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NEW IMPROVED METHOD FOR SOLVING THE FUZZY LINEAR
PROGRAMMING PROBLEMS WITH VARIABLES GIVEN AS FUZZY NUMBERS

Ladji Kané!, Moussa Konaté, Lassina Diabaté, Moctar Diakité, and Hawa Bado

ABSTRACT. The present paper aims to propose an alternative solution approach
in obtaining the fuzzy optimal solution to a fuzzy linear programming problem
with variables given as fuzzy numbers with minimum uncertainty. In this paper,
the fuzzy linear programming problems with variables given as fuzzy numbers is
transformed into equivalent interval linear programming problems with variables
given as interval numbers. The solutions to these interval linear programming
problems with variables given as interval numbers are then obtained with the
help of linear programming technique. A set of six random numerical examples
has been solved using the proposed approach.

1. INTRODUCTION

Linear programming is a most widely and successfully used decision tool in the
quantitative analysis of practical problems where rational decisions have to be
made. In order to solve a Linear Programming Problem, the decision parame-
ters of the model must be fixed at crisp values. But to model real-life problems
and perform computations we must deal with uncertainty and inexactness. These
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uncertainty and inexactness are due to measurement inaccuracy, simplification of
physical models, variations of the parameters of the system, computational errors
etc. Interval and fuzzy analysis are an efficient and reliable tool that allows us to
handle such problems effectively.

Several researchers have carried out investigations on the fuzzy linear pro-
gramming problems with variables given as interval numbers, triangular fuzzy
numbers, trapezoidal fuzzy numbers, pentagonal fuzzy numbers, hexagonal fuzzy
numbers, heptagonal fuzzy numbers, octagonal fuzzy numbers, nonagonal fuzzy
numbers, decagonal fuzzy numbers, hendecagonal fuzzy numbers and dodecago-
nal fuzzy numbers.

G. Ramesh and K. Ganesan [4] proposed the solution concepts of primal and
dual linear programming problems involving interval numbers without converting
them to classical linear programming problems. Seyed Hadi Nasseri, Ali Ebrahim-
nejad and Bing-Yuan Cao [7] proposed a method to find the Fuzzy Optimal Solu-
tion of Fully Fuzzy Linear Programming Problems with Equality Constraints Hav-
ing LR Flat Fuzzy Numbers. Someshwar Siddi and Raghunatha Reddy [32] pro-
posed a method for solving Fuzzy Linear Programming Problem with pentagonal
fuzzy number by using a ranking function and compared the solutions with fully
Fuzzy Linear Programming Problem. Sanjivani M. Ingle and Kirtiwant P. Gha-
dle [33]] presented fully fuzzy linear programming problem with hexagonal fuzzy
number is solved by new ranking function. They converted the fully fuzzy linear
programming problem to a crisp valued problem then can be solved using Sim-
plex / Big-M method. K. Slevakumari and R. Tamilarasi [34] presented a paper
aims at solving linear programming problems in which the parameters are octag-
onal fuzzy numbers with the help of robust ranking method. Shu-ping Wan et
al. [21-31] solved fuzzy linear programming problems, Interval-valued fuzzy lin-
ear programming problems, Intuitionistic fuzzy linear programming problems and
Interval-valued intuitionistic fuzzy linear programming problem:s.

In this paper, a new improved method for solving the fuzzy linear programming
problems with variables given as fuzzy numbers is proposed. This new method
finds the fuzzy optimal solution of fuzzy linear programming problems with vari-
ables given as fuzzy numbers. Moreover, the new method improves the existing
methods for solving the interval Transportation Problems and Fully Fuzzy Trans-
portation Problems with minimum uncertainty [[18,38},39].
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In general, most of the existing techniques provide only crisp solutions for the
fuzzy linear programming problems with variables given as fuzzy numbers.

In contrast to most existing approaches [6,7, 24,26, 27,29, 32-34], our method
of transforming a fuzzy number into interval numbers is the first. So, our method
proposed is the first. Also, the fuzzy optimal solution, obtained by using the new
method mentioned, will always exactly satisfy the centers of all the constraints
and some constraints with minimum uncertainty.

The contributions of the present study are summarized as follows: (a) We in-
troduce new technique for improve the methods for solving the interval linear
programming problems with variables given as interval numbers (2.6). (b) We
introduce a formulation of fuzzy linear programming problems with vari-
ables given as fuzzy numbers. (c) According to the proposed approach, the
is converted into classical linear programming problems and/or Interval linear
programming problems. The integration of the interval optimal solutions of the
sub-problems provides the fuzzy optimal solution of the problem (2.12). (d) An
algorithm for the new proposed method and is developed to find the fuzzy opti-
mal solution of the problem (2.12). (e) The complexity of computation is greatly
reduced compared with commonly used existing methods in the literature.

