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ON GRADED S-PRIME SUBMODULES OF GRADED MODULES OVER
GRADED COMMUTATIVE RINGS

Khaldoun Al-Zoubi1 and Mariam Al-Azaizeh

ABSTRACT. Let G be an abelian group with identity e. Let R be a G-graded com-
mutative ring with identity, M a graded R-module and S ⊆ h(R) a multiplicatively
closed subset of R. In this paper, we introduce the concept of graded S-prime sub-
modules of graded modules over graded commutative rings. We investigate some
properties of this class of graded submodules and their homogeneous components.
Let N be a graded submodule of M such that (N :R M)∩S = ∅. We say that N is
a graded S-prime submodule of M if there exists sg ∈ S and whenever ahmi ∈ N,

then either sgah ∈ (N :R M) or sgmi ∈ N for each ah ∈ h(R) and mi ∈ h(M).

1. INTRODUCTION AND PRELIMINARIES

The concept of graded prime submodule was introduced by Atani in [13] and
studied by many authors, see for example [11–14, 23]. In the literature, there
are several different generalization of the notion of graded prime submodule in
graded module.

The concept of graded classical prime submodule was introduced by Darani
and Motmaen in [15] and studied in [7–10]. The concept of graded 2-absorbing
submodule was introduced by Al-Zoubi and Abu-Dawwas in [2] and studied in
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[4–6]. Also, the concept of graded semiprime submodule was introduced and
studied by many authors, see for example [3,17,19,25].

Recently, The authors, in [24] studied S-prime submodules as a new general-
ization of prime submodules.

The scope of this paper is devoted to the theory of graded modules over graded
commutative rings. One use of rings and modules with gradings is in describing
certain topics in algebraic geometry. Here, we introduce the concept of graded
S-prime submodule as a new generalization of graded prime submodule and in-
vestigate several properties of graded S-prime submodule.

Throughout this paper all rings are commutative with identity and all modules
are unitary.

First, we recall some basic properties of graded rings and modules which will
be used in the sequel. We refer to [18] and [20–22]for these basic properties and
more information on graded rings and modules.

Let G be a multiplicative group with identity e. By a G-graded ring we mean a
ring R together with direct sum decomposition (as abelian group) R =

⊕
α∈GRα

with the property that RαRβ ⊆ Rαβ for all α, β ∈ G. The elements of Rα are called
homogeneous of degree α and all the homogeneous elements are denoted by h(R),
i.e. h(R) = ∪α∈GRα. If a ∈ R, then a can be written uniquely as

∑
α∈G aα, where aα

is called a homogeneous component of a in Rα. Let R =
⊕

α∈GRα be a G-graded
ring. An ideal A of R is said to be a graded ideal if A =

⊕
α∈G(A∩Rα) :=

⊕
α∈GAα

(see [22]).
Let R be a G-graded ring and M be an R-module. Then M is called a G-graded

R-module if there exists a family of additive subgroups {Mα}α∈G of M such that
M =

⊕
α∈GMα and RαMβ ⊆ Mαβ for all α, β ∈ G. Also if an element of M

belongs to ∪α∈GMα = h(M), then it is called a homogeneous. Let R be a G-
graded ring and M be a graded R-module. A submodule N of M is said to be a
graded submodule of M if N =

⊕
α∈G(N ∩Mα) :=

⊕
α∈GNα. In this case, Nα is

called the α-component of N (see [22]).
Let R be a G-graded ring and S ⊆ h(R) be a multiplicatively closed subset of

R. Then the ring of fraction S−1R is a graded ring which is called the graded ring
of fractions. Indeed, S−1R =

⊕
α∈G

(S−1R)α where (S−1R)α = {r/s : r ∈ R, s ∈ S

and α = (deg s)−1(deg r)}. Let M be a graded module over a G-graded ring R
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and S ⊆ h(R) be a multiplicatively closed subset of R. The module of fractions
S−1M over a graded ring S−1R is a graded module which is called the module
of fractions, if S−1M =

⊕
α∈G

(S−1M)α where (S−1M)α = {m/s : m ∈ M, s ∈ S

and α = (deg s)−1(degm)}. We write h(S−1R) = ∪
α∈G

(S−1R)α and h(S−1M) =

∪
α∈G

(S−1M)α (see [22]).

