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A PARAMETRIZATION OF §-SPHERICAL FUNCTIONS ON COMMUTATIVE
TRIPLES ASSOCIATED WITH NILPOTENT LIE GROUPS

Ibrahima Toure

ABSTRACT. Let N be a connected and simply connected nilpotent Lie group, K be
a compact subgroup of Aut(N), the group of automorphisms of N and § be a class
of unitary irreducible representations of K. The triple (N, K, ¢) is a commutative
triple if the convolution algebra 4} (N) of §-radial integrable functions is commu-
tative. In this paper, we obtain first a parametrization of ¢ spherical functions
by means of the unitary dual N and then an inversion formula for the spherical
transform of F' € $}(N).

1. INTRODUCTION

Let G be a locally compact group, K be a compact subgroup of G and § be a
unitary irreducible representation of K. The triple (G, K, ) is commutative when
the convolution algebra C.(G, 4, §) of compactly supported vector-valued functions
which are §-radial, is commutative. It is a generalization of the notion of Gelfand
pair which is obtaining when ¢ is the one-dimensional trivial representation. The
spherical functions associated with commutative triples have been studied by a
number of authors such that E. Pedon [|12], R. Camporesi [3], A. Samantha and
F. Ricci [[13]. R. Camporesi has studied the case of semi-simple Lie Group when
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A. Samantha and F. Ricci have studied the case of nilpotent Lie groups. In this
paper, we are interested by the case of nilpotent Lie groups. The first purpose of
this paper is to obtain a parametrization of J-spherical functions on a nilpotent Lie
group by means of (7, ¢) € N x (M, ® Ej) where N is the unitary dual of N and
H. (resp. Ejs) is the realization space of w(resp. ¢). This parametrization is an
extension of Theorem 8.7 of C. Benson and al. in [1]. Our second purpose is to
use this result to obtain an inversion formula for the ¢-spherical Fourier transform.
The paper is organized as follows. In the next section, we give notations and
definitions necessary for the understanding of the paper. In section 3, we first
obtain an explicit formula for §-spherical functions for commutative triples where
the first component is a nilpotent Lie group. Our formula permits us to prove that
d-spherical functions for nilpotent groups are definite positive. We end this section
by proving that the parametrization obtaining in the first result is unique under
the action of K on N. In the last section, we show that the §-spherical Fourier
transform defined by means of our formula for §-spherical functions verifies some
classical properties. Thanks to the inversion formula for spherical transform on G
where G = K « N, we obtain an inversion formula for the §-spherical transform.

2. PRELIMINARIES

In this section, we give some notations and definitions for the well understand-
ing of this paper. Let G be a locally compact group and let K be a compact
subgroup of G. G is equipped with a left Haar measure dxr and K is equipped
with its normalized Haar measure dk. Let § be a unitary irreducible represen-
tation of K and let us denote by E; the space of the representation §. We put
Fs:=Hom(FEs, Es) the space of endomorphisms of Fs and denote by C.(G, Fy)
(resp. L'(G, Fs)) the space of compactly supported continuous (resp. integrable)
functions of G with values in Fs. C.(G, F;) (resp. L'(G, F})) is a convolution al-
gebra where the convolution is defined by: for F, H € C.(G, Fs) (resp. L'(G, Fy))
and z € G,

Feti(@) = | P o) H )y,
We set,

C.(G, F3,8,8) := {F € C.(G, Fy) : F(kak') = 6(K'V)F(2)8(k" )Wk, K € K,Va € G}



8-SPHERICAL FUNCTIONS 3309
the space of continuous d— radial functions of G with compact support and
LYG, F5,6,0) :={F € L'(G, Fy) : F(kaK') = §(K"Y)F(z)6(k~)Vk, k' € K,Vx € G}

