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ON GRADED S-PRIME SUBMODULES OF GRADED MODULES OVER
GRADED COMMUTATIVE RINGS

Khaldoun Al-Zoubi! and Mariam Al-Azaizeh

ABSTRACT. Let GG be an abelian group with identity e. Let R be a G-graded com-
mutative ring with identity, M a graded R-module and S C h(R) a multiplicatively
closed subset of R. In this paper, we introduce the concept of graded S-prime sub-
modules of graded modules over graded commutative rings. We investigate some
properties of this class of graded submodules and their homogeneous components.
Let N be a graded submodule of M such that (IV :g M) NS = (). We say that N is
a graded S-prime submodule of M if there exists s, € S and whenever a;m; € N,
then either sgay, € (IV :g M) or sy;m; € N for each a;, € h(R) and m; € h(M).

1. INTRODUCTION AND PRELIMINARIES

The concept of graded prime submodule was introduced by Atani in [13] and
studied by many authors, see for example [11-14,23]. In the literature, there
are several different generalization of the notion of graded prime submodule in
graded module.

The concept of graded classical prime submodule was introduced by Darani
and Motmaen in [[15] and studied in [[7-10]]. The concept of graded 2-absorbing
submodule was introduced by Al-Zoubi and Abu-Dawwas in [2] and studied in
Ycorresponding author
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[[4-6]. Also, the concept of graded semiprime submodule was introduced and
studied by many authors, see for example [3}/17,19,[25].

Recently, The authors, in [24] studied S-prime submodules as a new general-
ization of prime submodules.

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. One use of rings and modules with gradings is in describing
certain topics in algebraic geometry. Here, we introduce the concept of graded
S-prime submodule as a new generalization of graded prime submodule and in-
vestigate several properties of graded S-prime submodule.

Throughout this paper all rings are commutative with identity and all modules
are unitary.

First, we recall some basic properties of graded rings and modules which will
be used in the sequel. We refer to [[18] and [20-22]for these basic properties and
more information on graded rings and modules.

Let G be a multiplicative group with identity e. By a G-graded ring we mean a
ring R together with direct sum decomposition (as abelian group) R = @, Ra
with the property that R, Rz C R, for all o, 8 € G. The elements of R, are called
homogeneous of degree o and all the homogeneous elements are denoted by A(R),
i.e. h(R) = UseqRo. If a € R, then a can be written uniquely as . a., Where a,
is called a homogeneous component of a in R,. Let R = ., R, be a G-graded
ring. An ideal A of R is said to be a graded ideal if A = @ .(ANR,) := P, Aa
(see [22]).

Let R be a G-graded ring and M be an R-module. Then M is called a GG-graded
R-module if there exists a family of additive subgroups {M, }.cc of M such that
M = @, .M, and R,Mg C M, for all o, € G. Also if an element of M
belongs to UyeaM, = h(M), then it is called a homogeneous. Let R be a G-
graded ring and M be a graded R-module. A submodule N of M is said to be a
graded submodule of M if N = @ (NN M,) := @, No- In this case, N, is
called the a-component of N (see [22]]).

Let R be a G-graded ring and S C h(R) be a multiplicatively closed subset of
R. Then the ring of fraction S~!R is a graded ring which is called the graded ring
of fractions. Indeed, S™'R = @ (S™'R), where (S7'R), = {r/s:r € R,s € S

aceG

and o = (degs) '(degr)}. Let M be a graded module over a G-graded ring R
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and S C h(R) be a multiplicatively closed subset of R. The module of fractions
S~IM over a graded ring S™!'R is a graded module which is called the module
of fractions, if S™'M = @ (S~'M), where (S~'M), = {m/s:m € M,s € S

aeG

and o = (degs)~'(degm)}. We write h(S7'R) = aLEJG(S_lR)a and h(S™'M) =
LGJG(S”M)OC (see [22]]).