Let R be a G-graded ring, M a graded R-module, K be a graded submodule of
M and I a graded ideal of R. Then (K :R M) is defined as (K :R M) = {a ∈
R : aM ⊆ K}. It is shown in [13] that if K is a graded submodule of M , then
(K :R M) is a graded ideal of R. The graded submodule {m ∈ M : mI ⊆ K} will
be denoted by (K :M I). A proper graded submodule P of M is said to be a graded
prime submodule if whenever r ∈ h(R) and m ∈ h(M) with rm ∈ P , then either
r ∈ (P :R M) or m ∈ P (see [13]).

2. RESULTS

Definition 2.1. Let R be a G-graded ring and M a graded R-module, N a graded
submodule of M and S ⊆ h(R) be a multiplicatively closed subset of R with (N :R

M)
⋂
S = ∅. Then N is said to be a graded S-prime submodule of M if there exists

sg ∈ S and whenever ahmi ∈ N, then either sgah ∈ (N :R M) or sgmi ∈ N for each
ah ∈ h(R) and mi ∈ h(M). In particular, a graded ideal I of R is said to be a graded
S-prime ideal of R if I is a graded S-prime submodule of R-module R.

Theorem 2.1. LetR be aG-graded ring, M a gradedR-module, N a graded submod-
ule of M and S ⊆ h(R) be a multiplicatively closed subset of R. If N is a graded prime
submodule of M and (N :R M)

⋂
S = ∅, then N is a graded S-prime submodule of

M.

Proof. It is clear. �

The converse of Theorem 2.1 is not true in general, see the following example.

Example 1. Let G = (Z,+) and R = (Z,+, .). Define

Rg =

{
Z, ifg = 0

0, otherwise

}
.
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Then R is a G-graded ring. Let M = Z× Z2. Then M is a G-graded R-module with

Mg =


Z× {0} if g = 0

{0} × Z2 if g = 1

{0} × {0} otherwise

 .

Now, consider a graded submodule N = {0} × {0} of M. Then N is not a graded
prime submodule of M since 2(0, 1) = (0, 0) ∈ N , 2 /∈ (N :Z M) = {0} and (0, 1) /∈
N. Let S = Z − {0} ⊆ Z0 ⊆ h(R) be a multiplicatively closed subset of R and put
sg = 2. Then S ∩ (N :R M) = ∅. Now, let rh ∈ h(R) and (ai, bi) ∈ h(M) with
rh(ai, bi) = (rhai, rhbi) ∈ N = {0}×{0}. Then rhai = 0 and rhbi = 0. If rh = 0, there
is nothing to show, so assume that ai = 0. Hence sg(ai, bi) = (sgai, sgbi) = (0, 0) ∈ N.
Thus N is a graded S-prime submodule of M.

Let R be a G-graded ring, M a graded R-module and S ⊆ h(R) be a multi-
plicatively closed subset of R. Then, S∗ = {ag ∈ h(R) : ag

1
is a unit of S−1R} is a

multiplicatively closed subset of R containing S.

Theorem 2.2. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S ⊆ h(R) be a multiplicatively closed subset of R. Then:

(i) If S1 ⊆ S2 are multiplicatively closed subset of R such that (N :R M)
⋂
S2 = ∅

and N is a graded S1-prime submodule of M , then N is a graded S2-prime
submodule of M .

(ii) N is a graded S-prime submodule of M if and only if N is a graded S∗-prime
submodule of M.

(iii) If N is a graded S-prime submodule of M , then S−1N is a graded prime sub-
module of S−1M.