the space of §— radial integrable functions of G. C.(G, Fj, 6,0) (resp. L}(G, F5,6,9))
is a subalgebra of the convolution algebra C.(G, Fs) (resp. L'(G, Fs)). We say
that (G, K,0) is a commutative triple if the convolution algebra C.(G, F5, d, ) or
LY (G, Fs,6,0) is commutative. If ¢ is the one dimensional trivial representation
then we obtain the classical notion of Gelfand pair. Also, if § and ¢’ are uni-
tarily equivalent then the algebras C.(G, Fy,0,0) and C.(G, Fy,4',0") are isomor-
phic. In fact, if we designate by A the intertwining operator of ¢/ and ¢’ i.e.
Ad(k) = ¢'(k)A, let us consider the map @ from C.(G, Fy,¢',0") to C.(G, Fy, 9, 9)
defined by: Q(F)(z) = A~'F(x)A. Q is clearly an isomorphism of algebras. Thus
in the following of this paper,  will designate a class of unitary irreducible repre-
sentations of K and s an element of the class 0.

For any F' € C.(G, Fy), the canonical projection of F' on C.(G, F3, 6,0) is defined
by

F”(;z:):/K/Ku5(kg)F(klxkz)ug(kl)dklde.

Let us put ys:=d(0)&s, where d(6) is the degree of us and s the character of ;.
Thanks to Schur’s orthogonality relations, any 7' € Fj is written by

T = d(o) /K s (k=) er (s ()T

where tr designates the trace of an operator. Let us denote by @(resp. K) the
unitary dual of G(resp. K). For U € G, we denote by mip(d,U) the multiplicity
of § in U|K. We know by [3,5,[16] that if the triple (G, K, ) is commutative then
mip(s,U) < 1. Let G (8) be the subset of G consisting of those U € G that contains
0 upon restriction to K. For U € G (6) and H its realization space, we designate by
H(9) the isotypic component of ¢ that is the subspace of vectors which transform
under K according to ¢. The projection P(0) from # onto #(4) is defined by

P(6) = /K xs(E"HU (k) dk.

If (G,K,d) is commutative, a J-radial continuous function ¢ on G with values
in Fjy is said to be a §-spherical function if the map F' — d_1§ Jotr(o(x)F(x))dx
is a unitary character of the commutative algebra L!(G, F;,6,6). If U € @(6),
the function ¢§ (z) = P(6)U(x)P(d) is a positive definite §-spherical function and
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any positive definite J-spherical function is obtained in this manner. We denote
by S5(G)(resp. S;(G)) the set of §-spherical functions (resp. positive definite
d-spherical functions) on G. Let I.(G) denote the set of all K-central functions
that is, the set of all continuous complex-valued functions f on G and compactly
supported such that:

f(kxk™) = f(z),Vk € K,Vz € G,

and I5(G) denotes the set of all continuous complex-valued functions f on G and
compactly supported such that: xs x f=f * ys=f where,

Xsx f(z) = /Kx(g(k:_l)f(k‘x)dk

fxxs(x) = /Kxg(kl)f(xk)dk.

Let us put I.5(G) := I.(G) N I5(G). I.5(G) is a subalgebra of C.(G), where C.(G)
is the usual convolution algebra of all continuous, complex-valued functions on G
and compactly supported. For all f € C.(G), we put

/fk:ck

Then the map f +— xs * fx is a continuous projection of C.(G) on I.5(G). In [16],
it is shown that I. 5(G) is isomorphic to C.(G, Fjy, 0, ) thanks to the map
V° i I.5(G) — C.(G, F, 6, 9)
fe wf )

where ¢f := [ ts(k7") f(kz)dk. Let N be a connected and simply connected
nilpotent Lie group and K be a compact subgroup of Aut(N), the group of au-
tomorphisms of N. Let us put G := K o« N the semi-direct product of K by N.
Writing the action by £ € K on = € N as k.x, the semi-product is defined by:
(k1,x)(k2,y) = (k1ke, xk1.y). We set

Ues(N) == {F € C(N, Fy) : F(k.z) = ps(k)F(z)ps(k™")}-

C.(G, Fs,96,6) and Y. 5(N) are isomorphic as convolution algebras. It suffices to
consider the map F'— F' |y (see [[15]). We also set

