+8k ((2k`− 1) + k(`− 1)(`− 5)). �

Observed that Additively weighted Mostar index of the Generalized gear graph
C∗(`, 2k) can expressed interms of Mostar index as follow:
MoA(C∗(`, 2k)) = (k + 4)Mo(E0(C

∗)) + 7Mo(E1(C
∗)) + 5Mo(E2(C

∗))

+6Mo(E+(C∗)) + 6Mo(E−(C∗)) + 8Mo(E∗(C∗))

Using the Theorem 3.1, we have following corollary.

Corollary 3.1. For ` = 1 and k ≥ 2, the gear graph C∗(1, 2k) whose Additively
weighted Mostar index MoA(C∗(1, 2k)) = k(k + 13)(2k − 5).

Next we have obtained the Multiplicatively weighted Mostar index the Gen-
eralized gear graph C∗(`, 2k), as follow.

Theorem 3.2. For a Generalized gear graph C∗(`, 2k), with ` ≥ 1 and k ≥ 3, we
have

MoM(C∗(`, 2k)) =



4k(k(2k(k − 3) + 1) + 3(2k(`− 2) + 1))

+16k(2k`− (4`+ 1)) + 4k(2`− 1)(4`− 5)

+16(k(`− 2))2 if ` is even

4k(k(2k(k − 3) + 1) + 3(2k(`− 2) + 1))

+16k(2k`− (4`+ 1)) + 4k(2`− 1)(4`− 5)

+16k ((2k`− 1) + k(`− 1)(`− 5)) if ` is odd

.

Proof. By the definition of Multiplicatively weighted Mostar index, to obtain it
for the Generalized gear graph C∗(`, 2k), we have

MoM(C∗(`, 2k)) =
∑

e=uvεE(C∗)

(degC
∗

e (u).degC
∗

e (v))
∣∣nC∗e (u)− nC∗e (v)

∣∣ .
Using the edge partition E0, E1, E2 and E3 of the Generalized gear graph
C∗(`, 2k), as define in the introduction and by Lemma 3.1, we have the fol-
lowing four cases,

Case (i): For i = 1, 2, . . . , k, if e = uou
1
i εE0(C

∗), we have∑
eεE0(C∗)

(degC
∗

e (uo).deg
C∗
e (u1i ))

∣∣nC∗e (uo)− nC
∗

e (u1i )
∣∣

= k(4k) |(`(2k − 3) + 1)− 3`| = k(4k)(2`(k − 3) + 1), since k ≥ 3.
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Case (ii): For i = 1, 2, . . . , k, if e = u`−1i u`iεE1(C
∗), we have∑

eεE1(C∗)

(degC
∗

e (u`−1i ) + degC
∗

e (u`i))
∣∣nC∗e (u`−1i )− nC∗e (u`i)

∣∣
=

∑
eεE1(C∗)

(4.3) |(2k(`− 1) + 1)− 2k| = 12k(2k(`− 2) + 1).

Case (iii): For i = 1(= k + 1), 2, . . . , k, let e = u`iu
`
i+1 ∈ E2(C

∗) = E
′
(C∗)

⋃
E
′′
(C∗), with u`iu

`
i,i+1εE

′
(C∗) and u`i,i+1u

`
i+1εE

′′
(C∗), then we have∑

eεE2(C∗)

(degC
∗

e (u`i).deg
C∗
e (u`i+1))

∣∣nC∗e (u`i)− nC
∗

e (u`i+1)
∣∣

= k(3.2) |`(k + 1)− (`(k − 1) + 1)|+ k(2.3) |(`(k − 1) + 1)− `(k + 1)|
= 12k(2`− 1)

Case (iv): For e ∈ E3(C
∗) = E+(C∗)

⋃
E−(C∗)

⋃
E∗(C∗), then the three sub

cases are
sub-case(a): For i = 1(= k+1), 2, . . . , k, let e = u1iu

1
i+1εE

+, with u1iu
1
i,i+1εE

+
a (C∗)

and u1i,i+1u
1
i+1εE

+
b (C∗), then we have∑

eεE+(C∗)

