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SOLITONS AND OTHER SOLUTIONS FOR THE (2+1)-DIMENSIONAL
HEISENBERG FERROMAGNETIC SPIN CHAIN EQUATION USING IMPROVED
MODIFIED EXTENDED TANH-FUNCTION METHOD

Adel Darwish, Hamdy M. Ahmed®, Medhat Ammar, Mohammed H. Ali, and Ahmed H. Arnous

ABSTRACT. This paper studies (2 + 1)-dimensional Heisenberg ferromagnetic spin
chain model by using improved modified extended tanh-function method. Various
types of solutions are extracted such as bright solitons, singular solitons, dark
solitons, singular periodic solutions, Weierstrass elliptic periodic type solutions
and exponential function solutions. Moreover, some of the obtained solutions are
represented graphically.

1. INTRODUCTION

Nonlinear evolution equations play a major role in a variety of scientific and en-
gineering fields, such as ocean engineering, optical fiber communications, plasma
physics and fluid dynamics. The studies of Soliton solutions for non-linear evo-
lution equation attracted many researchers and one can review the articles (see
[1-12]). The(2 + 1)-dimensional Heisenberg ferromagnetic spin chain equation
has been studied by many authors (see[13-17]).
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The (2 + 1)-dimensional Heisenberg ferromagnetic spin chain (HFSC) model by
using improved modified extended tanh-function method has not yet been consid-
ered in the literature, and this fact motivates this work. In this paper, we consider
the (2+1)-dimensional Heisenberg ferromagnetic spin chain in the following form
(see[17]):

(1.1)
i@ (2, Y, t) + aQea(T, Y, 1) + 0ayy (T, ¥, 1) + Vuy (2, y, ) — ha(z,y,1)|q(z, y,1)|* = 0,

where a = p!(J + 1), 0 = p*(J1 + J2), 0 = 2p* Jo, h = 2p* A,

The parameter p describes the lattice parameter, the bilinear exchange interac-
tions coefficients along X and Y directions are represented by .J and .J; respec-
tively and the neighboring interaction on the diagonal is denoted by .J, while the
uniaxial crystal field anisotropy parameter is denoted by A.

In this work, the proposed method gives more and variety types of solutions
than other methods. These solutions including bright solitons, singular solitons,
dark solitons, singular periodic solutions, Weierstrass elliptic periodic type solu-
tions and exponential function solutions. In the end of the paper, two-dimensional
and three-dimensional graphs of some solutions are introduced for knowing the
physical interpretation.

2. IMPROVED MODIFIED EXTENDED TANH-FUNCTION METHOD

In this section, the improved modified extended tanh-function method is de-
scribed as follows (see [18-19]).

We Consider the following nonlinear partial differential equation with two in-
dependent variables (z, t),

(2.1) F(h,hy,hyyhgy,...) =0,

where h = h(z,t) is an unknown function, F is a polynomial in A and its various
partial derivatives h;, h, with respect to ¢, x respectively, in which the highest order
derivatives and nonlinear terms are involved.

Step 1: Using the traveling wave transformation:

(2.2) h(z,t) = H(), ¢ = k(x —vt),
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where x and v are constant to be determined later.
Then equation (2.I) can be transformed to the following nonlinear ordinary
differential equation

(2.3) P(H,kvH' k*H",...) = 0.

Step 2: We assume that the solution of equation (2.3) can be expressed in the

form
N
(2.4) H(E) = ao+ Y _(ar + prp™),
/=1
where w satisfies
(2.5) V' =ev/go + g1t + G202 + ga® + gut?,

Where ¢ = +1. This equation give various kinds of fundamental solutions. From
these solutions, more new exact solutions for (2.1 can be obtained.

Step 3: Determine the positive integer number N in (2.4) from balancing the
nonlinear term and the highest order linear term in equation (2.3).

Step 4: Substitute the solution (2.4)) which satisfies the condition into equa-
tion (2.3). As a result of this substitution, we get a polynomial of . In this
polynomial we gather all terms of same powers and equating them to be zero, we
get a system of algebraic equations which can be solved by the Maple or Mathe-
matica to get the unknown parameters «, v, «; and 3;, (1=1,2,...). Consequently,
we obtain the exact solutions of (2.1J).