Us(N) = A{F € L'(N, Fy) : F(k.x) = ps(k) F(2)ps (k™) }-

Thus we give the following equivalent definition: (N, K, 0) is a Gelfand triple if
the convolution algebra $l.s(N)(resp. U}(N)) is commutative. For F' € C.(N, F),
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the projection of F' on 4. 5(V) is defined by:
PR () — / s (k=) F (k) s () .
K

We denote by N the unitary dual of N. The subgroup K acts on N by the following
way: k.m(z) = 7%(z) = n(k.x) forz € N, k € K and 7 € N. Let K, denote the
stabilizer of = by this action,

Ky={keK:7"~n}

For k € K,, there is an intertwining operator W, (k) with ©*(z) = W, (k)n(z)
W.(k)~'. W, is a projective representation of K, on H, where #, is the rep-
resentation space of . But, it is known that 1/, can be chosen to be a unitary
representation of K (see [9]).

3. 0-SPHERICAL FUNCTIONS

In this section, /V is a connected and simply connected nilpotent Lie group and
K is a compact subgroup of the group of automorphisms Aut(N). We only assume
that (N, K, ) is a commutative triple. Therefore (N, K) is a Gelfand pair(see
[[13]], [14]) and N is a two step nilpotent Lie group (see [1]]). Let C(N, Fj) be
the space of continuous function on N with values in F3. We recall that ¢ €
C(N, Fy) is a o- spherical function on N if it is é-radial and the map x, : /' —
% [y tr(F(z)¢(z))dx defines a (necessarily non zero and continuous) character of
. 5(N). The following result gives an explicit formula of J-spherical function on
N. It extends Lemma 8.2 in [1] to §-spherical function on N.

Theorem 3.1. Suppose ¢ is a bounded §-spherical function on N. Then there exists
mE ]\7, a unit vector

¢ in H, ® Es such that for all x € N, ¢(x)
= [ < n0ea) © ps(hn)e, € > slh™

Proof. N being a group with polynomial volume growth (see [11]) then L!(N, Fy)
is symmetric (see [10]]). So, since x,, is a one dimensional representation of il%(N ),
there exists (L, E7) (see [6]) an irreducible x-representation of L'(N, Fs) and a
closed invariant one dimensional subspace M of E; such that (L [y ;M) is
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equivalent to x,. We have L'(N, Fs) = L'(N) ® Fs. Let 7 be an irreducible *-
representation of Ll( ) There exists a unitary representation (r,#,) € N such
that 7(f) = [y f x)dx Where f € Ll(N ). Hence the representation L of
L'(N, Fg) is ertten by. L(F) = [y( (x)dx ¥V F € L'(N, Fs). Thus M is a
one dimensional subspace of He® Eg. Let us choose £E=>,¢G®ninMH,® E; and
belonging to M such that || £ ||= 1.

Xo(F) = < xg(F)€, € >
—Z<L )G @i, G ®n; >

:Z/ <7(7) @ F(2)G ®@n;, (G ®@n; > dr

2
:Z/ < m(@)G, G >< F(x)n,n; > dx
:Z/ < m(2)CG, ¢ >< ps(ky )V E (ky.x)ps(ky)mi, m; > dkydx
_Z/ < ()G, G >< F(ky.2)ps(k1)ni, ps(k)n; > dkidz
_Z/ < 7T C“CJ >< F( )M6(k1)niaﬂd(kl)nj > dkidx

_déz/ < kit @), G >< pus(k)tr(ps(k™ ) F () s (ka)ni, ps(ka)n; >

X dkdk,dz

Y [ <m0 006 ¢y > < s sk o > s F ()
x dkdkidz

—d(sz / < w1k )G G > pis (kY s (g > b (k) F (k™))
x dkdk,dz

4} / < (kT k) G >< sk ek ),y > tr(us (k) F()
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X dkdk,dx

