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I'-LANGUAGES AND I'-AUTOMATA
Anjeza Krakulli

ABSTRACT. The aim of this paper is to extend the notion of an automaton as
a triple made of a set of states, a free monoid on some set, and an action of
this monoid on the set of states, to the case where the free monoid is replaced
by a free I'-monoid, and the action is replaced by the action of this I"-monoid
on the set of states. We call the respective triple a I'-automaton. This concept
leads to another new concept, that of a I'-language, which is a subset of a free
I'-monoid. Also we define recognizable I'-languages and prove that they are
exactly those I'-languages that are recognized by a finite I"-automaton. In the
end, in analogy with the standard theory, we relate the recognizability of a
I'-language with the concept of division of semigroups.

1. INTRODUCTION AND PRELIMINARIES

Let S and I" be two non empty sets. Every map from S'xI"x .S to S will be called
a [-multiplication in S and is denoted by (-)r. The result of this multiplication
for a,b € S and v € T is denoted by a~b. According to Sen and Saha [4]], a
[-semigroup S is an ordered pair (5, (-)r) where S and I' are non empty sets
and (-)r is a [-multiplication on S which satisfies the following property

Y(a,b,c,a, B) € S* x I'?, (aab) Bc = aa(bBc).
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One can thus regard I'-semigroups, as semigroups with several multiplications,
one for each "operator" v € I'. It is also clear that for each such v € I" we have
already a plain semigroup 5., = (S, o) defined where o, is given by zo.,y = zvy.
If (S,()r) and (7, (-)r) are two I'-semigroups, then a map ¢ : S — 7 is called a
I'-homomorphism if for every =,y € S and v € I we have ¢p(xyy) = p(z)vo(y).
It is folklore the definition of the free I"-semigroup relative to I' and a nonempty
set A. For sake of completeness we will describe it below. We denote by A} the
set A together with the set of all strings

a170ag . .. Qp—1Yn—10n,

where n > 2, a0, € Aforl1 < i <n,and~ € I''forall1 < i < n— 1.
A becomes a I'-semigroup if we define for all a;vias...a, 1710, € Af,

ayyyay...al, v a., € Af and v € T, a I-multiplication by

! / ! / /
(@171 - Gp1VYn—1an) V(@Y - - - Ay 1 V1)
o Y / / /
=11 - Q1 Y10 YAY] - - - Cpy 1 Vorre 1 Qe -

It can be proved very easily that A satisfies the following universal property.
For every I'-semigroup (5, (-)r) and every map f : A — A, there is a unique
I'-homomorphism ¢ : A} — S such that p|4 = f. We remark here that there is
no known notion of free I'-monoids as there are no I'-monoids at all as we will
explain shortly below. Indeed, if there is a I'-semigroup (5, (-)r) with a unit e,
then for every o, 5 € I' and z,y € S we would have

zay = za(efy) = (vae)By = xfy.

But this would imply that the multiplications « and g coincide, and so we would
end up with a semigroup with a unit element.

The reason we are interested in free I"-monoids is our intention to see how
notions such as languages and finite state machines, which are closely related
to free monoids, generalize to the case of I'-semigroups.

Below we give a few basic definitions from the theory of languages and ma-
chines. Let A be a nonempty finite alphabet. We say that L is a language with
letters from A if L C A* where A* is the free monoid on A. We say that a monoid
M recognizes L if there is a monoid morphism n : A* — M and a subset P C M
such that n7'(P) = L. A language is called recognizable if there is a monoid M
which recognizes L. Let A and () be finite nonempty sets and let - : Q x A* — @Q
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be a monoid action. In such a case we call the triple A = (Q, A, -) a finite state
automaton. The set () is called the set of states and A is called the alphabet. It is
clear that for every w € A* we have a map [w] : @ — @ defined by ¢ — ¢-w. The
composition [v] o [u] of any two such maps gives in fact [vu|, a map of the same
sort, therefore we have a submonoid M (A) of the full transformation monoid
7 (Q) whose unit is [1]. This monoid M (.A) is called the transition monoid of A.
Also there is an obvious morphism A* — M (A). It is interesting to mention that
the languages that are recognized from the transition monoid M (.A) and those
that are recognized from the automaton A = (@, A, -) match to each other. We
recall here that L. C A* is recognized by A = (Q, A4, -) if there is a ¢y € @ (called
the initial state), and F' C () (called the set of final states) such that v € L if and
only if ¢o - u € F.