Proof.
(i) It is clear.
(ii) Assume that N is a graded S-prime submodule of M. First, we want to

show that (N :R M)
⋂
S∗ = ∅. Suppose there exists ag ∈ (N :R M)

⋂
S∗. Then

ag
1

is a unit of S−1R, it follows that there exist bh ∈ h(R) and si ∈ S such that
ag
1
bh
si

= 1. Hence tjsi = tjagbh for some tj ∈ S. So tjsi = tjagbh ∈ (N :R M)
⋂
S,

a contradiction. Therefore (N :R M)
⋂
S∗ = ∅. Now, by (i) we get N is a graded

S∗-prime submodule of M. Conversely, assume that N is a graded S∗-prime sub-
module of M. Let agmh ∈ N for some ag ∈ h(R) and mh ∈ h(M). Then there
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exists s∗i ∈ S∗ so that either, s∗i ag ∈ (N :R M) or s∗imh ∈ N. Since s∗i
1

is a unit of
S−1R, there exist bj ∈ h(R) and sk, tl ∈ S such that tlsk = tls

∗
i bj. It follows that

either (tlsk)ag = tls
∗
i bjag ∈ (N :R M) or (tlsk)mh = tls

∗
i bjmh ∈ N. Therefore, N is

a graded S-prime submodule of M.

(iii) Assume that N is a graded S-prime submodule of M. Let ag1
sh1
∈ h(S−1R)

and mg2

sh2
∈ h(S−1M) such that ag1

sh1

mg2

sh2
∈ S−1N. Then, there exists sh3 ∈ S such that

sh3ag1mg2 ∈ N. Since N is a graded S-prime submodule of M, then there exists
sh4 ∈ S such that sh4sh3ag1 ∈ (N :R M) or sh4mg2 ∈ N. Therefore, ag1

sh1
=

sh4sh3 ag1
sh4sh3 sh1

∈
S−1(N :R M) ⊆ (S−1N :S−1R S

−1M) or mg2

sh2
=

sh4mg2

sh4sh2
∈ S−1N. Therefore, S−1N is

a graded prime submodule of S−1M. �

Theorem 2.3. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S ⊆ h(R) be a multiplicatively closed subset of R with (N :R

M)
⋂
S = ∅. Then the following statements are equivalent:

(i) N is a graded S-prime submodule of M.

(ii) For every graded ideal I of R and graded submodule K of M with IK ⊆ N,

then there exists sg ∈ S such that either sgI ⊆ (N :R M) or sgK ⊆ N.

Proof.
(i)⇒ (ii) Assume that N is a graded S-prime submodule of M. Let IK ⊆ N for

some graded ideal I of R and graded submodule K of M. Since N is a graded
S-prime submodule of M, there exists sg ∈ S so that ahmi ∈ N implies sgah ∈
(N :R M) or sgmi ∈ N for each ah ∈ h(R) and mi ∈ h(M). Suppose that sgK * N .
Then, there exists bj ∈ h(K) such that sgbj /∈ N. Since IK ⊆ N , for each ik ∈ h(I),

we have ikbj ∈ N . Since N is a graded S-prime submodule of M and sgbj /∈ N, we
get sgik ∈ (N :R M) for each ik ∈ h(I). It follows that sgI ⊆ (N :R M).

(ii) ⇒ (i) Let ah ∈ h(R) and mi ∈ h(M) such that ahmi ∈ N. Put I = Rah

and K = Rmi, then I is a graded ideal of R and K is a graded submodule of M.

Therefore, IK = Rahmi ⊆ N. By our assumption, there exists sg ∈ S such that
either sgI = Rsgah ⊆ (N :R M) or sgK = Rsgmi ⊆ N. Thus, either sgah ∈ (N :R

M) or sgmi ∈ N. Therefore, N is a graded S-prime submodule of M. �

As an immediate consequence of Theorem 2.3 we have the following corollary.
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Corollary 2.1. Let R be a G-graded ring, I a graded ideal of R and S ⊆ h(R) be a
multiplicatively closed subset of R with I

⋂
S = ∅. Then the following statements are

equivalent:

(i) I is a graded S-prime ideal of R.
(ii) For every graded ideals J and L of R with JL ⊆ I, then there exists sg ∈ S such

that either sgJ ⊆ I or sgL ⊆ I.