3. SOLITONS AND OTHER SOLUTIONS TO THE PROPOSED MODEL

In order to solve the (2 + 1)- dimensional HFSC equation. we consider the
traveling wave transformation:

(3.1) q(z,y,t) = H()e™,

where £ =z +y — 7t, R = —myz — moy — wt. Here, £ is the traveling wave, H ()
is the real amplitude function and R is the phase of the envelope. The parameters
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mq and my represent the wave numbers in the x and y directions respectively, 7 is
the group velocity of the wave packet and w is the frequency of the pulse.

By employing transformation equation (3.1)) into equation (1.1)) and then de-
composing the result into real and imaginary parts and simplifying the terms, a
pair of relations is obtained. The imaginary part gives

(3.2) T = —2aly — Y9my — 9my — 20mo,
and the real part gives
(3.3) (w — am? — Imymy — om2)H — hH? + (a+ 10+ 0)H = 0.

Balancing the highest order derivative of the linear term H" and the nonlinear
term H?3, we obtain N = 1. Then, the solution of equation (3.3) has the form

(34) H(f) = Oy + Oéﬂﬁ -+ 51¢_1.

Substituting H (§) and its derivatives with equation (2.5]) into equation (3.3]) and
equating all the coefficients of ¢, ¢ € [—3, 3] to be zero, Then we obtain a system
of algebraic equations. Solving this system using mathematica and consider the
various kinds of fundamental solution, we obtain the following cases which leads
to different types of wave propagation of our model.

Pp3(€) Coeft.:
%(49051(66 +19+0) —267h) =0,

»2(&) Coeff.:
5301510+ 9+ ) — 6ag7h) = .

Pp=1(€) Coeft.:

g2B1(a+ 9+ 0) — Bi (am} + Imamy + om3 — w) — 3ajBih — 3ai fih = 0,

Y0(€) Coeff.:

1
5 <gla1(a + 9+ 0) + gsPi(a+ 9+ 0) — 200 (ami + Imamy + om3 — w)

121006k — 2a§h) —0,
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P1(€) Coeff.:

1
3 (2g2a1(a + 9+ 0) — 20 (amf + Ymamy + om3 — w) — 6021 h — 6041043/1) =0,

Y?(€) Coeff.:
(3gsar(a + 9 + o) — 6agaih) = 0,

DN —

P3(€) Coeff.:
(4940(1(@ + ¥ + Q) — 205:13 )) = 0.

N

Solving this system of equations with the help of mathematica program we con-
clude the following cases:

Case 1: If we set g = g1 = g3 = 0. then we have

am? + 9mamy + om3 — w a?h
a+0+ 0 M T Sat o+ o)

Then, the corresponding solution of equation is

— 2 2
(3.5) q(z,y,t) = :|:\/ 2(am7 + §m2hm1 + omi — w)

g2 = B1 =0, ap=0.

((L’ +y— Tt) ez’(—ml1‘—mgy—z,ut)7

« sech (@am? + Imamy + om3 — w)
a+9+p

and

_ 2 7
(3.6) q(z,y,t) = j:\/ 2(am? + ﬁmzhml + om3 — w)

2 2
X sec \/— (aml - Omamy + o - w) (33 +y— Tt) ei(*m1x7m2y*wt)7

a+19+p

These solutions represent bright soliton and singular periodic solution.
Case 2:

. 2
Dgi=g35=0,90 = 4%. We have

am? + 9mamy +mio — w
a+19+p

040:(), g2 = )