Let R be a G-graded ring, M a graded R-module, K be a graded submodule of
M and I a graded ideal of R. Then (K :p M) is defined as (K :x M) = {a €
R : aM C K}. It is shown in [13] that if K is a graded submodule of ), then
(K :g M) is a graded ideal of R. The graded submodule {m € M : mI C K} will
be denoted by (K :); I). A proper graded submodule P of M is said to be a graded
prime submodule if whenever r € h(R) and m € h(M) with rm € P, then either
re (P:g M)orm e P (see [13]).

2. RESULTS

Definition 2.1. Let R be a G-graded ring and M a graded R-module, N a graded
submodule of M and S C h(R) be a multiplicatively closed subset of R with (N :g
M) S = 0. Then N is said to be a graded S-prime submodule of M if there exists
sy € S and whenever a;m; € N, then either sy,a;, € (N :g M) or sym; € N for each
ap € h(R) and m; € h(M). In particular, a graded ideal I of R is said to be a graded
S-prime ideal of R if I is a graded S-prime submodule of R-module R.

Theorem 2.1. Let R be a G-graded ring, M a graded R-module, N a graded submod-
ule of M and S C h(R) be a multiplicatively closed subset of R. If N is a graded prime
submodule of M and (N :g M)(\S = (), then N is a graded S-prime submodule of
M.

Proof. It is clear. O
The converse of Theorem is not true in general, see the following example.

Example 1. Let G = (Z,+) and R = (Z,+,.). Define

L, ifg=0
R, = . .
0, otherwise
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Then R is a G-graded ring. Let M = 7 X Zs. Then M is a G-graded R-module with

Zx {0} ifg=0
Mg = {O} X ZQ lfg =1
{0} x {0}  otherwise

Now, consider a graded submodule N = {0} x {0} of M. Then N is not a graded
prime submodule of M since 2(0,1) = (0,0) € N, 2 ¢ (N :z M) = {0} and (0,1) ¢
N.Let S = 7Z — {0} C Zo C h(R) be a multiplicatively closed subset of R and put
sq = 2. Then SN (N :g M) = (. Now, let r;, € h(R) and (a;,b;) € h(M) with
rp(a;, b)) = (rpa;,rpb;) € N = {0} x {0}. Then rpa; = 0 and rpb; = 0. If r, = 0, there
is nothing to show, so assume that a; = 0. Hence s,(a;, b;) = (s4a;, s4b;) = (0,0) € N.
Thus N is a graded S-prime submodule of M.

Let R be a G-graded ring, M a graded R-module and S C A(R) be a multi-
plicatively closed subset of R. Then, S* = {a, € h(R) : % is a unit of S™'R} is a
multiplicatively closed subset of R containing S.

Theorem 2.2. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S C h(R) be a multiplicatively closed subset of R. Then:

(i) If S; C S, are multiplicatively closed subset of R such that (N :g M)(Ss =0
and N is a graded S;-prime submodule of M, then N is a graded Sy-prime
submodule of M.

(ii) N is a graded S-prime submodule of M if and only if N is a graded S*-prime
submodule of M.

(iii) If N is a graded S-prime submodule of M, then S~'N is a graded prime sub-
module of S~ M.

Proof.

(1) It is clear.

(i) Assume that N is a graded S-prime submodule of M. First, we want to
show that (N :p M) S* = 0. Suppose there exists a, € (N :zp M)()S*. Then
% is a unit of S7'R, it follows that there exist b, € h(R) and s; € S such that

1

“Tgl;—h = 1. Hence t;s; = tja,by, for some t; € S. So t;s; = tjazby, € (N :g M)() 5,
a contradiction. Therefore (N :z M) () S* = 0. Now, by (i) we get N is a graded
S*-prime submodule of M. Conversely, assume that N is a graded S*-prime sub-

module of M. Let a;m;, € N for some a, € h(R) and m;, € h(M). Then there
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exists s; € S* so that either, sfa, € (N :g M) or sim;, € N. Since ST is a unit of
S~R, there exist b; € h(R) and si,t; € S such that ¢;s, = t;s7b;. It follows that
either (t;sx)a, = t;sibja, € (N :g M) or (t;s5)my, = t;s;bymy, € N. Therefore, N is
a graded S-prime submodule of M.

