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THE GENERALIZED GEOMETRIC UNCERTAINTY PRINCIPLE FOR SPIN
1/2 SYSTEM

H. Umair?, H. Zainuddin?, K.T. Chan3, and Sh.K. Said Husain*

ABSTRACT. Geometric Quantum Mechanics is a version of quantum theory that
has been formulated in terms of Hamiltonian phase-space dynamics. The states
in this framework belong to points in complex projective Hilbert space, the ob-
servables are real valued functions on the space, and the Hamiltonian flow is
described by the Schrodinger equation. Besides, one has demonstrated that the
stronger version of the uncertainty relation, namely the Robertson-Schrodinger
uncertainty relation, may be stated using symplectic form and Riemannian met-
ric. In this research, the generalized Robertson-Schrodinger uncertainty princi-
ple for spin 1 system has been constructed by considering the operators corre-
sponding to arbitrary direction.

1. INTRODUCTION

Quantum mechanics and classical mechanics are two main fundamental the-
ories in physics that describe the behavior of physical object. While there is no
question that quantum and classical descriptions are doing well in their own im-
plementation scales, one would consider a smooth transition between these two
descriptions to be feasible, at least at theoretically. However, there is a problem
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in order to carry out such transition since both theories are quite different in
several aspects. For instance, the classical mechanics is based on geometry and
most of the systems are non-linear whereas quantum mechanics is intrinsically
formulated as algebraic and linear. The linearity seems to be necessary condi-
tion since none of standard quantum mechanics postulate can be stated without
referring to it. This distinction is quite strange since in general, linear structure
in physics arises as approximations to more accurate non-linear ones, but in this
case the situation happens in opposite way.

This problem has motivate some physicists to develop a formulation that does
not involve the quantization process as such but acknowledges quantum theory
as provided. The research line referred as Geometric Quantum Mechanics was
partly motivated by Kibble’s work in 1979 [1] which demonstrates how quan-
tum theory may be formulated in the language of Hamiltonian phase-space dy-
namics. Further examination in this framework reveals that the Hilbert space
‘H is not a proper phase space, since any two state vectors ¥, ® € H are said
to be physically equivalent (¥ «~ @) if ¥ = a®. Therefore, the true quantum
phase space refers to the collection of rays that intersect at the origin in #,
i.e. P(H) := H/ -« which is known as the complex projective Hilbert space
for both finite and infinite dimensional #. Besides, the fact that # is equipped
with Hermitian inner product provides P(#) with the structure of Kahler man-
ifold (w, g, j) where w is non-degenerate, closed symplectic two-form, g is Rie-
mannian metric and j is the compatible complex structure satisfying j? = —1
[2]. Therefore, similar to classical mechanics, the proper quantum phase space
can also be considered as a symplectic manifold. In terms of observable, one
can define a real valued function in A corresponds to a self adjoint operator
through its expectation value that has well defined projection i to P(H) [1].
This function then induces a flow along with its Hamiltonian vector field X}, [3]
on Hilbert space. Deeper investigation shows that the flow is explicitly gener-
ated by the well known Schrédinger equation which means that the solution
of this equation is perfectly represents the Hamiltonian flow on quantum phase
space P(#H). Many researchers have contributed to formulate the geometric
version of quantum mechanics and demonstrate the significant of this formula-
tion in order to provides us with crucial information about quantum realm and
various application in foundations of quantum mechanics such as uncertainty
principle, entanglement and many others [4-6].
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Despite the successful of quantum mechanics in terms of application, the
true nature of this theory is still far from being understood. In other words,
some of its principles and concepts are clearly counter-intuitive and very dif-
ficult to explain in simple language since most of them do not have classical
analogue. One of the famous examples to describe the weirdness of quantum
mechanics is the uncertainty principle. The effort to cast uncertainty princi-
ple in term of geometrical language appeared to become the subject of intense
study in geometric quantum mechanics. One of earliest studies refers to the
work of Anandan [7] who proposes a new geometric meaning of times-energy
uncertainty principle for an arbitrary quantum system. After that, Ashtekar [2]
has shown that for pure quantum state, the fact that the expectation values of
observables correspond to the Riemannian and symplectic structure allow one
to formulate a geometric version of Robertson-Schroodinger uncertainty rela-
tion. In this paper, we extend this work by constructing the generalized version
of Robertson-Schrédinger uncertainty principle for spin 1 system by consider-
ing the operators corresponding to arbitrary direction generated by rotation of
the system operators. Specifically, in section 2 the derivation of the geometric
Robertson-Schrodinger uncertainty relation is briefly discussed. The findings of
the generalized geometric formulation of the uncertainty principle for the case
of spin 1 system is presented in Section 3. In section 4, the author’s study results
have been addressed and summarized.