The rest of this paper is organized as follows. In Section [2|, some basic def-
inition, arithmetic operations and interval linear programming problems are re-
viewed. Furthermore, we attempt to introduce a formulation of fuzzy linear prob-
lem with Fuzzy or Interval numbers. In Section (3, we propose a simple method
for solving Fuzzy Linear Programming problems and a new fuzzy arithmetic on
fuzzy or interval numbers. In Section |4} six numerical examples are presented to
illustrate the proposed method. Advantages of the proposed method over the ex-
isting methods are discussed in Section |5 Finally, concluding remarks and future
research directions are presented in Section [6]

2. MATERIALS AND METHODS

2.1. A new interval arithmetic.
In this section, some arithmetic operations for two intervals are presented [4].
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Let R = {a = [a',d?] : a' < d? a', a® € R} be the set of all proper intervals.

(1354

We shall use the terms “interval” and “interval number” interchangeably. The mid-
point and width (or half-width) of an interval number a = [a', a?| are defined as

o a2+a1 2 1

m(d) =" and w(é) = %
The interval number a can also be expressed in terms of its midpoint and width
as
2 1,2 1
2.1 i =l a) = (m(a), wia)) = (T, C20),

2 72
For any two intervals a = [a', a®] = (m(a),w(a)) and b = [b*, b?] = (m(b),w(b)), the
arithmetic operations on a and b are defined as:

(2.2) Addition: a4+ b= [a',a®] + [b',b°] = (m(b) + m(b),w(a) + w(b
(2.3) Subtraction: @ — b = [a',a®] — [b',b%] = (m(a) — m(b), w(a) + w(b
(2.4) Multiplication: «a =

(2.5)

2.2. Formulation of linear programming problem with variables given as In-
terval numbers.
We consider the Linear Programming Problem involving Interval numbers as

follows [4]:

( Max /Min ZP(z%) = Y0 ;T
Subject to the constraints

(2.6)

n +P4 1.Pq s
ijlaijxj b, fori=1,2,....,m

A TY

where :

- p and q are integers (N) with ¢ > p,

- 77 = [2%, %] and b} = [b}, b]] are unrestricted interval numbers and
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- ¢; and q;; are real numbers (R).

Objective function tranformation:

Z7() = (m(Z7(@), w(Z7(@)))

n n
72 = Y et al] = (m(cEh), w(e;zh))

j=1 j=1

where
cw(@?) if ¢; >0
2.7 m(c; 7t = c;m(zP?) and w(c;zH?) = I I =
( ) (]y) J (]) (]]) {—Cj’LU(fE?q) lf Cj<0-
Transformation of contraints: ) 7, a;;7" | = 55.’" for 1=1,2,...,m.
=

We have t7 = (m(b??), w(b!?)) and

)

n

Z% vy = Z (m(ai@"), wlay 7)) = <Zaijm(f§q), Zw(aijirfq)>.

J=1

Then

n n

E : E : —pq
< ;5 ) w az]
Jj=1

j=1

(m(B), w(E).

(2

IA1TY &

We can write the following remark (2.7).

Remark 2.1.
) Y0 ag " =0 ifand only if Y7 apym(z)") = m(b}') and
S wlag @) = ) for ke [Lm].
(D >0 an; @} £ by ifand only if >0, arym(z?) = m(by!) and
S wlag @) £ ) for ke [Lm].

Remark 2.2.

@ >, a7 = = b if and only if the slack variable a:pik =0 for ke [l,m].
(D) >0 k) pq # WY1 if and only if the slack variable 2% , # 0 for k € [1,m).
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From Remark 2.1 and we can say that
( Max /Min ZP1(zP9) ~ > o mlerl?), Y0 w(c;z8))

Subject to the constraints
(2.8)

(32imr aym(@), 305 wlayaf®) | = | (m(B), w(b}")).
=

\

From (2.7) and (2.8), we can get:

( Mazx /Min m(ZP"(z79)) = Y7, cym(z5?)
Subject to the constraints
(2.9)

>ty aiym(z) m(t?Y), for i€1,2,...,m

IV IA

\

where Y7 w(ag; 7)) = w(z}) or YT wlayz}) # w(ly?) for ke [1,m]. So,
(2.9) is equivalent to

( Max /Min m(Zr(z#)) = 7 c;m(z)7)
Subject to the constraints
(2.10) -
aq vy
S ayEt [ < | B for iel,2,...,m
L >
q p q v

where 2% = m(z%%) = 235 w(@??) = 255 m(B) = " and w(B?) = M.

Optimal solution according to the cho1ce of the dec151on maker with minimum
uncertainty:

2.11D) Max /Min m qu qu Zc] T
with 7% = [2%, 2] = [2%7 — w(Z}?), 277 —|— w(_pq)].

