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A HARMONIC MEAN INEQUALITY CONCERNING THE GENERALIZED
EXPONENTIAL INTEGRAL FUNCTION

Kwara Nantomah

ABSTRACT. In this paper, we prove that for s € (0, c0), the harmonic mean of
Ei(s) and Ej(1/s) is always less than or equal to I'(1 — k,1). Where Ej(s) is
the generalized exponential integral function, I'(u, s) is the upper incomplete
gamma function and k € N.

1. INTRODUCTION

Special functions play a pivotal role in both pure and applied mathematics.
In particular, they are frequently encountered in mathematical analysis, mathe-
matical physics, probability and statistics, and engineeering.

The classical exponential integral which is one of the most celebrated special
functions is defined for s > 0 as [1, p. 228]

mJe—t m)e—ﬁ
E(s):/ Tdt:/1 ; dt =T1(0,s),

where I'(u, s) is the upper incomplete gamma function defined as

F(u,s):/ t“ e tdt.
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It may also be defined as follows

e -1 r—l—lsr
E(s):—y—lns%—z%
r=1 ’

o0} r

s
= —lns—t—e*‘szﬁw(rjt 1),
r=0

where ~ is the Euler-Mascheroni constant and ¢(.) is the digamma function.
The generalized exponential integral function is defined as [2]

oo —t
Ek(s) —skl/ S _at

tk
1.1 et
) = t
(1.1 /1 .
(1.2) = "1 — K, ),

where £ € N is the order of the integral and £ (s) = E(s). It is also known in
some text as the Theis well function [|3]]. This special function has useful applica-
tions in astrophysics, neutron physics, quantum chemistry, hydrology and other

applied sciences. As a result of its practical importance, it has been investigated
in different directions. For example, see [3], [4], [51, [6], [71, [8], [91, [11]

and the references therein.

In a recent work [12], it was established that for s € (0, c0), the harmonic
mean of F(s) and E(1/s) is always less than or equal to I'(0, 1) = 0.21938393....
In this work, the goal is to extend this result to the generalized function Ej(s).

We present our findings in the following sections.

2. RESULTS

sk (s)
E;(s)

Proof. By identity (1.2 we obtain

Lemma 2.1. The function

is strictly decreasing on (0, 0o).

(k—1)Ek(s) —e™*

S

Ey(s) =
and since Fj(s) is decreasing, then

2.1) (k—1)Ex(s) <e™®.
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Now let
sE(s)  (k—1)Ep(s) —e™®

E? E?
for s € (0,00). Then by differeniitt)ing and usin? and (2.1)), we obtain
ENs)T'(s) = —(k — 1) Ex(s)Ey(s) + e *Ex(s) + 2 °Ej(s)
< —e°*EL(s) + e *Ex(s) + 2¢°E,(s)
= ¢ [Bu(s) + BL(9)]

11—t
= e_s/ l ] e Stdt
tk
1

< 0.

T(s) =

Hence, 7"(s) < 0 and this completes the proof of the lemma. d

Theorem 2.1. For s € (0,00) and k € N, the inequality
Ey(s)+ Ex(1/s)
is satisfied. Equality holds when s = 1.

(2.2) <T(1-k1)

Proof. The case for s = 1 is apparent. So let Q(s) = % and x(s) =

InQ(s) for s € (0,1) U (1, 00). Then by direct computation, we obtain
_Bi(s) 1 E(1/s)  Bi(s) — 5 EL(1/s)

/
XG) =55 T FE/5)  Eels) T Er(1/5)
and this implies that

Ei(s)
Ek(S)

LB/

[Bu(s) + Ee(1/9)] X (5) = 5 B B

Further manipulation reveals that
1 1 , E.(s) 1E;(1/s)
1BG B T R B A
As a consequence of Lemma we conclude that A(s) > 0if s € (0,1) and
A(s) < 0if s € (1,00). This implies that, x'(z) > 0if s € (0,1) and x'(s) < 0 if
€ (1,00). Therefore, (s) is increasing on (0, 1) and decreasing on (1, o). For
both cases, we arrive at

Q(s) < lm Q(s) = Eu(1) =T(1 — b, 1

and this concludes the proof of the theorem. O
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Figure[l]is a graphical illustration of the results of Theorem|[2.1]for the special
caseswhere k =1,k =2, k=3, k=4and k = 5.
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FIGURE 1. Plot of Q(s) for some particular values of k.