2. ROBERTSON-SCHRODINGER UNCERTAINTY RELATION

One of the key ideas that demonstrates the strangeness of quantum mechanics
is the uncertainty principle, which was initially established by German theoret-
ical physicist Werner Heisenberg [8]. It imposed a restriction on the simultane-
ous measurement of complementary variables such as position and momentum
with high accuracy. After that, Robertson [9] generalized the inequality to an
arbitrary observables A and B given by

LA, B)

(2.1) (AA)AB) = |5

and in the following year, Schrodinger [10] offered a stronger extension by
including a covariance element in the formulation as follows
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In geometrical version of quantum mechanics, Ashtekar [6] demonstrates that
the Roberton-Schrédinger uncertainty principle (2.2) can be casted in terms of
symplectic form (2 and Riemannian metric G in Hilbert space #. Let us consider
U be a normalized state vector, then the inequality can be expressed as

(2.3) (AA(AB)” > (SQ(XA>XB))2 + (SG(XAvXB) - AB>27

where (AA)? represents a function on A that is (AA)%(¥) := (AA)% and
T (AP
(2.4) Xy= 1AV, X, =BV

are Schrodinger vector fields. Besides, the Robertson-Schrodinger uncertainty
principle may also be defined on the complex projective Hilbert space P(H), i.e.
the appropriate quantum phase space. Let consider the expectation values A(V)
and B(0) of two quantum observables A and B respectively, and let ¢ and b be
the corresponding functions on P(H), i.e.,

(2.5) aoll = (A)g = A(T), boll = (B)y = B(V),
where II is the canonical projection # — P(#). Thus, for any X, = II.(X ;) and
X, = II.(X ) are elements of tangent vector at point ¢ on P(H) i.e. T,P(H),
the uncertainty principle may be expressed in terms of symplectic form w and
Riemannian metric ¢ defined on P(#) as follows

2
Z(w(Xaa Xb)2 + g(Xcu Xb>2)7
where (Aa)?(v) := (AA)*(V) and (Ab)%(v) := (AB)?().

(2.6) (Aa)2(AB)2 > 1

3. THE UNCERTAINTY PRINCIPLE OF GENERAL SPIN % OPERATOR

In this section, the generalized Robertson-Schrodinger uncertainty principle
for spin % system is constructed by considering the operators corresponding to
arbitrary direction generated by rotation of operators:

. 0 —i .
Y S: 1 2 ) SZ:
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Consider the operator A’ which generated by a rotation by angle # about the
arbitrary axis n expressed as follows

(3.1) A" = U (0) AU (),
where
cos? —ingsin? —ing sin ¢ — nysin ¢
Ua(0) = 2 !t g 1Sy s
—iny sin g + ny sin cos g + ns3sin g