3496 A. Darwish, H.M. Ahmed, M. Ammar, M.H. Ali, and A.H. Arnous

a3 (—momy(a+ 0) + ami + m3o — w)

p— = 0
94 26%h (ag — mymy) I
and
am? + Imomy + om? — w a?h
o =0, =0, = ! 2 , =1
0 b 92 a+0+0 =519+ 0)
Then, the corresponding solution of equation (1.1)) is
am? + 9mem + omi — w
3.7 Ly, t) = \/ S— 2
(3.7)  q(z,y,t) .
2 2
% coth (_aml — ﬁQOl — oms + U.)) ([If +y— Tt) ei(—ml:t—mzy—wt)7
2(a+vY+ o)
am? + Y9mem, + om3 — w
3.8 Ly, t) = \/ L 2
(3.8)  q(z,y,1) .
2 2
% cot (&ml + ﬂm2m1 + oms — Cx.)) (ZL‘ + y— Tt) ei(—mlx—mgy—wt)’
2(a+ 19+ o)
and
am? + 9mom, + om3 — w
3.9 Ly, t) = \/ BE— 2
(3.9  q(z,y.t) h
2 2
« tanh (—aml — ﬁm2m1 —om; + W) (I +y— Tt) ei(—mlz—mgy—wt)7
2(a+ 9+ o)
am? + 9maomy + oL2 — w
3.10 Ly, t) = \/ 1 2
(3.10)  q(z,y,1) .
2 2
% tan (amlﬁQOl + om; — W) (SE +y— Tt) ei(fmlemgyfwt)’
2(a+ 9+ o)

These solutions represent singular soliton, dark soliton and singular periodic wave
solution. ( )
. gam?(1—m?
(11) g1 = gs = 0,90 = ;4(2771—2_1)2, we have
am? + Imamy + om3 — w
a+79+o

Oé():(), 051:()7 ga = )
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2gam? (m? — 1) (a + 9 + o)
Bh(1—2m?)*
Then, the corresponding solution of equation ((1.1)) is

g4 =

2(m? — 1)(am? + I9mamy + om3 — w)

(3.11) q(z,y,1) = i\/— (1 —2m?2)h

2 2

amy + I9mamy + oms — w (1 z—may—wt)

X ne x+y—Tt)| TN
[\/ (2m2 —1)(a+ 9 + o) (@+y )]

if we set m = 0, we have

2(am? + Y9maomy + om3 — w)
h

am? + 9mom m2 — w .
X sec _am T 2/ T oMy (x+y—r1t) el(—mlx—mzy—wt),
(a+ 9+ o)

(3.12)  q(z,y.t) = i\/

o _ g3(1-m?)
(iii) g1 =93=0, go= a2 We have
am? + Imamy + om3 — w
a+19+p
292 (m? —1) (a +9 + o)
o Bhm2 -2
Then, the corresponding solution of equation is

OZOZO, 041:(), go =

)

ga =

2(m? — 1)(am? + Imamy + om3 — w)
3.13 t) =44/ —

am? + 9mem, + om3 — w -
x nd 1 2 T4+ y—T1t ez(fmlemzyfwt)’
[\/ (m—Datote TV

2

asm
—22m”__ we have
ga(m2+1)°

(iv) g1 =93=0, go=
am? + Imamy + gm3 — w
a+19+p
2a3m*(a + 9 + o)

Beh (m? +1)"

Oz():(), 041:(), g2 =

)

g4 =
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Then, the corresponding solution of equation (1.1)) is

2(am? + Imamy + omi — w)
(m?+1)h

(3.14) q(z,y,t) = j:\/—

2 2
U + Umamy + omi — w (2 4y — rt) | elt-me—mav—at)
(m?+1)(a+7J+ o)

if we set m = 0, we get

2(am? + Imomy + om3 — w)

h

am? + 9maomq + om2 — w .
X CSC [\/— 1 27 oms; ($ + Y — Tt) ez(—mm—mw—wt)’

(a+9+ o)

if we set m = 1, we get

(am? 4+ Imamy + om3 — w)

(3.16) q(z,y,t) = i\/—

h
2 2
x coth _amit Jmama + omj — @ (x+y—Tt) l(mmaz—may—wt)
2(a+9+ o)
Case 3: g, =g, =0, go#0, g1 #0.we have
—am? — 9memy — om3 + w 403h
ap = i\/ L 2 Lo =0, gg=———20"
0 3h ! B "B (a+0+0)
2 U 2 h
8 ::I:\/ go(a—; +Q), o= aoB .
a+9+p
we obtain
2go (a+v
(z..1) = + \/—am% — Ymamy — om3 + w N Zoo(erdte)
€T =
Pl 2 g3’ g3