3. CONCLUDING REMARKS

Let H(u,v) = 22, A(u,v) = “I* and Q(u,v) = /%% respectively be the

u+uv?

harmonic mean, arithmetic mean and root-square mean of v and v. In this

paper, we have proved that
3.1 H(Ey(s), Ex(1/s)) <T(1—k, 1),

where s € (0, 00). This is equivalent to

1 1 1
(3-2) A (Ek<s>’ Eku/s)) Tk
Also, since Q(u,v) > A(u,v) [10], then we have

1 1 1
33 < (Ek(s)’ Ek<1/s>> Z k1)

which implies that

(3.9 H(EX(s), Er(1)s)) <T*(1—k,1) <T(1—k,1).
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For the particular case where k£ = 1, inequality (3.1I) reduces to the results
of [12]. We anticipate that the results of this paper will inspire further studies
on the generalized exponential integral function.

[1]

(2]

[3]

[4]

[5]

(6]

[7]
[8]

[9]

[10]

[11]

[12]

REFERENCES

M. ABRAMOWITZ AND I. A. STEGUN: Handbook of Mathematical Functions with formu-
las, Graphic and Mathematical Tables, Dover Publications, Inc., New York, 1965.

F. W. J. OLvER, D. W. LOZIER, R. F. BOISVERT AND C. W. CLARK: NIST Handbook
of Mathematical Functions, Cambridge University Press, London, 2010.

D. A. BARRY, J-Y. PARLANGE AND L. LI: Approximation for the exponential integral
(Theis well function), J. Hydrol., 227(2000), 287-291.

P. K. BHANDARI AND S. K. BISSU: On some inequalities involving Turan-type inequalities,
Cogent Math., 3(1) (2016), Article: 1130678.

C. CHIcCcOLI, S. LORENZUTTA AND G. MAINO: Recent Results for Generalized Exponen-
tial Integrals, Computers Math. Applic., 19(5) (1990), 21-29.

K. NANTOMAH, F. MEROVCI AND S. NASIRU: A Generalization of the Exponential Inte-
gral and Some Associated Inequalities, Honam Mathematical J., 39(1) (2017), 49-59.

A. SALEM: A g-analogue of the exponential integral, Afr. Mat. 24 (2013), 117-125.

B. SROYSANG: On the n-th Derivative of the Exponential Integral Functions, Communica-
tions in Mathematics and Applications, 4(2) (2013), 141-144.

W. T. SULAIMAN: Turan Inequalities for the Exponential Integral Functions, Commun.
Optim. Theory, 1(1) (2012), 35-41.

L. VUKSIC: Seiffert means, asymptotic expansions and inequalities, Rad Hrvat. Akad. Znan.
Umjet. Mat. Znan., 19 (2015), 129-142.

A. YAKUBU, K. NANTOMAH AND M. M. IDDRISU: A p-analogue of the exponential inte-
gral function and some properties, Adv. Inequal. Appl., 2020 (2020), Article ID 7.

K. NANTOMAH: A Harmonic Mean Inequality for the Exponential Integral Function, Int. J.
Appl. Math., 34(4) (2021), 647-652.

DEPARTMENT OF MATHEMATICS
SCHOOL OF MATHEMATICAL SCIENCES

C.

K. TEDAM UNIVERSITY OF TECHNOLOGY AND APPLIED SCIENCES

P. O. Box 24, NAVRONGO, UPPER-EAST REGION
GHANA.

Email address: knantomah@ckutas.edu.gh



	1. Introduction
	2. Results
	3. Concluding Remarks
	References