For a7, = 0, we have }7 | a7} = 0}"and Y7, apyw (7)) = w(b}), k €
[1,m].

2.3. Formulation of linear programming problem with variables given as fuzzy
numbers.
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The fuzzy linear programming formulation of a Linear Programming Problem
with variables given as fuzzy numbers can be written as follows as follows [6,|7]:

( Mazx /Min Z(&) ~ > i1 6T
Subject to the constraints
(2.12)

n ~pq 7 -
Zj:l Q5T bi, fO?"Z = 1,2,...,m

A 1Y

\

where #; = (v} <22 <,...,<2t)and b; = (b} < b? <,..., < b!) are unrestricted
fuzzy numbers and ¢; and a;; are real numbers.

We use t € N>, to extend the algorithm to all types of numbers (real numbers,
interval numbers and fuzzy numbers).

3. RESULTS

In this section, a solution procedure for solving the problem (2.6) via (2.10)) is
developed in the following steps:

Step 1. Construct the fuzzy linear programming problem (2.12)), and then convert
it into an interval linear programming problem based on the new
arithmetic of fuzzy or interval numbers.

Step 2. Convert the problem into the corresponding classical linear program-
ming problems based on the new arithmetic of fuzzy or interval
numbers, and then solving (2.10):

( Max /Min ZP1(2P?) =~ Y " c;at

Jj=1 J
Subject to the constraints

N\

n . pq b +07 Pq
> i Qi 5 and 27" > 0.

IV IA

\

Step 3. Determine w(z}?) with 2 = [20'—w(Z}?), 2 +w(2})] = [2%,2]] for j =

1,...,n, by applying the following conditions:

> agw(@) = w(B?).
j=1
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if, and only if, the slack variable
zpt =0 for k € [1,m].

Considering the following cases:
Case 1. t is odd or even:
() If t is odd, then p = ¢ = (t + 1)/2 and w(z}?) = 0, and go to
Case 2.

(ii) If ¢ is even, then p = t/2 and ¢ = (¢ + 2)/2 do:

(@ If xqu = 0, then w(ai"fq) = 0. Else, choose between (b) or
(c) or (d):

(b) Very important decision: if 7| ax;w(z}) = w (b7
for all £ € [1,m], then the current solution is optimal and
go to Case 2.

(c) Very important decision: if > 7| ay;w(z}) = w (b7
for some k € [1,m], then the current solution is optimal
and go to Case 2.

(d) Important decision: choose an index k such that
>y agw () = w(by?), then go to Case 2.

Case 2. Forp=q # (t+1)/2,p#t/2and q # (t+2)/2, then choose between
(a) or (b) or (¢):

(a) Very important decision: if ) 37, ay;w(7}") w(bt?) for all k €
[1,m] with |74 — O] g (zPHDEYY < 4p(729), then the
current solution is optimal.

(b) Very important decision: if > 7, ay;w(z}’) = w(bi?) for some
k € [1,m] with |27 — x§p+1)(q 2 ‘—l—w( pﬂ)( )) < w(z}"), then
the current solution is optimal.

(c) Important decision: choose an index k such that } 77| ax;w(z}?)

= w(by!) with |27 — azg-”“)( D] (277D) < w(387) other-

wise w(z}?) = |;1:§q — xg.p*l q-1) ‘ +w( (p+1)(a— ))'

3.1. Solution procedure for Linear Programming Problem with variables given
as Interval numbers (¢t = 2).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Interval numbers as follows (2.6]), (2.12)) and (¢ =
2) [4] where z}* = [z}, 23] and b}* = [b;, b7] with 77 = [27, 27] and b} = [V, b]].

1971 1771
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The interval optimal solution according to the choice of the decision maker with

minimum uncertainty is Max /MinZ"(z'?) ~ 37 ¢;7;%.

3.2. Solution procedure for Linear Programming Problem with variables given
as Triangular fuzzy numbers (¢ = 3).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Triangular fuzzy numbers as follows and
(t = 3) [6,|7] where &; = (x},22,2%) = (2%, 2}%) and b; = (b}, b2, b7) = (b2;b}) with
i = [2%, 7] and b} = b}, b{].

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (i) ~ > i1 G

3.3. Solution procedure for Linear Programming Problem with variables given
as Trapezoidal fuzzy numbers (¢ = 4).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Trapezoidal fuzzy numbers as follows and
(t = 4) [6,7] where &; = (z},22,2%,2%) = (2%;z2}) and b; = (b},b%,b3, b)) =
(b7%; b}*) with 287 = [27, 2] and b7 = [bY, b]].