—daZ/ < m(k.2)G, ¢ >< ps(kki)ni, ny > tr(us(k~ k') F(x))dkdk dx
4,3
ZdaZ/tr(F(w‘)(/ < m(k.x)G, G >< ps(kky)ni,my > ps (k™ k') dkdky )da

so we obtain

o(z) =d3 Z/ < 7(k.x)G, (G >< ps(kki)n;,m; > s (K~ kY dkdky

2 / < 1(h2) @ (k) € > ig () dkdky.
O]

Remark 3.1. If u; = 1 the one dimensional trivial representation of K, we can
identify H, ® Es with H, and so we can identify ¢(z) with the scalar operator x
| < m(k.x)§, & > dk. Thus we obtain the classical integral formula of K-spherical
functions on nilpotent Lie groups obtained by C. Benson and al. in [1]].

In the following result, we prove that any bounded §-spherical function on N is
positive definite.

Corollary 3.1. Every bounded ¢-spherical function on N is positive definite.

Proof. According to previous theorem, there exist 7 € N, E=>,0G0n € H,®E;s
with || £ ||= 1 such that ¢ = ¢, . Let 21, 29,...,2, € N 5¢1,¢2,...,¢, € C,

> cicitr(dre(; ' x)))

1<i,j<n

Y Y ([ < nlhln )66 > x

p,q 1<i,j<n

< ps(kka )y > pa(k k) dkdky)

:dﬁ/Z > e < k)G m(ka) >

p,q 1<i,j<n

x < (k) > tr(us (k™ k) didky
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:dg/z Z cicy < m(k.x;)Cp, m(koi)Cq >< ps(kk)mp, mg >

p,q 1<i,j<n

s tr(ps (b kb)) dledky

=ﬁ/§j§j@q<ﬂmw@mwmm><m@mmm>

p,q 1<i,j<n

x tr(ps(kyh))dkdk,

:dg/z > a6 < w(k.x) G m(ka)(y > dk

p,q 1<i,j<n

<[ < k) ers Oy >

:%/Z > a6 < w(k.x) G m(ka)Cy > dk

p,q 1<i,j<n

X<%/M%MWMHWMWWP>

:d(s/z Z ci¢; < w(k.x;)G, m(k.z;)C >< np,my > dk

p,q 1<i,j<n

:dﬁ/ > g < (w(kay) @ Ip,)E, (m(ka;) ® Ig,)E > dk

1<i,j<n

:d5/ IS cilmlhm) @ In, )€ | di > 0.

1<i<n

ForwG]\A/,fe”HW@Egletusput

() = d2 / < m(k.x) ® ps(kk))E, € > ps(k™ ke V) dkdky.

The previous theorem raises two fundamental questions. The first one is: under
which conditions on the couple (7, &), ¢ ¢ is d—spherical? and the second one is:
for two couples (7, &) and (7', '), under which conditions ¢, ¢ and ¢, ¢ coincide?
Anwser to these questions is the main goal of the rest of this section and will give
an extension of Theorem 8.7 of [[1] to j—spherical functions.

Since (NN, K, §) is a commutative triple W, ® us| k., is multiplicity free(see [13]]),
where 5|, is the restriction of us to K,. We will denote 5|k, by ps, . Let H, ®
Es =), Va be the decomposition of H, ® Ej in K -irreducible modules.
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Theorem 3.2.

(i) ¢r¢ is 0-spherical if and only if £ € V,, for some a and || € ||= 1.
(i) ¢r¢ = ¢, ¢ if and only if there exists ko € K such that 7’ = 7*, and ¢ and
s(ko)&' belong to the same V,.

