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ON SOME ASPECTS OF VECTOR MEASURES
Stallone O. Hazoume and Yaogan Mensah!

ABSTRACT. This paper addresses some properties of vector measures (Banach
space valued measures) as well as topological results on some spaces of vector
measures of bounded variation.

1. PRELIMINARIES AND NOTATIONS

Let X be a nonempty set and > a o —algebra of subsets of X. Let £ be a Banach
space. A vector measure is a set function m : ¥ — FE such that for all sequences of
pairwise disjoint elements (A, ), of ¥ one has

(1.1) m(UA) =) m(Ay),

n

where the convergence of the series > m(A,) is considered with respect to the

norm topology of E. Taking F = KTL(R or C) we recover the notion of scalar
measure. Also when we take £ = R, we obtain positive scalar measures. We
denote by M(X,R") the set of bounded positive measures on X and by M (X, F)
the set of all F—valued measures on X that have bounded variation. Let us recall
the latter concept. Let m be a vector measure on X with values in F. The variation
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of m is the set function |m| : ¥ — R, defined by

(1.2) Im|(A) = sup {Z |m(B)|| : # C ¥ is a finite partition of A} .
Bem

When |m|(X) < oo then m is said to be of bounded variation. Then one defines a

norm on M (X, E) by setting

(1.3) [} = [m[(X).

Two measures u; and o are called mutually singular or orthogonal , which we
denote by 1, L o, if there exists a measurable set A such that y; is supported in
A and p, is supported in the complement of A with respect to X.

Let us consider the following subsets of M(X, E):

- My(X, E) denotes the subset of M(X, F) of elements of the form m = F.u
where € M(X,R") and F' is an E-valued function on X that is Bochner-

integrable with respect to .
- Mg(X, E) denotes the subset of M(X, E) of all m = > v,u, such that

neN
(vn)nen i @ sequence in F and (u,)n.en iS @ sequence of elements of

M(X,RT) and > ||vn||pn < o0
neN
- Mg, (X, E) denotes the subset of M¢(X, E) containing measures of the

form m = > v,u, where the measures p,, are pairwise orthogonal, that is
neN
p; L p1; whenever i # j.

Throughout the paper, x4 stands for the characteristic function of the set A. For
scalar measures theory one may consult [5,6]. For detailed informations on vector
measures we refer to [2,|4] and references therein. For analytic use of vector
measures, see for instance [1,3]].

2. MAIN RESULTS
We set our main results in this section.
Theorem 2.1. M, (X, E) is a subset of the closure of Mg(X, E).

Proof. Let m be in My(X, E). Then m = F.u where p € M(X,R,) and F' an
E-valued function on X that is Bochner-integrable with respect to x. Since F' is
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Bochner-integrable, for each ¢ > 0 there exists 7. a finite partition of X and a
finite sequence (v4)ac,. of elements of F such that

J1F =3 vaaldn < =
X

A€eme

Therefore |Fu— > vaxap|(X) < e. Now we set wy = xap and m. = > vawa.
Aeme Aem.

Then m. € Mg(X, F) and |m —m.|(X) <e. O

Theorem 2.2. Let m be in M(X, E) and let (A, ).en be a sequence of pairwise dis-

joint members of ¥.. Then ) ||m(A,)| < oc.

neN
Proof. Let m be in M(X, F) and let (A,)n.en be a sequence of pairwise disjoint
members of 3. Set A = UNA” and Vn € Nset m, = {4;,7 < n} U{.L>J A;}. Then
ne >n
7, is a finite partition of A. We have
1> m(A)[+ ) Im(A;)[] < [m](A).
j>n j<n

Sovn e N, > |[m(A,)| <|m|(A). Letting n — oo we have the convergence of the
1<n

series Im(A,)]|. O
neN
Theorem 2.3. Let m = ) v, /i, be an element of Mg, (X, E). Then |m| = >_ ||v||tin-
neN neN

Proof. Let m = ) v,u, be an element of Mg, (X, E). For n € N set V,, = supp(ii,)
neN
and V5 = X'\ UN V. Then (V,,),.en is a sequence of pairwise disjoint elements of 3
ne

and it is also a partition of X. Now pick A in 3} and let 7 to be a finite partition of
A. Set S,, = SNV, where S € m. Then (S, ),en is @ sequence of pairwise disjoint
members of ¥ such that UN S,, = S. Therefore

ne

D _lm@S) =D llm( Y Sl =D 1> m(Sa)

Ser Ser Ser  neN
<D AmSI =D lloallua(S)
Sem neN* Sem neN*
= > lwalln(S) = D Noall D palS)
neN* Serw neN* Semn

= > llvallua(A) < o0

neN*
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So, |m|(A) < > ||vallun(A). For the converse inequality let us set A, = ANV,.

neN*
Then we have ZN l|vn]|pn(A) = % [Im(An)]] < |m|(A). O
neN* neN*

Theorem 2.4. Let m € M(X, E). Assume that there exists a sequence (wy, F},)nen
such that w,, € M(X,R,), w; L w,ifi# j, F,, : X — E is Bochner w,— integrable
and m = ) F,w,. Then m € My(X, E).