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 G
3.4. Solution procedure for Linear Programming Problem with variables given
as Pentagonal fuzzy numbers (¢ = 5).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Pentagonal fuzzy numbers as follows and
(t = 5) [17] where 7; = (7}, 23,23, x,2%) = (¢3; 23, 7;°) and by = (b}, 02,03, b4, b9) =
(03; 07%; b;°) with 78 = [2%, 2] and b}* = [b], b]].

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 Gy
3.5. Solution procedure for Linear Programming Problem with variables given
as Hexagonal fuzzy numbers (¢ = 6).

For all the rest of this paper, we will consider the following linear program-
ming problem with variables given as Hexagonal fuzzy numbers as follows
and (t = 6) [18] where &; = (zj,23,2% z},25,2%) = (z}*;73% 7;°) and b =

(B, B2, 3, b2, b7, %) = (5% 025 B1) with 227 = [, 2] and 7 = (¥, b{).

19 71 Ve Ve Yo Yy R T} 197
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The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 G5
3.6. Solution procedure for Linear Programming Problem with variables given
as Heptagonal fuzzy numbers (t = 7).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Heptagonal fuzzy numbers as follows and
(t = 7) [20] where %; = (zj,25, 23, 2}, 2%, 25, 27) = (x};2%;73% z;") and b =

(bY, 2,5, b2, 7, 66, bT) = (b B39; 626; b17) with 229 = [o®, 27 and B = [bP, b)].

1771 T ) T T e G A A 177

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Max /MinZ (&) = Y7 ¢;i;.

3.7. Solution procedure for Linear Programming Problem with variables given
as Octagonal fuzzy numbers (¢ = 8).

For all the rest of this paper, we will consider the following linear programming
problem with variables given as Octagonal fuzzy numbers as follows and

(t = 8) [19] where &; = (z}, 22,23, 24,25, 29, 27, 2%) = (24,236,277, 21%) and b; =
(BE, b2, B2, b8, B2, 6, b7, b%) = (b25; 525, 527, B1%) with 727 = [27, 2] and 6/ = [b7, b7).

171 e e ) ) ) T (2R AR A A A A 177

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ(i) ~ > i1 Gy

3.8. Solution procedure for Linear Programming Problem with variables given
as Nonagonal fuzzy numbers (t = 9).
For all the rest of this paper, we will consider the following linear programming

problem with variables given as Nonagonal fuzzy numbers as follows (2.12) and

~ 1,2 .3 .4 .5 .6 .7 ,8 9 5. =46, =37, ~28. =19
(t :~9) [21] where %; = (zj, 2§z}, 2, 23,23, 2}, 25, 237) = (23,2277 25%,2;7)

and b; = (b}, b7, b7, b}, b3, b, b7, 08, b7) = (b3; b6 b77; b7%; b}?) with z2* = [2%, 2] and
B — b1, .

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 G
3.9. Solution procedure for Linear Programming Problem with variables given
as Decagonal fuzzy numbers (¢ = 10).
For all the rest of this paper, we will consider the following linear programming
problem with variables given as Decagonal fuzzy numbers as follows and
3 5,6 7 8 .9 10 =56. =47, =38, 529. =110

_ ~ 12 4 _
(t = 10) [22] where 7; = (v}, v}, x}, x5, 23, 23, v}, 25, x5, x)°) = (2% 7575 77% 2575 ;)
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and b; = (b}, b2, b3, b1, b7, 65,67, b3, b, b10) = (B2%; b27; b3%; b29; b11°) with i = [}, x]]

1YYy Yey Yy Yy Yy Yo Vi Y [ A I A A A ) 77777
and 0?7 = [b7, b]].

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 G
3.10. Solution procedure for Linear Programming Problem with variables
given as Hendecagonal fuzzy numbers (¢ = 11).

For all the rest of this paper, we will consider the following linear program-
ming problem with variables given as Hendecagonal fuzzy numbers as follows
and (t = 11) [23] where z; = (2}, 22 23, 23, 22,29 27 28, 29, 210 211) =

: . VAR Eiat Rt Rt Rt Rt A R R I
(a8 207, 245, 799, 220, 7110) and b, = (b}, b2, b3, b, b, 08, 07, b8, 09, b0, b11) = (b8; B3

B, 579, 3210, 1) with 229 = [a?, o] and 2 = B, b,

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ (%) ~ > i1 Gy
3.11. Solution procedure for Linear Programming Problem with variables
given as Dedocagonal fuzzy numbers (¢ = 12).

For all the rest of this paper, we will consider the following linear program-
ming problem with variables given as Dedocagonal fuzzy numbers as follows

(2.12) and (t = 12) [23] where &; = (z}, 27,25, 2}, 23, 29, 27, 25, 2, 20, ' 2}%) =

=67, =58, ~49. =310, =211, 112 oo (plop2 13 pA p5 p6 BT P8 B9 pIO 11 p12y
F67. 758. 749, 1310, F211. F112Y wvich P4 _ [P .4 7Pa _ q

The fuzzy optimal solution according to the choice of the decision maker with
minimum uncertainty is Maz /MinZ(%) = Y_7_, ¢;;.