Proof. (i) For F' € i.5(N), L(F) commutes with W, ® ps. (see [13]). In fact,

L(E)(Wx(k) © ps, () =/ (m(2) @ F(2))(Wr(k) © ps, (k) dz

N

_ /N W (k) (k™' 2) ® F(x)ps, (k)d
_ /N W, (k) (z) ® F(k.x)ps, (k)dz

—(Wo (k) ® s, (K)) /N n(2) ® F(z)dz)

=(Wa(k) @ ps, (k) L(F)

Since W, ® us, is multiplicity free then L(F') preserves each V,,. Now by Schur’s
Lemma, the irreducibility of W, ® us, on V, implies that L(F") acts as a scalar
multiple of the identity on each V,,. So L(F)|y, = A(F)Idy, and \(F) = (L(F)&, §)
for any unit vector ¢ € V. Let us suppose ¢ € V, for some « with || £ ||= 1. Let us
first show that ¢, ¢ is ¢-radial and ¢, ¢(e) = idp,. In fact

Ope(ka) =d2 / < m(kk.z) ® ps(kki)E, € > ps(k™ k") dkdk,
—d2 / < m(k.x) @ ps(kk k1€, € > ps(kk™ k) dkdk,
=d215(k) / < m(k.x) @ ps(kk)E, € > ps(k k7 kY dkdky
—ps(F) [ < wlhz) @ ps(hka 6. € > ok kb s ()
=15 (k) (2)ps (k™).

SO ¢ ¢ is d-radial. Taking = = e, we have

drele) = d2 / <idy, @ ps(kki)E, € > ps(k™"ky ) dkdks.
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Hence

r(fmee)) =2 / < idy. ® ps(kk)E € > tr(us(h k")) dhdk,
— &2 / < iy, © ps(kk)E,E > tr(us(kT k) dkdk,
=d3 / <idy, @ ps(k))€ € > tr(us(kyt))dk,

s < idyy. ® (ds / 1o (e )t (g (k1)) Ay )&, € >= d.

In other part, since ¢, ¢ is J- radial, p5(k) intertwines ¢, ¢(e) for any k € K. Thus,
thanks to Schur’s Lemma we have ¢, ¢(e) = cidg,. It comes that tr(¢,¢(e)) = cds
and we deduce that ¢ = 1 that is ¢, ¢(e) = idg,. It is clear that ¢, . is continuous
on N. Now for F' € 4. 5(N),

el ) = / tr(F(2)me(x))d

—d; / < 1(k.x) ® ps(kk)E, € > tr(F(a)ps (k™ ki) dedly do
—dj / < 71(2) ® ps(kk)E, € > tr(F (K a) s (k™ k1)) dkdleyda
:d(;/ < 71(2) @ ps(kk)E, € > tr(F(2) s (k7 k1)) dkdkyda
:dé/ < 7(2) @ ps(k)E, € > tr(F (@) us(k™"))dkdx

= [ <nta) e @ [ nsprluse ) F)gan).¢ > da

:/ <m(x)® F(x), & > dx
=< L(F){, & >= \(F).

Thus if F, H € 8. 5(N),

X e (F' % H) =(L(F * H)¢,§) = (L(F)L(H)S, €)
=AH)(L(F)E, &) = ME)AH) = Xo, (F)Xo,  (H).
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Conversely let us assume that ¢, . is J-spherical with ¢ € H, ® Es and || € ||= 1.
Writing § = > t,&, with &, € Vo, || &, |I=1,¢, > 0and }_ > = 1, we have

Xone = (One, F) =(L(F)E,€) = >t (L(F)&,, &)

:Zt3<L(F)€V’€V> = Zt3<¢”75W’F>'

Thus ¢r¢ = > 2¢re,. SO, since ¢ ¢ is positive definite -spherical function satis-
fying ¢ ¢(e) = Idpg,, the map = — (¢ ¢(x)v,v), for v € Ej, is extremal. Therefore
$re = ¢r e, for some ~. It comes that § = ¢,

(ii) We suppose that there exists ky € K such that 7’ = 7*0 and ¢ and idy, @pus(ko)€’
belong to the same V/,.