Let R be a G-graded ring and M, M ′ graded R-modules. Let f : M −→ M ′ be
an R-module homomorphism. Then f is said to be a graded homomorphism if
f(Mg) ⊆M ′

g for all g ∈ G (see [22].)

Theorem 2.4. Let R be a G-graded ring and M, M ′ be two graded R-modules and
ϕ : M → M ′ be a graded epimorphism. Let S ⊆ h(R) be a multiplicatively closed
subset of R.

(i) If N ′ is a graded S-prime submodule of M ′, then ϕ−1(N ′) is a graded S-prime
submodule of M.

(ii) If N is a graded S-prime submodule of M with Kerϕ ⊆ N, then ϕ(N) is a
graded S-prime submodule of M ′.

Proof.
(i) Assume that N ′ is a graded S-prime submodule of M ′. First, we want to

show that (ϕ−1(N ′) :R M)
⋂
S = ∅. Suppose on the contrary that there exists sg ∈

(ϕ−1(N ′) :R M)
⋂
S. Hence sgM ⊆ ϕ−1(N ′), it follows that sgϕ(M) = sgM

′ ⊆ N ′,

which is a contradiction since (N ′ :R M ′)
⋂
S = ∅. Now, let ahmi ∈ ϕ−1(N ′) for

some ah ∈ h(R) and mi ∈ h(M). Hence ϕ(ahmi) = ahϕ(mi) ∈ N ′. Then there
exists sg ∈ S such that sgahM ′ = ϕ(sgahM) ⊆ N ′ or sgϕ(mi) = ϕ(sgmi) ∈ N ′

as N ′ is a graded S-prime submodule of M ′. Hence either sgahM ⊆ ϕ−1(N ′) or
sgmi ∈ ϕ−1(N ′). Therefore ϕ−1(N ′) is a graded S-prime submodule of M.

(ii) First, we want to show that (ϕ(N) :R M
′)
⋂
S = ∅. Suppose on the contrary

that there exists sg ∈ (ϕ(N) :R M ′)
⋂
S. Hence sgM

′ ⊆ ϕ(N), it follows that
ϕ(sgM) = sgϕ(M) ⊆ sgM

′ ⊆ ϕ(N). Which implise, sgM ⊆ sgM + Kerϕ ⊆ N +

Kerϕ = N. Thus, sgM ⊆ N and so, sg ∈ (N :R M), which is a contradiction since
(N :R M)

⋂
S = ∅. Now, let ahm′i ∈ ϕ(N) for some ah ∈ h(R) and m′i ∈ h(M ′).

Then, there exists nj ∈ N
⋂
h(M) such that ahm′i = ϕ(nj). Since ϕ is a graded

epimorphism and m′i ∈ h(M ′), there exists mk ∈ h(M) such that m′i = ϕ(mk).
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Hence ϕ(nj) = ahm
′
i = ahϕ(mk) = ϕ(ahmk), it follows that nj − ahmk ∈ Ker(ϕ) ⊆

N and so ahmk ∈ N. Then there exists sg ∈ S such that sgah ∈ (N :R M) or sgmk ∈
N as N is a graded S-prime submodule of M . Since (N :R M) ⊆ (ϕ(N) :R M

′), we
get either sgah ∈ (ϕ(N) :R M ′) or sgm′i = sϕ(mk) = ϕ(smk) ∈ ϕ(N). Therefore,
ϕ(N) is a graded S-prime submodule of M ′. �

Recall that a graded R-module M is called a graded multiplication if for each
graded submodule N of M , N = IM for some graded ideal I of R. If N is
graded submodule of a graded multiplication module M , then N = (N :R M)M ,
(see [16]).

Theorem 2.5. Let R be a G-graded ring, M a graded R-module, N a graded sub-
module of M and S ⊆ h(R) be a multiplicatively closed subset of R.