4. NUMERICAL EXAMPLES

Example 1. Consider the following interval number linear programming problem
[4]:
( Min Z'2(z'?) ~ 26212 + 7712
Subject to the constraints
6712 + 4zd? > [29, 31]
512 + 2742 > [22,24]
[ 3712 + 573 > [28,30].
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Step 1. Solving via (2.10). We have p = 1, q = 2. We get

( Min Z'?(2'?) = 262} + Txd?
Subject to the constraints
6212 + 4z3? > 30
Sri? 4 2xd? > 23
\ 3zi? + hrl? > 29.

Optimal solution: x1* = 0 and z}* = 2. Slack variables values: z3* = 16, z}* =0
and z3* = 2.
Very important decision: For z1?> = 0, we have 5w(z}?) = +2w(zi?) = 1. We get

w(z1?) = 0 and w(z3?) = %. Therefore, we get z1*> = [0,0] and z3* = [11,12].

Step 2. The interval optimal solution according to the choice of the decision maker
with minimum uncertainty is Min Z'*(z'?) ~ [77,84] where 71> =[0,0] and 7}* =
[11,12]. Then the corresponding dual problem is given by: Max W'?(z'?) ~ [77,84]
where y; =0, yo =1 and y; = 0.

We see that both primal and dual problems have interval optimal solutions and the
two interval optimal values are equal.
12 _ pl2

In contrast to [4], the centers of all constraints are saturated E;.lzl AijT;

12 __ b12
2 .

and the second constraint is saturated: )" agjz;® =

Example 2. Consider the following linear programming problem with variables given
as Triangular fuzzy numbers [5]

Maz Z(%) ~ 431 + 3%,
Subject to the constraints
P14 2% < (4,8,12),
2% + 75 < (6,9,12).

Step 1. Solving via (2.10). We have p = 2, ¢ = 2. We get

Max Z*(2?) = 4% + 323
Subject to the constraints
7?4 223 < 8,

221 + 29 < 9.

Optimal solution: x} = % and x3 = £. Slack variables values: 23 = 0 and x5 = 0.
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Step 2. Solving via (2.10). We have p =1, g = 3. We get

Mazx Z'3(x'3) = 4213 + 3213
Subject to the constraints
i3+ 2233 <8
2013 4 13 < 9.

Optimal solution: z1* = X and x3* = %. Slack variables values: z3* = 0 and
= 0.

Very important decision: For z3* = 0 and z}*> = 0, we have w( 3 + 2w(:f 3)
w(b}®) = 4 and 2w(z}®) + w(z3®) = w(by®) = 3. We get w(z}*) = 2 and w( 3 =

with |23 — 22| < %and 233 — 23| < 2. Therefore, we get T}* = [2,4] and z}* = [2,4].

5
3

Step 3. The optimal solution according to the choice of the decision maker with
minimum uncertainty is Max Z(%) ~ doiy iy with &y = (23, 7)°) = (), 23,23)

“ ity EARTER

Maz Z(2) ~ (3,5%,28) where 7, = (§,%,4) and & = (%,1,4). Then the cor-

responding dual problem is given by: Min W (y) ~ (2,5 28) where y; = 2 and
5

Y2 = 3-

We see that both primal and dual problems have fuzzy optimal solutions and the
two fuzzy optimal values are equal. In contrast to [5] the centers of all constraints
are saturated and all constraints are saturated.

Example 3. Consider the following linear programming problem with variables given
as Trapezoidal fuzzy numbers [6}7]:

( Mazx Z(%) ~ 5021 + 2075 + 2575
Subject to the constraints
91 + 3%2 + 5Z3 < (335,340, 370, 395),
2%, + 4y + 3d5 < (220, 245, 265, 270),
571 + 2&3 < (135, 140, 160, 165),
0 < & = (22,24, 26,28),
(24, 26,32, 42),
(29, 34, 38, 39).

O O

jj
=T33
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Step 1. Solving via (2.10). We have p =2, ¢ = 3. We get

( Maz Z%3(2*) = 502 + 2023% + 25223
Subject to the constraints

9233 + 3233 + 523 < 355,
2233 + 4233 + 3233 < 255,
533 + 2233 < 150,
0< 23 < 25
0< a3’ < 29

| 0< a3 < 36.

; e 23 23 _ 23 _ 43
Optimal solution: x> = 25, 3’ = 29 and x3°> = %

a3 =0, =22, 0P =2, 22 =0, 2 = 0and 23° = 7.
Very important decision: For z2* = 0 and z2* = 0, we have w(z?) = 1 and
w(z3%) = 3. We have x3* # 0 then w(z3’) < 2. We take w(z3*) = 2. Therefore, we

get T3 = [24,26], 23* = [26,32] and 23> = [8, %].