(degC
∗

e (u1i ).deg
C∗
e (u1i+1))

∣∣nC∗e (u1i )− nC
∗

e (u1i+1)
∣∣

= (4.2)k |(2`(k − 1)− (2`+ 1)|+ k(2.4) |(2`+ 1)− 2`(k − 1)|
= 16k(2k`− (4`+ 1))

sub-case(b): For i = 1(= k + 1), 2, . . . , k and j = 2, 3, . . . , ` − 1, let e =

ujiu
j
i+1εE

−(C∗), with ujiu
j
i,i+1εE

−
a (C∗), and uji,i+1u

j
i+1εE

−
b (C∗), then we have∑

eεE−(C∗)

(degC
∗

e (uji ).deg
C∗
e (uji+1))

∣∣nC∗e (uji )− nC
∗

e (uji+1)
∣∣

= k(`− 2)(4.2) |`(k + 1)− (`(k − 1) + 1)|+ k(`− 2)(2.4) |(`(k − 1) + 1)

−`(k + 1)| = 16k(2`− 1)(`− 2)

sub-case(c): For i = 1, 2, . . . , k and j = 1, 2, . . . , ` − 2, if e = ujiu
j+1
i εE∗(C∗),

we have

∑
eεE∗(C∗)

(degC
∗

e (uji ).deg
C∗

e (uj+1
i )

∣∣nC∗e (uji )− nC
∗

e (uj+1
i )

∣∣
= 16k

`−2∑
j=1

|(2kj + 1)− 2k(`− j)| = 16k
`−2∑
j=1

|2k`− (4kj + 1)|

= 16k



`−2
2∑
j=1

2k`− (4jk + 1) +
`−2∑
j= `

2

(4jk + 1)− 2k` if ` is even

`−1
2∑
j=1

2k`− (4jk + 1) +
`−2∑
j= `+1

2

(4jk + 1)− 2k` if ` is odd
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= 16k

k(`− 2)2 if ` is even

(2k`− 1) + k(`− 1)(`− 5) if ` is odd

By summing the above four cases, we have the explicit formula of Multiplica-
tively weighted Mostar index of Generalized gear graph C∗(`, 2k) is

Case (i): For ` is even:
MoM(C∗(`, 2k)) = 4k(k(2k(k− 3) + 1) + 3(2k(`− 2) + 1)) + 16k(2k`− (4`+

1)) + 4k(2`− 1)(4`− 5) + 16(k(`− 2))2.
Case (ii): For ` is odd:
MoM(C∗(`, 2k)) = 4k(k(2k(k− 3) + 1) + 3(2k(`− 2) + 1)) + 16k(2k`− (4`+

1)) + 4k(2`− 1)(4`− 5) + 16k ((2k`− 1) + k(`− 1)(`− 5)). �

Observed that Multiplicatively weighted Mostar index of the Generalized gear
graph C∗(`, 2k) can expressed interms of Mostar index as follow
MoM(C∗(`, 2k)) = 4kMo(E0(C

∗)) + 12Mo(E1(C
∗)) + 6Mo(E2(C

∗))

+8Mo(E+(C∗)) + 8Mo(E−(C∗)) + 16Mo(E∗(C∗)).
Using the Theorem 3.2, we have following corollary.

Corollary 3.2. For ` = 1 and k ≥ 3, the gear graph C∗(1, 2k) whose multiplica-
tively weighted Mostar index MoM(C∗(1, 2k)) = k(k + 12)(2k − 5).

4. CONCLUSION

In this paper, we have evaluated the exact formula of vertex weighted version
of Mostar index of Conical and Generalized Gear graph. Our exploration kept on
determining new consequences of these graphs. Some of the topological indices
have found applications, but others were given priority to the mathematical side
in order to throw more clear on the relation between these various concepts.
Further work may extended to special molecular structures and for some graph
operations.
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