(iii) Assume that N is a graded S-prime submodule of M. Let ;% € h(S7'R)
and T:Tq; € h(S~1M) such that %?T"; € S~IN. Then, there exists s;,, € S such that
Shylg, Mg, € N. Since N is a graded S-prime submodule of )/, then there exists
sn, € S such that sy, sp,a,, € (N :g M) or s, m,, € N. Therefore, ;% — Zha®hg %oy

ShyShg Shq

S7HN :g M) C (S7'N 1915 ST'M) or 72 = 7472 ¢ S~ N. Therefore, S™'N is
2

Sh48h2

a graded prime submodule of S~ M. O

Theorem 2.3. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S C h(R) be a multiplicatively closed subset of R with (N :r
M) (S = (). Then the following statements are equivalent:

(i) N is a graded S-prime submodule of M.
(ii) For every graded ideal I of R and graded submodule K of M with IK C N,
then there exists s, € S such that either s, C (N :p M) or s, K C N.

Proof.

()= (ii) Assume that N is a graded S-prime submodule of M. Let /K C N for
some graded ideal I of R and graded submodule K of M. Since N is a graded
S-prime submodule of M, there exists s, € S so that aym; € N implies s,a), €
(N :g M) or sym; € N for each a, € h(R) and m; € h(M). Suppose that s, K ¢ N.
Then, there exists b; € h(K') such that s,b; ¢ N. Since /K C N, for each i, € h(I),
we have i;b; € N. Since N is a graded S-prime submodule of A/ and s,b; ¢ N, we
get s,i € (N :g M) for each iy, € h(I). It follows that s,/ C (N :x M).

(i) = (i) Let a5 € h(R) and m; € h(M) such that apm; € N. Put I = Ray,
and K = Rm;, then [ is a graded ideal of R and K is a graded submodule of M.
Therefore, /K = Rapm; C N. By our assumption, there exists s, € S such that
either s,/ = Rsgap, C (N :g M) or s,K = Rsgm; C N. Thus, either sja, € (N 5
M) or sym; € N. Therefore, N is a graded S-prime submodule of M. O

As an immediate consequence of Theorem [2.3|we have the following corollary.
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Corollary 2.1. Let R be a G-graded ring, I a graded ideal of R and S C h(R) be a
multiplicatively closed subset of R with I (S = (). Then the following statements are
equivalent:
(i) [ is a graded S-prime ideal of R.
(ii) For every graded ideals J and L of R with JL C I, then there exists s, € S such
that either s,J C I or s,L C I.

Let R be a G-graded ring and M, M’ graded R-modules. Let f : M — M’ be
an R-module homomorphism. Then f is said to be a graded homomorphism if
f(M,) C M; forall g € G (see [22].)

Theorem 2.4. Let R be a G-graded ring and M, M’ be two graded R-modules and
¢ : M — M’ be a graded epimorphism. Let S C h(R) be a multiplicatively closed
subset of R.
(i) If N’ is a graded S-prime submodule of M, then o~ *(N') is a graded S-prime
submodule of M.
(i) If N is a graded S-prime submodule of M with Kere C N, then ¢(N) is a
graded S-prime submodule of M’.

Proof.

(i) Assume that N’ is a graded S-prime submodule of M’. First, we want to
show that (¢ *(N’) :r M) S = 0. Suppose on the contrary that there exists s, €
(7' (N") :g M) S. Hence s,M C ¢ '(N'), it follows that s,p(M) = s,M" C N’,
which is a contradiction since (N’ :p M’')(S = 0. Now, let apm; € ¢~ '(N') for
some a, € h(R) and m; € h(M). Hence ¢(apm;) = app(m;) € N'. Then there
exists s, € S such that syap M’ = @(sgapM) C N’ or sgp(m;) = ¢(sym;) € N’
as N’ is a graded S-prime submodule of M’. Hence either s,a,M C ¢ '(N’) or
sgm; € 1 (N'). Therefore p~!(N’) is a graded S-prime submodule of M.