(3.17) xei(mmz—may—wt),

This solution represent a Weierstrass elliptic periodic type solution, where gq, g1, g3

are given by (3.20)
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Case4: g3=9,=0, go= %, we have

2 2
—am4 — 9memq — oms + w
Oélzo,Oéozil:\/ L 2]7,1 o )

_ gi(a+9+ o)
==+ 2 2
2¢/h (—am? — Imam; — om3 + w)
2 (am? + Imamy + oL3 — w)
92 = — .

a+1v+p
Then, the corresponding solution of equation (I.1)) is

o h 2¢/h (—am? — Imam; — om3 + w)
—1
a1 2 (am? + Imamy + om3 — w)
+4/— -7t
2(am§+19m2m1+gmg—w) + eXp[ \/ a _|_ /19 ‘l— Q (.ZC + y T )]
a+9+0
Xei(—mlx—mzy—wt)'

This solution represent exponential function solution.
Case(5)
(i) go = g1 = 0, we have
v
R gs(a+ 9+ o) 7
2¢/h (—am? — Imam; — om3 + w)

—am? — Imymy — om3 + w
Qo = — L ) 61 = 07
; 2 (am? + Imamy + om3 — w) ; gi(a+9+ o)
2 = — ) 4 = —

) 8 (am? + Imamy + om3 — w)

Then, the corresponding solution of equation (1.1)) is

—am? — I9mamy — om3 + w
3.18 Ly, t) = \/ ! 2
(3.18) q(w,y,t) .
sec? [\/_ “m%+izzzr“;$é)’m§_“’ (x+y— Tt):| .
X -1 61(—m1:c—m2y—wt)’

tan {\/ - “m%%ﬁj‘gﬁmg‘“ (x+y— TT,):| +1
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and
—am? — I9memq — om2 +w
3.19 Ly, t) = \/ ! 2
(3.19) q(z,y,1) .
W— S S,
-1 ei(—mlz—mgy—wt)

Y

=

.o 2
(i) go =1 = 0,92 = 4%, we have

2g4(a+9 4+ o a+9+ o
Oélzi\/g4( N )7 ap = g3 T Sgh pr=0
1 ~20:0m £ V2y/—gi (gio(a + 0 + o) — 291 (mF (¥ — dag) + 4ew))
2 — .
4940
Then, the corresponding solution of equation (1.1)) is

a—+1v —l— CL —l— 19 +
(320)  qle,y.t) = £goy | g + CRA
} mlx—mgy—wt).

4. GRAPHIC REPRESENTATION OF SOLUTIONS

ha?
1 + tanh 0 —7t)
x{ + tan [ (a—|—19—|—g)x+y Tt)

This solution represent dark soliton solution.

Fig.1. 3D and 2D graphs of the bright soliton solution (equation 3.5) with pa-
rameters a = 0.2,¢ = 0.1,0p = 0.5,w = —=0.5,m; = 0.1,my = 0.2,y = 0.5,h =
—0.1.

Fig.2. 3D and 2D graphs of the singular periodic solution (equation 3.6) with
parameters a = —0.2,9 = —0.1,0 = —0.5,w = —0.5,m; = 0.1,my = 0.2, 1 =
0.5,h = —0.1.

Fig.3. 3D and 2D graphs of the singular soliton solution (equation 3.7) with
parameters a = 0.4,9 = 0.2, o = 0.06,w = 0.5,m1 = 0.1,my = 0.2, 0y = 1, h = 2.

Fig.4. 3D and 2D graphs of the singular periodic solution (equation 3.8) with
parameters a = 0.4,9 = 0.2, 0 = 0.06,w = —0.5,m; = 0.1,my = 02,00y = 1,h = 2.
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FIGURE 5

Fig.5. 3D and 2D graphs of the dark soliton solution (equation 3.9) with param-
etersa = —0.8,9 = 0.3,0 = —0.9,w = =3,m; = —0.02,my = 0.03,a7 = 0.5,h =
—0.1.
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