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WEYL SPACES OF COMPOSITIONS OF SIX BASIC MANIFOLDS
Musa Ajeti', Marta Teofilova, and Georgi Zlatanov

ABSTRACT. By help of prolonged covariant differentiation, Cartesian compositions
of six basic manifolds are studied. Weyl spaces of such compositions are character-
ized. Eleven-dimensional Riemannian spaces containing compositions of six basic
manifolds are also considered.

1. INTRODUCTION

Spaces with a symmetric affine connection, Riemannian spaces and Weyl spaces
equipped with additional tensor structures of type (1,1) are extensively studied,
cf. [1,/5,(7,(8,[11,/12.14].

In [[18,/19], an apparatus for the study of spaces with a symmetric affine connec-
tion and special compositions or nets is introduced. This apparatus is constructed
by means of n independent vector fields and their reciprocal covector fields. The
same apparatus is applied to the study of triples of compositions in [2]], almost
contact and almost paracontact structures in [4]], and to four-dimensional spaces
with additional structures in [3].
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The apparatus of prolonged covariant differentiation in Weyl spaces is con-
structed in [20,[21]. Be help of this apparatus, in [9,(10,(15,(16], the geometry
of Weyl spaces is investigated.

In the present WorkEl, in Weyl spaces, we consider compositions of six basic
manifolds whose tangent planes are translated parallelly along any line in the
space, i.e. Cartesian compositions. Spaces containing such compositions are char-
acterized by help of the prolonged covariant differentiation. In the parameters
of the chosen coordinate net, the fundamental tensor of Weyl spaces with Carte-
sian compositions is determined. Eleven-dimensional Riemannian spaces of such
compositions are also studied.

2. PRELIMINARIES

Let Wy (gas, w,) be a Weyl space with metric tensor g,3 and additional covector
w,. We assume that the metric tensor admits a transformation (renormalization)
of the form [6]]

(21) .E]oaﬁ = >\2ga/37

where ) is a non-zero function of the point. Then, the covector w, is transformed
according to the rule [6]

(2.2) Wy = Wy + Oy In A,

i.e. w, is a normalizer.

The renormalization of the metric tensor g¢,; implies the renormalization
G*% = X\72¢°P of its reciprocal tensor g*°.

Let v* (a,0 = 1,2, ..., N) be independent directional fields. The renormalization

of g‘”‘ f%llows the rule [20,[21]]

(2.3) ga/ggo‘gﬂ =1.

The reciprocal covector fields v, of ga are defined by
(2.4) v 05 =05 = v Vo = 03,

1This work is partially supported by project FP17-FMI-008 of the Scientific Research Fund,
Plovdiv University, Bulgaria.
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where 47 is the identity tensor. The transformation (2.1) implies

« -1, « g g
=A% U4 = \g,.
g

Q Sc

According to [20,21], a pseudo-quantity A in Wy which by the renormalization
is transformed according to the rule A = A\¥A is called a satellite of Jap With
weight {k}. Hence, g**{—2}, v*{—1}, v.{1}, 6°{0}.

According to [6], we have ’

(25) vagaﬂ - 2wogaﬁa vagaﬁ = —20009&6;

where V is the Weyl connection.

The existence of the normalizer w, allows the introduction of the prolonged
covariant differentiation of the satellites A of g, with weight {£} by the following
formula

(2.6) VoA =V, A— ku, Al

According to [20,21], the following equalities are valid:

o [e)

2.7) VoGas = Vago‘ﬁ =0, Vagﬁ = V(ﬂf + wggﬁ, Vﬁg = Vg%g - w(,%ﬁ.

Further in this work we will use the following notation indices:
(2.8)
a’/B”y’U7V’67T - ]‘727""N;

i, 5.k, l,s=1,2,...my 4,5,k 1,5=mi+1,m+2,....,m +nq;
a,b,c,d=mq+n1+1,m+n1+2,....my +nq + l;
a,b,c,d=my+n;+10 +1,....,my +ny+ 1 +my;
p,q,rit=my+ny+l+me+1,...,my +n1+ 1 +mo + no;

D, q, T t=my+ny+1 +ma+ng+1,...,my +ny 41 +me+ng+ 1l = N.

The independent directional fields v® and the covector fields v, satisfy the de-
rivative equations [[17,[20]

(2.9) Vot =T, 0%, Va5 =—T, v,

B
where 7',{0}.

We denote by (15)) the lines defined by the directional fields go‘ and by {v} the
net determined by the independent directional fields v* (¢ = 1,2, ..., N).
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Let {v} be the coordinate net. According to (2.3) and (2.4), we have

« 1 e 1 « 1
y (m,o,...,o), y <o,ﬁ,o,...,o>,...,% (0,...,0,m>,
1 2 N
Va(1/011,0,...,0),  04(0,1/922,0,...,0), ..., v (0, ... 0, /GNN)-

In addition to the arbitrary coordinates z* (o = 1,2, ..., N), in Wy we introduce
coordinates with respect to the coordinate net {v} which we will denote by .
(0%

(2.10)

. . N . a a ul 1L2 uN
Then for an arbitrary directional field v* we have v < Jom Jom W)'

The Christoffel symbols I' ; of the Weyl connection V are defined by [6]

1
(2.11) I, = Eg"”(éaggy + 089ar — Ovgap) — (Walj + wsdy, — Wug" Gap)-

In the parameters of the coordinate net {v} we have [4,18,/19]

5 T o 1
(2.12) T,=Y9%rs 4B T,=T° — 50 I goa + s
« Joo @

It is known that a directional field v* is translated parallelly along the lines (g) if

and only if ng"‘fg" = uv®, where 1 is a function of the point. According to (2.7),

the condition for the parallel translation of the field v* along the lines <%) takes
the form
(2.13) %gua}f = e,

where ) is a function of the point.