Slack variables values:

Step 2. Solving via (2.10). We have p = 1, ¢ = 4. We get

( Max Z'(2') = 50z} + 202" + 25211
Subject to the constraints

9214 4 314 4 5zt < 365,
221 + 421t + 3211 < 245,
5xyt + 223t < 150,
0 < apt < 25,
0< zit < 33

\ 0 <zt < 34

Optimal solution: z}* = 25, x}* = 33 and z4* = 3. Slack variables values:

ot =0, 2t =12 gt =2 plt =0, 2 = 0 and z§* = 2.
Very important decision: For z}* = 0 and z{* = 0, we have w(z}*) = 3 and
w(z3t) = 9. We have xi* # 0, then w(zi?) < 5. We take w(zi?) = 2. Therefore, we

get 21t = [22,28], 7}* = [24,42] and x}* = [2, 3],
Step 3. The optimal solution according to the choice of the decision maker with min-
—23 714) _ 3

imum uncertainty is MaxZ (%) ~ >oi iy with &y = (25%2)1) = (v, 23, 23, 2):

MazZ (%) ~ (1735, 1920, 2170, 2495)
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where

31 _ 46 51
1= (22,24.26,28), T =(24,26,32,42). and F=(7.8, 4, ).

Then the corresponding dual problem is given by: MinW (y) ~ (1905, 1950, 2140, 2325)
where y; =5,y = 0,y3 = 0,y4 = 5,y5 = 5 and yg = 0.

We see that both primal and dual problems have fuzzy optimal solutions and the
two fuzzy optimal values are equal. In contrast to [6}7]], the centers of all constraints
are saturated and the fourth and fifth are saturated.

Example 4. Consider the following linear programming problem with variables given
as Pentagonal fuzzy numbers [35]

Maz Z(%) = 5iy + 15,
subject to the constraints :

47, + 8%, = (28,44,65,68,73)
B+ Tiy < (18,22,33,38,46)

Step 1. Solving via (2.10). We have p = 3, ¢ = 3. We get
Maz Z%(2*) = 527 + 1525°
subject to the constraints :

4033 1 823 < 65
oB TP <33

; . 33 _ 101
Optimal solution : z7° = S5

33 _
xy° = 0.

and x3* = SI. Slack variables values: z3* = 0 and

Step 2. : Solving (2.6) via (2.10). We have p = 2, ¢ = 4. We get
Maz Z**(x**) = 527" + 1523

subject to the constraints

4224 4 8224 < 56
a2 4 7 <30
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Optimal solution : z3* = 2 and 23" = 2. Slack variables values: 23" = 0 and
3t = 0.
Important decision: For x3* = 0, we have w(z?*) + Tw(z¥) = w(b?*) = 8. We
524\ __ 26 =24\ 2 ; 24 3] _— 39 26 24 3] — 3 2
get w(z') = 2L w(z3') = 2 with |23 — 23| = B < Land |23' — 23| = 2 < L
Therefore, we get z3* = [2, %] and 73" = [, 2]

Step 3. Solving via (2.10). we have p = 1, ¢ = 5. We get

Maz Z"(2'°) = 521° + 152)°
subject to the constraints

4r1® + 8x§5 < 13—1
P+ 7o’ <32

Optimal solution : z{* = % and x> = 3. Slack variables values: z3> = 0 and
z® = 0. Important decision: For zi> = 0, we get w(z}{?) = |z1® — 2| + w(z}*) = 2
and w(zy) = |z — 23| + w(z}') = L. Therefore, we get 21> = [52, 28] and
=1 3)

Step 4. The optimal solution according to the choice of the decision maker with
minimum uncertainty is Z (%) ~ (197, 54,98, 118, 233) with 7, = (3, 12, 191 ¢4 256
and 7o = (22,2, 2L 2 =2 ). Then the corresponding dual problem is given by: w(y) ~
(46, 66,98, 106, 119) with y; = 1 and y» = 1.

We see that both primal and dual problems have fuzzy optimal solutions and the
two fuzzy optimal values are equal. In contrast to [35], the centers of all constraints
are saturated and the second constraint is saturated.