<¢7T,E’F> :<L(F)§,f>
=(L(F)(idy, ® ps(ko))E' s idy, @ ps(ko)’)

:X(bﬂ,idyw ®ns(ko)e! <F)

s [ < (50) @ k), © ko), © s(ho)€ >
x tr(F(x)ps(k~ k) dkdk, dx
) / < mkok.2) @ pg(kokhn)(idy. @ (ko)) idyy. @ ps(o)E' >
« tr(F () g (k= ki k) dhediy e
—ds / < 7 (k) ® pghokkako)' s idyy. © ps(ko)€' >
< tr(F () g (ke YY) dhedkn e
—ds / < 7 (k) @ g (kokkr)€, idy. @ pis(ko)€' >
« tr(F (@) s (k= k) dkdky da
—ds / < 7 (ka) ® (k) € > tr(F(x)ps (k")) dbdky da
=(On e, F)

Thus (bW,E = ¢7r’,§’-
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For the converse, we will show that the §-spherical functions ¢, are written
as the restrictions of positive definite §-spherical functions on K o N. The ir-
reducible representations of K o« N are well-known. In fact, for 7 € N and
o € K,, the representation p = @ ® wW, is an irreducible representation of
K, o« N where 7 is the conjugate representation of 0. Then according Mackey
theory, p = Ind >N (p) € K « N. So each irreducible representation of K o N
is determined by a pair (7, o) where 7 € N and ¢ € K,. Two representations
determined by the pair (7,0) and (7', 0’) are equivalent if and only if there exists
ky € K such that 7’ = 7% and ¢’ = 0o0i,, where the map i, is defined from K,
to K, by io(k) = kokk;'. We denote by K xN (0) the subset of K xN consisting
of representations containing ¢ upon restriction to K. For p € KxN (0), let us
denote by #; the realization space of p and by #(9) the isotypic component of ¢.
The projection P(§) from H; onto #(9) is defined by

PO) = [ xalhkd

The function ¢(k,n) = P(6)p(k,n)P(4) is a positive definite d-spherical function
and each positive definite d-spherical function is obtained in this manner. Since
(N, K, ) is commutative and p € m«s) then mtp(6,p |k) = 1 and H(J) = Es .
But (see [113]])

mip(0, p |k) = mip(o, Indﬁ (6@ W) =mtp(o, Wy ®0 |k.,).

so that the realization space H,, of o, is isomorphic to an (and only one) irre-
ducible K -module V, of H, ® Es;. Let {u;}1<i<, (resp. {v;}i<j<») be an or-
thonormal system of #, (resp. Ej) such that {u; ® v; : u; € Hn,v; € Es5,1 <
i < mn,1 < j < m} is an orthonormal basis of V,,. Let us consider the vector
v =2~ Ei’ Ui vy ®u; € Vo @ Hy. Let 4 be the contragredient class of § and let

mn

11; be an element of 5. We have

() = /K x5 (kYo (k)vdk
-
Jmn

=3 TR @ g © W

> / X5 (k™) p(k)u; @ v; @ widk
ij ™
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\/— Z / xs(k azlul ® N&(k)vj ® a; pupdk
i,9,L,p

_ qul ® /K Vo (kg (k) @ ik
1,7 n

1
:\/ﬁzul@)%’@uz =,
l’j

where A = (a;;) is the matrix of the unitary operator of W, (k) restricts to the
vector space spanned by {u; : 1 < i < n} and > a;;a;, = 0,,, where §;, is the
symbol of Kronecker. This calculus shows that p(k)v = ps(k)v for all k € K.
Now we consider the function f : K « N — V, ® H, defined by f(k,n) =
1®us(k)@m(n)v. We have f € H;. Infact, for (I,n) € K, < N and (k,e) € K «x N
we have

F(Un)(k,e)) = f(lk,n) = (1@ pg(lk) @ m(n))v

and

p(ln) f(k,e) =(Wx(l) @ ps(l) @ m(n)We(1))(1 @ ps(k) @ v

)

1@ 1@ m(n))(Wr(l) @ ps(l) @ We(l)) pug(k)v
)
)

=W

( )