(i) If N is a graded S-prime submodule of M, then (N :R M) is a graded S-prime
ideal of R.

(ii) If M is a graded multiplication R-module and (N :R M) is a graded S-prime
ideal of R, then N is a graded S-prime submodule of M.

Proof.
(i) Assume that N is a graded S-prime submodule of M. Let agbh ∈ (N :R M)

for some ag, bh ∈ h(R). Then, agbhM ⊆ N and so agbhmi ∈ N for all mi ∈ h(M).

Then then there exists sj ∈ S such that either sjag ∈ (N :R M) or sjbhmi ∈ N as
N is a graded S-prime submodule of M. If sjag ∈ (N :R M), then we are done.
Assume that sjag /∈ (N :R M). Then sjbhmi ∈ N for all mi ∈ h(M). This yields
that sjbhM ⊆ N and so sjbh ∈ (N :R M). Therefore, (N :R M) is a graded S-prime
ideal of R.

(ii) Assume that M is a graded multiplication R-module and (N :R M) is a
graded S-prime ideal of R. Let ahmi ∈ N for some ah ∈ h(R) and mi ∈ h(M).

Then, I = Rah is a graded ideal of R and K = Rmi is a graded submodule of M
and IK ⊆ N. Hence I(K :R M)M ⊆ N as M is a graded multiplication R-module,
so I(K :R M) ⊆ (N :R M). Since (N :R M) is a graded S-prime ideal of R, by
Corollary 2.1, there exists sg ∈ S such that sgI ⊆ (N :R M) or sg(K :R M) ⊆ (N :R

M). Thus, either sgI ⊆ (N :R M) or sgK = sg(K :R M)M ⊆ N. It follows that
either sgah ∈ (N :R M) or sgmi ∈ N. Thus N is a graded S-prime submodule of
M. �
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Theorem 2.6. Let R be a G-graded ring, M a graded multiplication R-module,
S ⊆ h(R) be a multiplicatively closed subset of R and N a graded S-prime submodule
of M. Let L and K be a graded submodules of M with K

⋂
L ⊆ N, then either

sgK ⊆ N or sgL ⊆ N for some sg ∈ S.

Proof. Assume that N a graded S-prime submodule of M and K
⋂
L ⊆ N. Then,

there exists sg ∈ S so that ahmi ∈ N, implies sgah ∈ (N :R M) or sgmi ∈ N for each
ah ∈ h(R) and mi ∈ h(M). Suppose that sgL * N, then there exists bj ∈ h(L) such
that sgbj /∈ N. Let ck ∈ (K :R M)

⋂
h(R). So, ckbj ∈ (K :R M)L ⊆ K

⋂
L ⊆ N.

Since N is a graded S-prime submodule of M and sgbj /∈ N, we get sgck ∈ (N :R

M). This yield that sg(K :R M) ⊆ (N :R M). Since M is a graded multiplication
R-modules, then sgK = sg(K :R M)M ⊆ (N :R M)M = N. �

Lemma 2.1. Let R be a G-graded ring, M a graded R-module, N a graded submod-
ule of M and S ⊆ h(R) be a multiplicatively closed subset of R. If N is a graded
S-prime submodule of M. Then the following statements hold for some sg ∈ S.

(i) (N :M th) ⊆ (N :M sg) for all th ∈ S.
(ii) ((N :R M) :R th) ⊆ ((N :R M) :R sg) for all th ∈ S.

Proof. Assume that N is a graded S-prime submodule of M . Then, there exists
sg ∈ S so that ahmi ∈ N implies sgah ∈ (N :R M) or sgmh ∈ N for each ah ∈ h(R)

and mi ∈ h(M).

(i) Let mi ∈ (N :M th)
⋂
h(M) where th ∈ S, it follows that thmi ∈ N. Then

either sgth ∈ (N :R M) or sgmi ∈ N as N is a graded S-prime submodule of M.