Of a very importance notion in the theory is the syntactic congruence ~, of
a language L C A*. It is defined by setting u ~ v if and only if C(u) = C(v)
where

C(u) ={(x,y) € A" x A" 1 zuy € L}.

The quotient monoid A*/ ~ is called the syntactic monoid of L and it is denoted
by M(L). It is proved in [3] that a monoid M recognizes L if and only if M (L)
divides M.

For everything related with semigroups, languages and machines which is not
explained here we refer the reader to [1]] and [3].

2. FREE I'-MONOIDS AND I'-LANGUAGES

Throughout this paper we assume that [' and A are two nonempty sets and
A :I' = Ais an injection. For every v € I" we write a, instead of A\(). We have
already defined the free I'-semigroup A" on A. Now, we let A}, or simply A* if
no confusion arises, the quotient of A} by the equivalence generated by pairs

(%’Y(aﬂl e Yn—1Gn)s 1YL - - Yn—1Gn), (@171 - -’Vn—lan)’my, V1 - - Yn—10n)
for all strings a;7; ... a,_1Yn_1a, and v € I'. Note that A* is still a I'-semigroup
where the I'-multiplication is defined by

cs(ayy - - an_1Yn_1an)yels(alyy .. al, v qal.)
/

17 / /
= cls(a1V1 ... Qn1Yn—1An YAV - - Aoy 1Yo 1oy ) -
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Also we note that for each v € T, A7 = (4%, 0,) is a monoid with unit a,. We
call A* the free I'-monoid on the set A.

The I'-semigroup A* has the following universal property in the category of
I'-semigroups (.5,I") where each S, is a monoid with unit e, and for every pair
(7,7") € ' x ' we have e,7'e, = e,. For every such I'-semigroup (S,I") and
every map f : A — S such that f(a,) = e,, there is a unique I"-homomorphism
¢ : (A", T) — (S,T) such that p|4 = f. Indeed, f extends to ¢ : A} — S where
for every a € A,

and for every string a17; . . . an_1Y1_1a, We have

Plaryr - an1Yn—1an) = fla)y - fl@n1)Vn-1f(an).

It is easy to see that ¢ is the only '-homomorphism which matches with f in A.
Further we see that ¢ agrees with the defining relations of A*, for if

(a77(a171 s an—l/)/n—lan)a a1y .- an—llyn—lan)

is such a relation, then

d(ayy(ary - . - an1ym-10n)) = f(ay)y(fla)y - flan-1)m-1f(an))
= eyY(fla)n - flan-1)Vn-1(an))
= fla)n ... flan—1)Vn-1f(an)
= ¢(a171 - - - Ap—1Yn—1Gn).

The proof for the other relation ((a17v; ... Vn—1an)Yay, @171 - . . Yn—1a,) i similar
and is omitted. It follows that ¢ induces a I'-homomorphism ¢ : (A*,T") — (S, T")
such that ¢|4 = f, which likewise ¢, is the unique I"-homomorphism with the
above property.

Definition 2.1. Let A* be the free I'-monoid on A. Any nonempty subset L. C A*
is called a I'-language.

Definition 2.2. We say that a I'-language L. C A* is recognized by a monoid M
if there is a subset L C T x A* such that m,(L) = L where m, is the projection in
the second coordinate, a semigroup morphism n : I' x A* — M such that for every
v €T, n(y,ay) = 1y, and a subset P C M, such that L = n~(P).
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Definition 2.3. We say that a I'-language L. C A* is recognizable if it is recognized
by a finite monoid.

3. THE DEFINITION OF A ['-AUTOMATON AND A BASIC PROPERTY

Definition 3.1. Let A be a finite alphabet and I" be a nonempty set such that there
is an injection \ : I' — A, and let A* be the free I' monoid on A defined with these
data. We call a triple A = (Q, A,T") a I'-automaton if there is a map

QXI'x A" = Q

(¢,7, w) = qyw,

which satisfies the following properties:

(i) Forevery g € Q and v € I, gya, = ¢;

(ii) For every q € Q, a, B € I' and u,v € A*, (qau)pv = qa(ufv).
The set () is called the set of states of A. When Q) is finite, we say that A is a finite
state I'-automaton. We remark here that the action of A* on the set of states () is
nothing but the one defined in [|5] apart from the fact that we do not assume the
existence of a unit element for A*.