3. WEYL SPACES OF COMPOSITIONS OF SIX BASIC MANIFOLDS

In the Weyl space Wy, we consider a composition X,,, x X,, x X;, x X, X
X,, X X, of six basic manifolds denoted by X,,,, X,.,, Xi,, Xin,, X,, and X,,, i.e.
their topological product.

According to [14]], the definition of a composition in Wy is equivalent to the
introduction of a tensor o’ which satisfies a%a? = 6° and the integrability condition
(vanishing of the Nijenhuis tensor)

(3.1 a%Via az] —agVis aZ] = 0.

«
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Six positions (tangent spaces to the basic manifolds) pass through each point of
Wy which are denoted by P(X,,,), P(X,,), P(Xy,), P(Xn,), P(X,,) and P(X},),
respectively. According to [[18,(19], the six projecting tensors are defined by

(3.2)

For an arbitrary directional field v* we have
(63 10{ g 2a e 6a e (0% « (0%
v* = agv? +agv’ + ...+ agv :‘1/ —1—12/ —i—...+‘6/ ,
where 1 = A’ € P(X ), Ve = acv” € P(Xp,), Ve = as” € P(Xy,), Ve =

P(Xpno), V= acv® € P(X,,) and Ve = acv? € P(X,,). Obviously, v €
P(Xm,), v* € P(X ), U E P(Xll), v* € P(X,,,), v* € P(X,,) and v* € P(X,,).
13 a a p p

Definition 3.1. The composition X,,, X X,, X X;, X X, X X,, x X, is said to be

Cartesian if the positions P(X,,,), P(X,,), P(X},), P(Xm,), P(X,,) and P(X,,) are
translated parallelly along any line in the space Wy.

We prove the following

Theorem 3.1. Equalities
(3.3)

Veal =0, Veal =0, V,al=0, V,a’=0, V,a’=0, V,a’=0
hold if and only if the coefficients of the derivative equations satisfy the follow-
ing conditions

fa:%a:fgz%azfozoa %U:%U:faz%azfazoa

7 a a D p ) a a P P
(34) TU:TU:TJ:TU:TU:07 TU:TJZTU:TU:TJ:Oa

( i b P D ( i b P D

p p p p p P D P D D

TU:TU:TJ:TU:TU:07 TU:TU:TU:TU:TU:O

1 7 a a q 1 i a a q

Proof. According to (2.9), the first equality in (3.3)) takes the form

(3.5) % ) ; % v = 0.
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The independence of the covector fields v implies that Il is equivalent to the
following equalities

(3.6)

Since the directional fields v# are also independent if follows that equalities (3.6

are equivalent to

3 a a P D S S
(3.7) T =T, Tcr = TO' - TO’ =0, Icr =T, =

7

SR
Q
I
’E'ﬂm
q
I
*B\'ﬂm
Q
I
(@)

Hence, %Uég = 0 if and only if conditions (3.7)) hold. Analogously, one can prove
that the rest of the equalities in (3.3) hold if and only if conditions (3.4) are
satisfied. O

Keeping in mind (2.12]) and (3.4), we get

Corollary 3.1. In the parameters of the coordinate net {v} equalities (3.4)) have the

form

FZ{ = Fga = Fzsfd = Fip = Ftsrﬁ = 07 thn = Fia = Fié = F(S;p = Fiﬁ = 07
I, =Tr =T%, =10, =T0,=0, I, =I".=TI?2 =TIy, =I7 =0.

By [|8,(19] and (3.8) we obtain

Corollary 3.2. The Weyl space Wy is a space of the Cartesian composition
Xy X Xy X Xpp X Xpy X X, x X, if and only if conditions hold.