Example 5. Consider the following linear programming problem with variables given
as Hexagonal fuzzy numbers [36]]:

Max Z() ~ 163 + 36

subject to the constraints

6971 + 991 < (151,153, 155,157,159, 161)
1292, + 1592, =< (271,273,275,277,279,281)
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Step 1. Solving via (2.10). We have p = 3, ¢ = 4. We get
Max Z**(2**) = 1623* + 3625
subject to the constraints

6923 + 9923 < 156
120734 4+ 159234 < 276

Optimal solution: z3* = 0 and z3* = 22, Slack variables values: x3* = 0 and

33°
34 _ 280
w4 - 11-

Very important decision: For z3* = 0, we have 66w(z3%) + 99w(z3) = w(b3*) = 1.
We get w(z3t) =0 (23* = 0) and w(73*) = &. Therefore, we get 73* = [0, 0] and

99°
= [ 4

99 7 99
Step 2. Solving via (2.10). We have p = 2, ¢ = 5. We get

Mazx Z* (%) = 1623° + 3623

subject to the constraints

6922 + 99225 < 156
120725 + 159225 < 276

Optimal solution: x> = 0 and x3° = 22. Slack variables values: z3° = 0 and
25 _ 280
£E4 —_— T. B
Very important decision: For z3° = 0, we have 66w (z?) + 99w (z3%) = w(b?®) = 3.
We get w(z?*) =0 (2% = 0) and w(z3’) = & with |23 — 23?| = 0 < . Therefore,
17 53

we get 73° = [0,0] and 73° = [, 21].

Step 3. Solving via (2.10). We have p = 1, ¢ = 6. We get:
Mazx Z'(x'%) = 1621° + 3625
subject to the constraints

69216 + 99216 < 156
129216 + 159216 < 276
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Optimal solution: z}% = 0 and zi% =

16 _ 280
Ty = 11

52

22. Slack variables values: z3° = 0 and

We get w(zi®) = 0 (z1® = 0) and w(z) = & with |25 — 23| + &£ = & < 2.

Therefore, we get £1° = [0,0] and 23 = [2}, 181].

Step 4. The optimal solution according to the choice of the decision maker with

minimum uncertainty is max Z(z) ~ (% 812820 028 636 64) with 3, = 0 and

& 151 17 155 157 53 161 : : ; .
T2 = (G911 69 69 33 09 ) [Lhen the corresponding dual problem is given by:

R ~ (604 612620 628 636 644 . _ 4 _
mlnw(y) (F7FF’T’F7F) Wlth Y1 = ﬁand y2—0

We see that both primal and dual problems have fuzzy optimal solutions and the
two fuzzy optimal values are equal. In contrast to [36], the centers of all constraints
are saturated and the first constraint is saturated.

Example 6. Consider the following linear programming problem with variables given
as Octagonal fuzzy numbers [37]]:

Min Z(&) ~ 6% + 8,

subject to the constraints :

20z, + 302, > (885,886, 888,890,910,912,914,915)
4071 + 307, > (1190,1191,1193, 1195, 1205, 1207, 1209, 1210)

Step 1. Solving via (2.10). We have p = 4, ¢ = 5. We get
min  Z%(2%) = 627> + 8x3°

subject to the constraints

2021 + 3025° > 900
40z1° + 30x3® > 1200

Optimal soluttion : x{° = 15 and z3° = 20. Slack variables values: x3> = 0 and

45
1'4 - 0.

Important decision : For x> = 0, we have 40w(z{) + 30w(z4®) = w(bd®) = 5.
We get w(z{’) = & et ,w(z3’) = 5. Therefore, we get z1° = [22 24] and
—45 __ 1239 241
Lo~ = [ﬁa ﬁ]
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Step 2. Solving via (2.10). We have p = 3, ¢ = 6. We get
Min Z%(2%) = 623° + 8x3°

subject to the constraints

20236 + 30235 > 900
40236 + 30230 > 1200

36

3717

Optlmal solution: x3% = 15 and x3° = 20. Slack variables values: z3° = 0 and

6=0.

Important decision : For x35 = 0 we have 40w(z3%) + 30w(‘36) = w(B3%) = 7. We

get w(z}®) = &5 and w(z3) = L with |20 —x15}+ — 5 < Tand o —ad| 42
2. < & Therefore, we get T3° [151;83, 1207) gnd 730 = [1198 1207]

Step 3. Solving via (2.10). We have p = 2, ¢ = 7. We get
Min Z*(2°") = 627" + 823"
subject to the constraints

20227 4 30227 > 900
40227 4 30227 > 1200

60

Optimal solution: z%" = 15 and 22" = 20. Slack variables values: 22" = 0 and
1 2 3

o7
£E4 - 0.

Important decision : For 23" = 0 we have 40w(z%") + ( ") =w(d) =9. We
get w( ) = 2 and w(z3) = & with |2} —x16}+ = % < 2 and |23 — 23|+ &
<2 Therefore, we get 737 [%gl, 2 and 73" = [553 ]

Step 4. Solving via (2.10). We have p = 1, ¢ = 8. We get
Min Z"(2"®) = 627° + 823
subject to the constraints

20218 + 30218 > 900
40218 + 30218 > 1200
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Optimal solution: zi® = 15 and z3® = 20. Slack variables values: z® = 0 and
18
I4 - 0.