(ii) First, we want to show that (¢(N) :g M) S = (). Suppose on the contrary
that there exists s, € (p(N) :x M')()S. Hence s,M’' C ¢(N), it follows that
o(s;M) = syp(M) C s,M' C @(N). Which implise, s,M C s,M + Kerp C N +
Keryp = N. Thus, s,M C N and so, s, € (N :zp M), which is a contradiction since
(N :g M) S = 0. Now, let am) € ¢(N) for some a;, € h(R) and m, € h(M’).
Then, there exists n; € N()h(M) such that a;m; = ¢(n;). Since ¢ is a graded
epimorphism and m, € h(M’), there exists m; € h(M) such that m, = p(my).
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Hence ¢(n;) = apm) = app(my) = @(apmy), it follows that n; — apmy € Ker(y) C
N and so a,my € N. Then there exists s, € S such that s,a;, € (N :g M) or s;my, €
N as N is a graded S-prime submodule of M. Since (N :g M) C (¢(N) :g M'), we
get either s a;, € (p(N) :g M') or s;m! = sp(my) = ¢(smy) € @(N). Therefore,
¢(N) is a graded S-prime submodule of M’. O

Recall that a graded R-module M is called a graded multiplication if for each
graded submodule N of M, N = IM for some graded ideal [ of R. If N is
graded submodule of a graded multiplication module M, then N = (N :x M)M,
(see [I16]]).

Theorem 2.5. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S C h(R) be a multiplicatively closed subset of R.

(i) If N is a graded S-prime submodule of M, then (N :g M) is a graded S-prime
ideal of R.

(i) If M is a graded multiplication R-module and (N :x M) is a graded S-prime
ideal of R, then Nis a graded S-prime submodule of M.

Proof.

(i) Assume that N is a graded S-prime submodule of M. Let a,by, € (N :g M)
for some a,, b, € h(R). Then, a,b,M C N and so a,b,m; € N for all m; € h(M).
Then then there exists s; € S such that either s;a, € (N :g M) or s;bym; € N as
N is a graded S-prime submodule of M. If s;a, € (N :g M), then we are done.
Assume that s;a, ¢ (N :g M). Then s;b,m; € N for all m; € h(M). This yields
that s;b,M C N and so s;b, € (N :p M). Therefore, (N :p M) is a graded S-prime
ideal of R.

(ii) Assume that M is a graded multiplication R-module and (N :x M) is a
graded S-prime ideal of R. Let aym; € N for some a;, € h(R) and m; € h(M).
Then, I = Ra, is a graded ideal of R and K = Rm; is a graded submodule of M
and /K C N.Hence I(K :p M)M C N as M is a graded multiplication R-module,
so [(K :g M) C (N :g M). Since (N :z M) is a graded S-prime ideal of R, by
Corollary 2.1} there exists s, € S such that s,/ C (N :g M) or s,(K :p M) C (N :x
M). Thus, either s,/ C (N :g M) or s, K = s,(K :g M)M C N. It follows that
either s,a, € (N :g M) or s;m; € N. Thus N is a graded S-prime submodule of
M. O
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Theorem 2.6. Let R be a G-graded ring, M a graded multiplication R-module,
S C h(R) be a multiplicatively closed subset of R and N a graded S-prime submodule
of M. Let L and K be a graded submodules of M with K(\L C N, then either
sqK C N or s,L C N for some s, € S.

Proof. Assume that N a graded S-prime submodule of M and K ()L C N. Then,
there exists s, € S so that a,m; € N, implies s,a), € (N :gp M) or s,m; € N for each
an € h(R) and m; € h(M). Suppose that s,L ¢ N, then there exists b; € h(L) such
that s,b; ¢ N. Let ¢, € (K :p M)(h(R). So, cxb; € (K :x M)L C KL C N.
Since N is a graded S-prime submodule of M and s,b; ¢ N, we get s,c;, € (N g
M). This yield that s,(K :g M) C (N :g M). Since M is a graded multiplication
R-modules, then s, K = s,(K :g M)M C (N :g M)M = N. O

Lemma 2.1. Let R be a G-graded ring, M a graded R-module, N a graded submod-
ule of M and S C h(R) be a multiplicatively closed subset of R. If N is a graded
S-prime submodule of M. Then the following statements hold for some s, € S.