(@1 @mn(n)p(l)us(k)v
(1@ 1@ m(n))us(l)us(k)v
( )
(k,

P

1 ® pz(lk) @ m(n))v.
So, p(l,n) f(k,e) = f((l,n)
p(l,n) f(k,n') =

e)). Now for (k,n’) € K «« N we have

lvn) (( e, n )(k76)) = p(l,n)p(e,n’)f(k,e)
:p(lv nl.n' )f(k’ 6) = f(lk’ nln/) = f((l,n)(k:,n')),

which proves that f € H;. We have also
P(&)f(K,n) = / x5 (k1) A(K) F (K m)
K
- / w5 (k1) F (K, n)dk
K

- /K xs (51 @ s (K'k) © m(n)udk
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and it follows that f € Ej. Note that £ and Es are isomorphic and f can be
consider as belonging to Fs. Since || v ||= 1 then it is straightforward to see that
| f ||= 1. The é-spherical function ¢ on K oc N associated with 5, as mentionned
above, is given by ¢(k,n) = P(8)p(k,n)P(5). The restriction to N is given by
d(n) = d(e,n) = P(6)p(n)P(5). Thanks to Schur’s orthogonality relations, we
have

o(n) =ds / s (ke (g (K) b))k

—djs / pis (k™) tr (ps (kkk ™) p(k.n) ) dkedk

—ds / s (= k=Yt (ug (o) P(8) () P(6)) .

Since y; is irreducible and Ej is finite dimensional then there exists ky, ks, ..., k4, €
K such that {us(k1) f, ps(ka) f, ..., ps(kay) f} is a basis for Es. So we have

26(0) = [ ikt B)P9) ) (&)l
) K
= /K s (k™R Y (s (k) P(8) (k. 0) POt (k) f, s (k) ) kel
ds
= [ s S s R es ) £ ) )

7=1

[ . Zw</%k>ﬁ</%.n>u5<kj>f<k'>,ua<kj>f<k’>>dk'd/%dk
—d; / /K B ) (g (R e) F (), S (') AR ded
—d, / / YK kk, EEn), f(K)dK dkdk
K/K,r
—d, / /K . DA @ ps(Kkk) @ m(Kkn)v, 1@ ps(k') @ 1v)dk dkdk.

So it follows that

= d2/ / N1 @ ps(Kkk) @ m(Kkn)v, 1 ® pg(k") @ 1v)dk' dkdk.
K/Kﬁ
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For k' € K, we have
5 3 1 3 3
(1@ us(K'kk) @ m(K'kn)v, 1@ ps(k') @ lv) =— Z (u; @ pz(K'kk)v; @ m(k'k.n)u,,
mn

i7j7l7p
U ® ug(k:’)vp ® )

For k' € K, "
Z(w(m}; n)ug, ) =Y (kK kn)u;, ;)
Z = i(wﬂ(k’)w(ié n) Wi (K~ us, ;)
- i(w(fc ), ;)
Thus |

d(n) = Z//M Y (s (kk)vy, vp) (m (K Eon)ug, ug) dik' dkdk

%,0,P

& - - -
— Z / / 115 (k™ ™YY (s (K'Y RER Yuj, vp) (7 (kn)us, g ) dK dkdk

ZJP
2
_ Z/ / 115 (k™ ™YY (s (kEYv;, vp) (m(kon)ug, wg) diedk
,7,P
2 .
:m_‘;z;/K/K( m(kn) @ ps(kk) UZ®ZU],UZ®ZUP s (K7 k™Y dkedk
= Z ¢W,ﬁui®zj vj (TL)

=¢x ().

1 ) )
' /mn Ei’j Ui ®v;

SO ¢ = ¢, for some & € V,,. Now if ¢, = ¢ ¢ then the spherical functions ¢
and ¢/ on K N such that gz~5|N = ¢ ¢ and gz§’|N = ¢ ¢ are equal. In fact,

o(k,n) =((e,n)(k,€)) = us(k)o((e,n)) = ps(k)dme(n) = p15(k) o (1)
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Thus the representations j and p/, associated to ¢ and ¢/, determined respectively
by (7, 0) and 7', ¢’), are equivalent. So according to Mackey theory recalled above,
we have done. O

4. ) SPHERICAL TRANSFORM AND ITS INVERSION FORMULA

In this section, we assume that (N, K,J) is commutative. This implies that
(G, K,0) is commutative that is C.(G, §, ) is commutative. We give an inversion
formula for the spherical transform on Ss(/N) from the Fourier inversion formula
of G =K x N.