Now let us consider the case of an orthogonal Cartesian composition
Xy X Xy X Xy X Xy X Xy, X Xj,. Then the directional fields v‘“ v, v, v,
13 a a
v®, v* are mutually orthogonal. In the parameters of the coordlnate net {v} the
p p
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metric tensor is given by

0 g; 0 0 0 0
0 0 YGab 0 0 0
3.9 aB) —
(3.9) (9as) 0 0 0 g3 0 0
0 0 0 0 gy O

Following [14], by (3.8), (2.5) and the integrability condition (3.1)), in the pa-
rameters of the coordinate net {v}, we obtain

Yij = Jfélj (U’S>7 9i5 = éé{j(Iﬁ)? Gab = .ggab(uc)y
(3.10) ) )
9ap = {gal;(uc), Ipq = J;gpq(ur)a 9pq = {:gﬁq’(ur)v

f(ua)a f = f(ua)s f = f(ua)’
3 4 5 5

where the functions f = f(u®), f = f(u®), f
1 1 2 2 3 4

f = f(u®) satisfy the conditions
6 6
Zwk = 8k1nf = 8klnf = lenf = 6klnf = aklnf,
2 3 4 5 6
wp=0tInf=0Inf=0Inf=0;Inf=0;Inf,
1 3 4 5 6
2w =0, Inf=0,Inf=0,Inf=90,Inf=0,Inf,
(3.11) 1 2 4 5 6
20)6 — a&h/lf - aalnf - aalnf — aalnf — 8alnf,
1 2 3 5 6
2w, =0,Inf=0,Inf=90,Inf=0,Inf=0,Inf,
1 2 3 4 6
1 2 3 4 5
According to [6], the integrability condition of equalities (2.5) has the form
(3.12) R75a5 + Rvéﬂa = _4V[’Y Ws1Gaps-
Since the Cartesian composition is orthogonal, the following equalities hold
(3.13) g, 42 gas =0,
where i1,s; = 1,2,...,6 and i; # s;. Equalities (3.12)) and (3.13)) imply

i1, S1

(3.14) Rysap a, dl) = 0.
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Equalities characterize the form of the curvature tensor of Weyl spaces with
orthogonal compositions X,,,, x X,,, x X;; x X, X X,,, X X;,. According to [6],
the Weyl space Wy is Riemannian if and only if w, = grad. Obviously;, if w, = grad
then f=f=..= é" and vice versa.

1 2

4. ELEVEN-DIMENSIONAL RIEMANNIAN SPACES
OF COMPOSITIONS OF SIX BASIC MANIFOLDS

Let N =11, m; =n; =1 =my =ny =2, [, = 1 and w, = grad. Then, Wy is an
11-dimensional Riemannian space which we will denote by V;;. According to [6],
in Vi1, a normalization of A\ can be chosen so that

(4.1) G = 0N, Vygas = 0.

In the space Vi1, let us consider Cartesian compositions X,,,, X X,,; X X, X X, X
X, X X, of five 2-dimensional and one 1-dimensional basic manifolds and let this
composition be orthogonal. Then, in the parameters of the coordinate net {v}, the

6

matrix of the metric tensor g,s of Vi, has the form (3.9) where g;; = ¢11.11, and
conditions (3.10) have the form

9i; = gij(u®), 9i; = gi3(uw*), Gab = Jap(u°),
(42) J J J J

9ab = gag(ué), 9pq = gpq(ur)7 gi1,11 = 911,11(“11)'

Further, let the subnets (v, v 1), s = 1,3,5,7,9, be Chebyshevian which ac-
So S2

cording to [20,21], means that the directional fields v* and vjl are translated
So S2
parallelly along the lines ( v 1) and (v), respectively. Then, by (2.9) and (2.13)), it
S2 So
follows that the subnet (v, v 1) is Chebyshevian if and only if the coefficients of
s 82

the derivative equations (2.9) satisfy the conditions

4.3) Tei1 =0, vF#sy, T ,=0, v#sy+1.

S2
S92 so+1

According to (2.12)), equalities (4.3) imply
(4.4) [ 16, =0, v#s, I, 1 =0, v#s+1

From the fundamental property V,g,s = 0 and equalities (4.4)), in the parameters
of the coordinate net {v}, we obtain g5, = gs,5, (¢*), 51 = 1,2, ..., 10.
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: o 1y 245 35 45 5 6 .
Since the projecting tensors a”, a”, a?, a?, a? and o’ have zero weights, then

a? a’ a? a’

according to (2.6), the prolonged covariant derivative V in (3.3) can be replaced
by the usual covariant derivative V.

Further, in the space V1; of the Cartesian composition X,,, x X,,, x X, x X, X
X, X Xy,, let us consider the tensor defined by

” 1, 2 3,3, 4,4, 5,5. 6,6
(4.5) o = 2 Gy af) + Qg a5+ ag af — ag aj — g ag.

According to (3.3) and (4.5), we have
(4.6) V, K = 0.

Let us consider the following tensor constructed by help of the metric tensor g,
of Viu

(4.7) Jop = KZ;;QVT-
By (4.6) and (4.7) we obtain
(4.8) Vo Gas = 0.

According to (3.9) and (4.7), in the parameters of the coordinate net {v}, the

matrix of g,z is given by

0 g5 0 0 0 0
g; 0 0 0 0 0
_ 0 0 Gab 0 0 0

4-9 6] - )

0 0 0 0 —gy O

0O 0 0 0 0  —gun
where ga, = gan(u©), gap = 9ap(U°), Gpg = Gpg(u”) and gi111 = g1 (u''). Accord-
ing to 7], there exists a function ® such that g; = 6%613 = 85?5 -. The space

Vi1 equipped with the metric tensor g, is a space of a composition of the four-
dimensional manifold X,,,, UX,, and the Riemannian manifolds X;,, X,,,, X,, and
X

PR
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