neN

Proof. Since the elements in the sequence (w,).cn are pairwise orthogonal, there
exists a pairwise disjoint sequence (V},),en of elements of ¥ such that for each n €

1 1
N, w, is supported by V,,. Set Q) = Z “n__ and F = 2 > 2%, (Vi) xv, F
2 2" w (V ) neN
Then Q € M(X,R,) since Q(X) = 5 Z 5w = 1. We have
neN
1
Z 2nwn XVn }[2 Z Z ann =
neN neN
SOmEMo(X,E). [

Theorem 2.5. Let (11;);cn be a sequence of pairwise orthogonal elements of M(X, R ).
Let (F;,)neni<n be a double sequence of functions from X into E such that F;,
is Bochner-integrable with respect to the measure w; for all n. Assume that m =

lim ) F,,u; exists. Then there exists a sequence of E—valued functions (F;);en
n—>-4o0o i<n

such that each F; is Bochner-integrable with respect to the measure w; and m =

Z Fi ;.

iEeN
Proof. Since the sequence (u;);cn consists of pairwise orthogonal elements, we can
find a sequence (V;);en a pairwise disjoint elements of 3 such that each i € N,
p; is supported by V;. For i € N one has yy,m = lim xy,F;,u; where yy, is the
characteristic function of V;. Thus for any ¢ > 0, ﬁ;?: exists nyg € N such that if
n,p € N are such that n, p > ng then

v Pt = X Fegnil () = [ vl P = Pl < e
X

This means that (xy.F;,)nen is a Cauchy sequence in L'(X, u;, ) which is a Ba-

nach space. So it converges to a certain function F;, that is, F; = lim Fj, in
n—>-+o0o

€N
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Theorem 2.6. If m = >_ v;u; is an element of Mg(X, E) then there exists a sequence
ieN

(Wn, F)nen With w, € M(X,Ry), w; L w; ifi # jand F,, : X — E Bochner w,,—

integrable such that m = Y F,wy,.
neN

Proof. Let m be an element of M (X, E). Let us first prove by induction the asser-
tion (R,) :"Vn >0,Vi <n,3F;, : X — Fandw; € M(X,R;), such thatw; L w;
ifi #jand ) viu; = ) F;,w;, with F;,, is Bochner w;—integrable Vj < i."

i<n i<n

Set wy = o and Fyo(x) = vy, Vo € X, then the initialization is done.

Now let us assume (R,,) and let us prove (R, ;). Consider the vectors v;, i =
0,---,n+1in F and the measures y;, i = 0,--- ,n + 1. By the Radon-Nikodym-
Lebesgue theorem, we have 11,11 = w,41 + fni1 Y w; Where f, 4 is a real nonneg-

i<n
ative function that is integrable with respect to ) w; and w1 L > w;. It follows
i<n i<n
that > v = vppiwni1 + D [Fin + V1 froga Jwi
i<n+1 i<n

Now for all ¢ < n set F, 41 = Fi, + Upt1for1 and Friq1,41 = Upy1. Then
> vy = Y. F;niiw;. Then our induction is done.

i<n+1 i<n+1
Now, m = > wu; = lm > wpu; = lim > F,,w;. By Theorem [2.5 we
ieN n—-4oo i<n n—-+oo i<n
deduce the existence of a sequence (F;);cy such that m = > F,w,. O

neN

Theorem 2.7. Mg, (X, E) is dense in Mg(X, E).

Proof. Let m be an element of M,(X, E). Then by Theorem there exists a
sequence (wy,, F,),ey Where F,, : X — FE is a map, w, € M(X,Ry), w; L w;

if i« # j, F, is Bochner w,— integrable and m = )  F,w,. Now Ve > 0,3dm, €
neN

N*7 3 (Ajn)jn<mn C E, = (tjn)jn<mn C E such that/ HFn — Z tanAj Hdwn < i
> = X n 2n

Let us set

kn :Fn - Z tanAjna

Un :knwny
Wi, =XA;, Wn;

and me = Z Z t]’nw]'n.

neEN jp<m,
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Then (A,,);,<m.neny is @ sequence of pairwise disjoint elements of ¥ and
(Wj, ) jn<mnnen 1S @ sequence of pairwise orthogonal members of M(X,R,). Let
us prove that |m. — m| < 2¢. Let 7 be a finite partion of X. Then

S S = X btoall <3 [ Wl = /uk I <

Sem Semw Sem

It follows that |v,| < 57 and |m. — m| = | Z Vp| < Z vl < X 5 =

neN
Let us prove that Z >t llws, < oo
neN jn<mp
> 5 b - o
neN jngmn neN

£, 15, (Aj,) =lm( A )1 + llvn (A5,

D Mgl (45,) < D0 IIm(A)l+ Y llva(4,)

Jn<mn In<mn Jn<mn
e
<3 Al + o
Jn<mpy
D00 tllwin (450 <D0 > lIm(A;) | + 2.
neEN jp<mp neEN jn<my

Since m is of bounded variation and (A;,);,<m..nen 1S @ sequence of pairwise dis-
joint members of 3, then by the use of Theorem one obtains the convergence
of the left hand series. O
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