0
2
Applying equation (3.1) to operators S,, Sy and S, and we get

Q 5 h u u
(3.2) 8y = Un(0)S.UT(0) = 2 (%o Pu )
2 Bu Oy
A 5 h (i, —if
3.3 S, =Us(S,Ul0) == =" v,
(33) Os,Ui0 =5 | 5 _mv>
_ & h w w
(3.4) S = Un(0)S.U1(0) = 1 (@ P )
2 Bw —Qy
where
Qy = —2n9 8in — €os — + 2nyng sin? Q
[ 2 2 9 173 2,
.0 . 50
, = —2iny sin 5 cos 5~ 2ingns sin’ 5;
0 0 0
(= N3’ sin’ 3 + cos? 5~ (n1? + ny?) sin? o1
By = (1% — no® — n3® — 2inyny) sin® = — 2in SinQCOSQ—FCOSZQ'
u 1 2 3 112 5 3 5 5 5
0
By = [—(n1® — no® + ng®) + 2inyny] sin’ 3 + cos? 3~ 213 sin 5 C0S 55
0

Bw = 2(ng +inq) sin B cos 3 + 2(nyns — ingns) sin® 2

and [ is refers to conjugate . Note that, in this paper only one case of the
Robertson-Schrodinger uncertainty principle with respect to S, and S, opera-
tors has been considered since other cases can be obtained under appropriate
rotation. In order to calculate the uncertainty principle, firstly the Schrodinger
vector field of these operators must have been calculated. Let us consider the
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Hilbert space H = C? and (ey, e,) represents the orthonormal basis in C? satisfy

{eales) = dap-

Then the state of spin 1 particle in H is expressed as

(35) |‘I/> = Zl |€1> + ZQ |62> .
The expectation value corresponding to these operators are
. h o
(3.6) Su(W) = (V| S, |¥) = §[au(|Zl|2 — | 2o|?) + BuZsZy + B, 21 Zs);
- ih L
(3.7 So(0) = (U], [¥) = Flw(1Z:” = | %) = 82221 + B, 21 2]

and according to equation (2.4) we get
Az, o\, dZy ]

(3.8) X, [0) =— ler) + —=lea) —E(Zlgu\eﬁJrZzSu’ezD;
dz dz 1 N R
(3.9) Xg, |V) = dtl le1) + dt2 |ea) = _E(lev le1) + Z28, |e2)),
where
N _h Qy  Pu IR
<61| Su |61> - 5 <1 O) (Bu _au> (0) - §Oéw
y  Pu 0 h
<61|S |€2 (1 0) (B —O./u> <1> 26u7
h Q, —if, _ih
(er] S ler) = 3 (1 0) (3 _m) (0) = Wi
—iB, 1
(e1] Sy fez) = (ﬁv ’ﬁ> ( ) =~ 6..
Therefore
) _dzy _(auzl + BuZa)
(3.10) (er] Xg, [0) = 7 = > :
dz Lo — Oyl
(3.11) (ex] Xg |W) = =1 _ b2z anZy

dt 2
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and in the same way one obtain

dZ, (BuZi — awZs)

.12 Xeo |W) = —
dZs; QuyZy — B A
.1 X |U) = = Chmtsy
(313 (e X, [) = 22 = 2
Besides 1 and %2, the calculation on dd—Ztl and % is needed since here C? is

assumed as a complexification of real vector space R*. Thus the complexified
tangent space is spanned by 4 vectors; 52-, 5%-, 52-, 52-. Now let (U| = Z; (es| +
7y {e5] be a state in dual Hilbert space H*, then from equation (2.4) one finds

that

dZ az 1, - A .
(3.14) Xg, (W] = —25ea] + =2 {eal = (218 er| + ZaSu {eal);
dZ dZ 1
(3.15) ‘@JM:z#@ﬂ+gf@h7#z&@ﬂ+%&@m.
Then it is clear
Az (aZi+ B, 7).
(3.16) (W] Xg, |er) = — = = > ;
dZ, (avZI +BUZ2)
(3.17) (U] X, lea) =~ = ; .
and
o dZQ - BuZI - OfuZQ'
(3.18) (W] Xg, [ea) = — = = 5 ;
dZ WA WA
(3.19) (V| X5 |es) = —> = _B 2)

dt 2
The Schrédinger vector fields correspond to S, and S, are
auZI + ﬁuZ2) a . (BUZI - auZZ) a + auZI +Bu22 a
2i 07, 2i 07 2i 07,
T — ey O
+ Busy .Oé 2 ¢ :
21 8Z2