Definition 4.1. The spherical transform for F' € U.5(N) is the function F on Ss(N)
defined by

Fo) = d% /N Tr(F(2)é(x))dz, 6 € S5(N).

According theorem 3.1, we can write
~ 1 .
F(ong) =+ / TrH(F(2)bme(2))da, 7 € N, € € V.

5§ JIN
Given a function F' € C.(N, Fs), we define F** by F*(z) = F(z~')*, where x des-
ignates the adjoint operator. The following result gives some properties of the
spherical transform.

Theorem 4.1. For F, H € U, 5(N), we have
() F x G(qug) - F(gbmg)H(qug),

(i) H (dre) = H(97 ).

Proof.

(i) We can notice that ﬁ((bﬂ,g) = X¢, ¢ (F') and since y,_, is an homomorphism (see
the proof of theorem 3.4) then we have the result.

(ii) For H € U, 5(N), we have

T(600) =3 [ (1) drelo)te
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We recall now the definition of the spherical transform on G.

Definition 4.2. The spherical transform of F' € C.(G, 6, 0) is the function F on @(6)

defined by:
1

ﬁ(U):d—5 i

Tr(F(x)Y (x))dz, U € G(5).
So thanks to the bijective correspondence between S5(G)* and G(5), we have
the following definition.

Definition 4.3. The spherical transform of F € C.(G,0,0) is the function F on
Ss(G)T defined by:

Fo) = di(; /G Tr(F(2)é(x))dz, ¢ € S5(G).

Remark 4.1. If ¢¥ is the spherical function associated to U, then we have ﬁ(gzﬁf{) =
F(U).

Theorem 4.2. The spherical transform is inverted by
1

T ds o(z)E()dr(¢), F € U.5(N).
6 JS5(N)

F(x)

Proof. The spherical transform for F' € C.(G, ¢, 0) is inverted by (see [3])

Fg)= [ of (g VF(U)du(U),
G(9)
where dy is the Plancherel measure on G(5). The map 6 : U — P(§)UP(d) is a
bijection between G(§) and S (@), the space of positive definite elements of S5(G).
Therefore S; (G) can make into a measure space by transporting the measure
space structure of @(5). In fact, A C S;(G) is a measurable set if and only if
§~1(A) is measurable in G(0) and the map v defined by v(A) = u(@~(A)) is a
measure on S§ (G). So we obtain an inversion formula for the spherical transform
that is for /' € C(G, d,9) we have

Flg) = / (g E(0)dn().
S5(@)

We know [[15] that the space of ¢-radial functions on N, U, 5(NV), is isomorphic to
C.(G,0,0). This isomorphism is defined by restriction. Also from the content of
the last part of Theorem 3.4 proof , it is clear that that the restriction map ¢ from
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S (G) to S5(N) is surjective. It is also injective. In fact, if /|N = /| N then we
have for all (k,n) € G =k x N,

77Z}<k7 TL) = 1/}(€a n)ﬂﬁ(k) = 77Z)/(67 n)u5(/€) = W(k% TL)
So using the map ¢, we can equip Ss(N) with a measure space structure and a

measure « following the method just describe above. Therefore the inversion is
written by F' € U, 5(N)

Proof. For F, H € U, 5(N), we have

tr(H* * F(e)) :/ tr(H*(x V) F())dx = / tr(H(z)" F(x))dz.

G G
Since H* x F' € U, s(N) then by inversion formula and theorem 4.2 (ii)

1 _— 1 — ~
tr(H" » F(e) = / OO F@)do = o / o TOOFOF©)s
:di tr(o(e)) H*($)F(¢)d = F(¢)H(¢7)de
5 JSs(N) Ss(N)
and we have done. O
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