(1) (N :ptp) C (N iy sg) forall ty, € S.

() (N:g M) :rty) C((N:gM):gsg) forallt, €S.

Proof Assume that N is a graded S-prime submodule of M. Then, there exists
sy € S so that a;m; € N implies sya;, € (N :gp M) or symy, € N for each a;, € h(R)
and m; € h(M).

(i) Let m; € (N :p tn)[(Vh(M) where ¢, € S, it follows that t,m; € N. Then
either s,t;, € (N :g M) or sy;m; € N as N is a graded S-prime submodule of M.
Since (N :p M)(S = @, we get s,m; € N and so, m; € (N :p s,). Therefore,
(N :artn) € (N :ar sg)-

(i) Let a; € ((N :g M) :g tn) (Vh(M) where t;, € S, it follows that a;t;, € (N :g
M). So a;t,M C N. By (i), we get a;s,M C N. Hence a;s, € (N :p M) and so
a; € (N :g M) :gsg). Thus (N :g M) :gty) C((N:g M) g sg). O

Let R be a G-graded ring. A graded R-module M is called a graded finitely
generated if M = ) Rz, where z,, € h(M) (1 <i <n) (see [22]]).

=1
Theorem 2.7. Let R be a G-graded ring, M a graded finitely generated R-module,

S C h(R) be a multiplicatively closed subset of R and N a proper graded submodule
of M with (N :p M)(\S = (). Then the following statements are equivalent:
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(i) N is a graded S-prime submodule of M.
(i) S~'N is a graded prime submodule of S™' M and there exists s, € S such that
(N :artn) € (N g sy) forallty, € S.

Proof.

(i) = (ii) By Theorem [2.2] (iii) and Lemma [2.1] (i).

(ii) = (i) Assume that S—!N is a graded prime submodule of S~!M and there
exists s, € S such that (N :j ¢,) € (N :y s,) for all ¢, € S. Let a;m; € N for
some a; € h(R) and m; € h(M). Hence 4™ € S™'N. Since S~'N is a graded
prime submodule of S™'M and M is a graded finitely generated, we get either
e (S7IN igmigp STIM) = STY((N g M)) or &2 € ST'N. Thus either s;,a; €
(N :g M) or sym; € N for some sy,, so, € S. If 51,0, € (N :g M), then we get
a;M C (N g s1,) € (N : sg) and so, sga; € (N :g M). If sym; € N, then
m; € (N :p S2,) € (N 1y s4) and so s;m; € N. Therefore, N is a graded S-prime
submodule of M. O

Theorem 2.8. Let R be a G-graded ring, M a graded R-module, S C h(R) be a
multiplicatively closed subset of R and N a proper graded submodule of M with
(N :r M)(S = (. Then N is a graded S-prime submodule of M if and only if
(N s4) is a graded prime submodule of M for some s, € S.

Proof. Assume that N is a graded S-prime submodule of M. Then, there exists
s, € S so that a,m; € N implies that either ays, € (N :g M) or s,m; € N for
each a;, € h(R) and m; € h(M). Now let bym; € (N :p s,) for some b, € h(R)
and m; € h(M). Hence (syb,)m; € N. Then either s2b, € (N :z M) or sym; € N
as N is a graded S-prime submodule of M. If s,;m; € N, then m; € (N :)s s,). We
are done. If s2b, € (N :z M), then b, € (N :g M) :g s2) € ((N :r M) :r sg)
by Lemma [2.1] It follows that b, € ((N :» s,) :r M). Hence, (N :p s,) is a
graded prime submodule of M. Conversely, assume that (N :j; s,) is a graded
prime submodule of M for some s, € S. Let a;m; € N for some a) € h(R) and
m; € h(M). It follows that a;m! € (N :p s,). Then either a), € (N :a s4) :r M)
orm, € (N :p s,) as (N 1 s,) is a graded prime submodule of A/. Which implise
that, either ajs, € (N :g M) or s;m; € N. Therefore, N is a graded S-prime
submodule of M. O
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