Since (N :R M)
⋂
S = Φ, we get sgmi ∈ N and so, mi ∈ (N :M sg). Therefore,

(N :M th) ⊆ (N :M sg).
(ii) Let ai ∈ ((N :R M) :R th)

⋂
h(M) where th ∈ S, it follows that aith ∈ (N :R

M). So aithM ⊆ N. By (i), we get aisgM ⊆ N. Hence aisg ∈ (N :R M) and so
ai ∈ ((N :R M) :R sg). Thus ((N :R M) :R th) ⊆ ((N :R M) :R sg). �

Let R be a G-graded ring. A graded R-module M is called a graded finitely

generated if M =
n∑
i=1

Rxgi, where xgi ∈ h(M) (1 ≤ i ≤ n) (see [22]).

Theorem 2.7. Let R be a G-graded ring, M a graded finitely generated R-module,
S ⊆ h(R) be a multiplicatively closed subset of R and N a proper graded submodule
of M with (N :R M)

⋂
S = ∅. Then the following statements are equivalent:



ON GRADED S-PRIME SUBMODULES 3487

(i) N is a graded S-prime submodule of M.

(ii) S−1N is a graded prime submodule of S−1M and there exists sg ∈ S such that
(N :M th) ⊆ (N :M sg) for all th ∈ S.

Proof.
(i)⇒ (ii) By Theorem 2.2 (iii) and Lemma 2.1 (i).
(ii) ⇒ (i) Assume that S−1N is a graded prime submodule of S−1M and there

exists sg ∈ S such that (N :M th) ⊆ (N :M sg) for all th ∈ S. Let aimj ∈ N for
some ai ∈ h(R) and mj ∈ h(M). Hence ai

1

mj

1
∈ S−1N. Since S−1N is a graded

prime submodule of S−1M and M is a graded finitely generated, we get either
ai
1
∈ (S−1N :S−1R S−1M) = S−1((N :R M)) or mj

1
∈ S−1N . Thus either s1kai ∈

(N :R M) or s2lmj ∈ N for some s1k , s2l ∈ S. If s1kai ∈ (N :R M), then we get
aiM ⊆ (N :R s1k) ⊆ (N :M sg) and so, sgai ∈ (N :R M). If s2lmj ∈ N, then
mj ∈ (N :M s2l) ⊆ (N :M sg) and so sgmj ∈ N. Therefore, N is a graded S-prime
submodule of M. �

Theorem 2.8. Let R be a G-graded ring, M a graded R-module, S ⊆ h(R) be a
multiplicatively closed subset of R and N a proper graded submodule of M with
(N :R M)

⋂
S = ∅. Then N is a graded S-prime submodule of M if and only if

(N :M sg) is a graded prime submodule of M for some sg ∈ S.

Proof. Assume that N is a graded S-prime submodule of M . Then, there exists
sg ∈ S so that ahmi ∈ N implies that either ahsg ∈ (N :R M) or sgmi ∈ N for
each ah ∈ h(R) and mi ∈ h(M). Now let bhmi ∈ (N :M sg) for some bh ∈ h(R)

and mi ∈ h(M). Hence (sgbh)mi ∈ N. Then either s2gbh ∈ (N :R M) or sgmi ∈ N
as N is a graded S-prime submodule of M. If sgmi ∈ N, then mi ∈ (N :M sg). We
are done. If s2gbh ∈ (N :R M), then bh ∈ ((N :R M) :R s2g) ⊆ ((N :R M) :R sg)

by Lemma 2.1. It follows that bh ∈ ((N :M sg) :R M). Hence, (N :M sg) is a
graded prime submodule of M. Conversely, assume that (N :M sg) is a graded
prime submodule of M for some sg ∈ S. Let a′hm

′
i ∈ N for some a′h ∈ h(R) and

m′i ∈ h(M). It follows that a′hm
′
i ∈ (N :M sg). Then either a′h ∈ ((N :M sg) :R M)

or m′i ∈ (N :M sg) as (N :M sg) is a graded prime submodule of M. Which implise
that, either a′hsg ∈ (N :R M) or sgm′i ∈ N. Therefore, N is a graded S-prime
submodule of M. �
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