Important decision : For x}® = 0 we have 40w (z1®) + 30w (z1%) = w(bi®) = 10. We

=18Y _ 10 Z18Y _ 10 4 18_ 27|19 _ 9 ~ 10 18_ 27| 9 _
get w(z1®) = R and w(z}®) = Dwith [z]¥ -2 |+ 3 = & < Band [z} -2y |+ 2 =
9 ~ 10 ~18 _ 1190 1210 ~18 _ [1190 1210
5 < o Therefore, we get T1° = 557, 557] and T,° = 57, 557

Step 5. The optimal solution according to the choice of the decision maker with min-

: e NTa (AN A~ (5950 5955 5965 5975 6025 6035 6045 6050 ,,:
imum uncertainty is MinZ(Z) =~ (%577, 515 50 S50 91 o1 91 o1°) With

1190 1191 1193 239 241 1207 1209 1210

(80’80’80’1_6’16’80’80’80)

r =

and
1190 1191 1193 239 241 1207 1209 1210

jQ - ( ) ) ' 90 ) 10 ) )
60 © 60 © 60 " 127 127 60 ° 60 ' 60
Then the corresponding dual problem is given by:
7385 7393 7409 7425 7575 7591 7607 7615
307307307 307 307 30 30 30

).

Mazxw(y) = (

)

: _ 7 _ 1
with Y1 =35 and Y2 = 35-

We see that both primal and dual problems have fuzzy optimal solutions and the
two fuzzy optimal values are equal. In contrast to [37], the centers of all constraints
are saturated and the second constraint is saturated.

5. ADVANTAGES OF THE PROPOSED METHOD OVER THE EXISTING METHODS

To be more specific, we will concentrate on showing the advantages of the pro-
posed method over the well-known existing methods existing methods proposed
by [6,(7,124,26,127,129,132-34].

The advantages of the new method proposed over the existing methods pro-
posed by [6,7,]24,26,27,29,[32-34]] can be summarized as follows:

(i) The new method improves the existing methods for solving the linear pro-
gramming problems with variables given as interval numbers and fuzzy
numbers with minimum uncertainty.

(ii) The new method improves the existing methods for solving the interval
Transportation Problems and Fully Fuzzy Transportation Problems with
minimum uncertainty [18},38,/39]].
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(iii) In contrast to most existing approaches, our method of transforming a
fuzzy number into interval numbers is the first. So, our method proposed
is the first.

(iv) The proposed technique does not use the goal and parametric approaches
which are difficult to apply in real life situations. These difficulties (or
limitations) are overcome by the new proposed method.

(v) To solve the by using the existing method, there is need to use
arithmetic operations of generalized fuzzy numbers. While, if the pro-
posed technique is used for the same then there is need to use arithmetic
operations of real numbers. This proves that it is much easy to apply the
proposed method as compared to the existing method.

(vi) In contrast to most existing approaches, which provide an optimal solution
using ranking function, the proposed method provides a fuzzy optimal so-
lution without using ranking function. Similarly, to the competing methods
in the literature, the proposed method is applicable for all types of fuzzy
numbers.

(vii) Also, the fuzzy optimal solution, obtained by using the new method men-
tioned, will always exactly satisfy the centers of all the constraints and
some constraints with minimum uncertainty.

6. CONCLUDING REMARKS AND FUTURE RESEARCH DIRECTIONS

6.1. Concluding remarks. The present paper aims to propose an alternative so-
lution approach in obtaining the fuzzy optimal solution to a fuzzy linear program-
ming problem with variables given as fuzzy numbers with minimum uncertainty.
In this paper, the fuzzy linear programming problems with variables given as fuzzy
numbers is transformed into equivalent interval linear programming problems
with variables given as interval numbers. The solutions to these interval linear
programming problems with variables given as interval numbers are then obtained
with the help of linear programming technique. The comparisons numerical exam-
ples show that in all problems the proposed method provides a better solution than
the existing methods [6,7,24, 26,127,129, 32-34]]. So, the proposed approach can
be considered as an alternative approach for solving the fuzzy linear programming
problems with variables given as fuzzy numbers if decision maker is interested in
finding the fuzzy optimal solution with minimum uncertainty.
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6.2. Future research directions. Finally, we feel that, there are many other
points of research and should be studied later on interval numbers or fuzzy num-
bers. Some of these points are below:

- Linear programming problem with generalized interval-valued fuzzy num-
bers,

- Interval-valued intuitionistic fuzzy linear programming problem,

- Fully fuzzy linear fractional programming problems with fuzzy numbers
and intuitionistic fuzzy,
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