Definition 3.2. Let A = (Q, A,T") be a I'-automaton. We say that a I'-language
L C A* is recognized by A if there is a state qo € () (called the initial state) and a
set of states F' (called the set of final states) such that v € L if and only if there is
~ € I' such that qoyu € F.

Every I'-automaton A = (@, A, I') gives rise to a submonoid Mr(.A) of the full
transformation monoid 7 (@) of the set (). The elements of Mr(.A) are maps

[v,w] : @ — @ such that g — gyw,
for every v € I and w € A*. The composition [y, w'] o [y, w] of two such maps is
the map [y, wy'w’'] since for every ¢ € Q,
(Y, w e[y, w)(q) = [, w(gyw)
= (qyw)y'w’
= qy(wy'w')
= [, wyw'](q).
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This shows that Mp(A) is closed under o, and therefore a subsemigroup of
T(Q). Note that for every v € I', the maps [y, a,| coincide and equal to idg, so
Mr(A) is a submonoid of 7 (@) which will be called the transition monoid of
the I"-automaton .A.

On the other hand we can consider the set I' x A* equipped with the multipli-
cation

(’7/7wl) ) (77 w) = (va’y/wl)'

It forms a semigroups since

(V" w") - (v w')) - (v, w) = (7, w'y"w") - (y, w)
= (7, wy'w'y"w")
= (7", w") - (v, wy'w)
= (" w") - (s 0) - (v, w).
Finally, the map
n:T x A" — Mr(A) such that (v, w) — [y, w]

is a homomorphism of semigroups since

n((,w") - (v, w0)) = n((y, wy'w’))
= [y, wy'w']
= [y, wo[y,u]
=n((7,w")) o n((v, w)).

Remark here that 7 has an important property, it sends every (v, a,) to the unit
of Mr(.A). This follows from our previous remark that [v, a,] = idg. We call
the canonical morphism of A.

Theorem 3.1. A I'-language L. C A* is recognized by a I'-automaton A = (Q, A,T)
if it is recognized by the transition monoid Mr(A) of this T'-automaton. Moreover,
L is recognized by a finite I'-automaton if and only if it is recognizable.

Proof. Suppose that L is recognized by A and let ¢, be the initial state and F' the
set of final states. Consider now the set

A

L={(y,u) el x A" : gqoyu € F'}.
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From Definition we see that my(L) = L. Let now P = p(L) where 7 :
I' x A* — Myp(A) is the canonical morphism of the automaton. If we show
that ' (P) = L, then from Definition it follows that L is recognized by the
monoid Mr(A). Let (y,u) € n='(P), hence [y,u] € P = 5(L) and then there is
(v, u/) € L such that [y, u] = [y,/]. It follows that

gy = v, ul(q) = [+, v](q) = q07"v.
But v/ € L, hence ¢y7'v/ € F and consequently gyyu € F. This proves that
(v,u) € L. We have thus proved that (P) C L, and since the reverse inclusion
is obvious, we have the equality. If it happens that A is finite, then M (A) is
finite and L is thus recognizable.

Conversely, if L is recognizable, then (i) there exists a finite monoid (M, -),
(ii) there is some [ C T' x A* with ﬂg(ﬁ) = L, (iii) there is P C M, and (iv)
a morphism 7 : T' x A* — M, such that 7(y,a,) = 1, and ~'(P) = L. With
these data we define a finite state I'-automaton A = (M, A,T") where for each
m € M,~y € I'and u € A*, we have myu = n(vy,u) - m. It is easy to check that
A = (M,A,T)is indeed a -automaton. Take now 1,, as the initial state and P
as the set of final states of .A. For this choice we see that A recognizes L since

ue Lo Iyel, (y,u)e L=n"Y(P)
< Iy el,n(y,u) € P
S dyel, 1yyu e P,
and then Definition [3.2] applies. 0

4. RECOGNIZABLE I'-LANGUAGES

We recall from [2]] that for some fixed v, € I it is defined a semigroup %,
which is a factor of the free semigroup F'(I' U A*) on I' U A* by the congruence
generated from relations of the form

((a> ﬁ)» O‘)ﬂ ((U, «, U)» UCYU), ((u> U)» U’YOU%

for every o, f € I' and u,v € A*. Letting v : F(I'U A*) — X, be the quotient
morphism, we can regard v(A*) as a subsemigroup of ¥, where the multiplica-
tion of two classes v(ajo ... a;a;), v(bif1 ... 5;b;) of v(A*) is given by

V(CLlOél . OéiCLZ') . I/(blﬁl e ijj) = V(CLlOél . OéiCLi’)/oblﬁl R ﬁ]b])
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Let L. C A* be a I'-language. For every s € v(A*) we let
C(s) = {(z,y) e v(A") xv(A") s wsy € v(L)},
and in similarity with [3] we define a relation ~, in v(A*) by setting
(s,t) e~y if and only if C(s) = C(¢).