Xgu:—(

(3.20)
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(avZI - B’UZQ) a + avZQ - BUZI a avZI _’_BUZQ a

X, =~ 5 07, 2 075 2 07,
(BuZy + vy Zy) O
21 - —.
(3.21) 2 07,

Let us define the Robertson-Schrédinger uncertainty relation for operator S, and
S, as
2

2
(3.22)  (AS)*(AS,)? > (gﬁ(Xgu,ng)> + (gG(XSu,ng) - Susv> :

where the contraction of Schrodinger vector fields Xg and Xg with symplectic
form Q is

0(Xg,, Xs,) = [(6 B+ BuBu) (122l = | 21°) + 2( BB, — Bucw) 2122
(323) (auﬁv + ﬁuav)ZQZI}
and the component of Riemannian metric corresponds to Xg and X can be

written as
ih

(3.24) G(Xg,0 Xg,) = 7 (20u0y = BBy + BuB) (1 21 = | 2P).

Thus, the Robertson-Schrodinger uncertainty principle (3.22) can be expressed
as

@8288)7 2 4

B+ 5.7 maﬁrmﬂ

2
+ [i(auﬁ B av)ZIZ2 + - = (auﬁv + ﬁuav)Z2ZI:|

8

Note that, any state vector W, ® € H such that & = ¢V, ¢ € C defines the
same physical state. Thus, it is necessary to find the expression of Robertson-

29 2
(3.25) +[ﬂm%% B4+ BB mzﬁ|%ﬁ].

Schrodinger uncertainty principle in CP! which is the quantum phase space of
spin 3 particle.

In order to compute the Robertson-Schrodinger uncertainty principle on CP?,
we need to find the pushforward vector fields of Xy and X under the map
IL, : TyH — Ty P(H). Let I1(Z,, Z5) = =z = g—f be a local coordinate of U; C CP!
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where Z; # 0. Then the pushforward vector fields correspond to these vector
fields are

_ 1 2 o) a 1 - -2 _ 8 .

(3.26) ILXg = Q—Z(ﬁuz + 20,2 — @J& — 2—Z(6uz + 20,7 — ,Bu)£,
(3.27)  ILXg = —2(82 = 200+ B) o — 2B+ 20,5 + B,)
. Xg, = =5 Bz 2 W)y, ~ 5Pz wZ +F)5-.

Therefore, the Robertson-Schrédinger uncertainty relation for the case of S, and
S, in CP! is
2

A A h
(3.28) (AS,)*(AS,)? > 7 wLXg,, LX)+ g(ILXg 1L Xg )7
where the contraction of Schrédinger vector field Xg and Xg with symplectic
form w can be written as
h[(ﬁugv + Buﬁv)(|z|4 — 1) + 2(aw By + Buaw) (2[1 + 27])]
41+ [2?)?
h2(awB, — Buow) (Z[1 + 22))]
41+ |2[?)?
and the component of Riemannian metric associated with X; and Xg is de-
noted by

w(H*XSu, H*ng) =

(3.29)

ih[(BuBy + BuBo)2|* = 22(0wfy + Bucv) (27 — 1)]

g(H*Xgu, H*XE;'U) =

A1+ [2P)?
+ Zh[QZ(aUBU _ Buav)<22 _ 1) — (Buﬁv + ﬁugv)]
A1+ [2)?
ih[2B48s2% — 28,8,7% + 8ay 0,27
50 11+ PP

4. CONCLUSION

In this study, the generalized geometric Robertson-Schrodinger uncertainty
relation for spin % system has been constructed. We shows that, the uncertainty
principle (3.28) may reduced to the standard expression of spin 1’s uncertainty
principle when rotated at certain angles. For example, let take n; = 0, ny, = 1,
ns = 0 and 6 = 90°. Then, one gets o, = —1, 3, = 0, a, = 0 and B, = 1 which
implies that the equation (3.28) is identical to the uncertainty principle for the
case of S, and S. operators.
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