It is straightforward that ~ is an equivalence relation and that it is compatible
with the multiplication in v(A*). We call ~;, the syntactic congruence in v(A*)
defined by L. Consider now that quotient semigroup A*(L) = v(A*)/ ~, and
letn : v(A*) — A*(L) be the canonical epimorphism.

Definition 4.1. We say that a I'-language L C A* is recognized by a semigroup M
if there is a semigroup morphism n : v(A*) — M, and a subset P C M, such that
n~H(P) =v(L).

Theorem 4.1. Let L. C A* be a I'-language. Then the following hold true.

(1) A semigroup M recognizes L if and only if A*(L) divides M.
(2) If M recognizes L and if M divides N, then N recognizes L.

Proof. (a) We prove first that A*(L) recognizes L. For this we consider the canon-
ical morphism 7 : v(A*) — A*(L): u +— n(u) and put P = n(v(L)). If we show
that n~!'(P) = v(L) then it follows from Definition |4.1|that A*(L) recognizes L.
The inclusion v(L) C n~'(P) is obvious. To prove the reverse inclusion we let
v(u) € n~1(P), then there is v(v) € v(L) such that n(v(u)) = n(v(v)). From the
definition of ~; we see that C(v(u)) = C(v(v)). But (v(a,,),v(a,,)) € C(v(v))
since

V(ayo )V (0¥ (ay) = ¥(ay )70 (v) 700 ()

v (a’)’o YoV Yo, )

v(v) € v(L),

consequently we have that (v(a.,),v(a,,)) € C(v(u)) and then

L5 1 o)) = (a0 () 100 ()
= v(@y,70U004)
= v(u).

This shows that ' (P) C v(L) and we are done.
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(b) Assume now that A*(L) divides M, then there is a semigroup NV, an in-
jective morphism « : N — M and a surjective morphism 5 : N — A*(L). It
follows that there is a morphism ¢ : F(A*) — N such that f¢ = nv where
v: F(A*) — v(A*) is the canonical morphism. Consider the following commu-
tative diagram

F(AY)

A*(L)

where ¢ is defined on generators by &(v(u)) = ¢(u) with v € A* and {(v(y)) =
@(y) withy € T', and 6 = 1,(4+). It is easy to check that £ is a well defined mor-
phism of semigroups. Since L. C A* C F(A*), we can define P := af~'nv(L),
and then chasing the diagram we see that

61 0" (P) = 07'¢ o (o~ (L))

=03 (L) (a is mono)

=0""'n"nv(L) (since = )

=07 (v(A*)Nv(L)) (0 is mono and Im(0) = v(A*))
=0~ (v(L))

=v(L).

This shows that v(L) satisfies the conditions of Definition relative to the
morphism a6, thus M recognizes L.

(c) Suppose that M recognizes L, hence there is a morphism ¢ : v(A*) - M
and a subset P C M such that v '(P) = v(L). If we let N = Im(¥), N is
a subsemigroup of M and to prove our claim it remains to find a surjective
morphism 7 : N — A*(L). To achieve this we prove first the implication

((Vu, v € v(AY)), (P(u) = ¢(v))) = (v~ ).

Let (z,y) € C(u), then zuy € v(L). Since both z,y € v(A*), then

TUY = T UY0Y-
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From the assumption that ¢)(u) = v (v) it follows that

Y(zy0v70y) = Y(2y0ur0y) € Y(V(L)) = P,

which implies that zvy = zyvyy € v (P) = v(L), and as a result zvy €
C(v). Thus we have the inclusion C(u) C C'(v). The reverse inclusion is proved
similarly and we have u ~ v. Now proposition 1.4 of [3] implies the existence
of a surjective morphism 7 : N — A*(L). So in conclusion we have that A*(L)
divides M.

Combining (b) and (c) one gets (1), while (2) is a direct consequence of
D). O
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