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ON SOME ASPECTS OF VECTOR MEASURES

Stallone O. Hazoume and Yaogan Mensah1

ABSTRACT. This paper addresses some properties of vector measures (Banach
space valued measures) as well as topological results on some spaces of vector
measures of bounded variation.

1. PRELIMINARIES AND NOTATIONS

Let X be a nonempty set and Σ a σ−algebra of subsets of X. Let E be a Banach
space. A vector measure is a set function m : Σ→ E such that for all sequences of
pairwise disjoint elements (An)n of Σ one has

(1.1) m(∪
n
An) =

∑
n

m(An),

where the convergence of the series
∑
n

m(An) is considered with respect to the

norm topology of E. Taking E = K (R or C) we recover the notion of scalar
measure. Also when we take E = R+ we obtain positive scalar measures. We
denote byM(X,R+) the set of bounded positive measures on X and byM(X,E)

the set of all E−valued measures on X that have bounded variation. Let us recall
the latter concept. Let m be a vector measure on X with values in E. The variation
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of m is the set function |m| : Σ→ R+ defined by

(1.2) |m|(A) = sup

{∑
B∈π

‖m(B)‖ : π ⊂ Σ is a finite partition of A

}
.

When |m|(X) < ∞ then m is said to be of bounded variation. Then one defines a
norm onM(X,E) by setting

(1.3) ‖m‖ = |m|(X).

Two measures µ1 and µ2 are called mutually singular or orthogonal , which we
denote by µ1 ⊥ µ2, if there exists a measurable set A such that µ1 is supported in
A and µ2 is supported in the complement of A with respect to X.

Let us consider the following subsets ofM(X,E):

- M0(X,E) denotes the subset ofM(X,E) of elements of the form m = F.µ

where µ ∈M(X,R+) and F is an E-valued function on X that is Bochner-
integrable with respect to µ.

- MS(X,E) denotes the subset of M(X,E) of all m =
∑
n∈N

vnµn such that

(vn)n∈N is a sequence in E and (µn)n∈N is a sequence of elements of
M(X,R+) and

∑
n∈N
||vn||µn <∞.

- MS0(X,E) denotes the subset of MS(X,E) containing measures of the
form m =

∑
n∈N

vnµn where the measures µn are pairwise orthogonal, that is

µi ⊥ µj whenever i 6= j.

Throughout the paper, χA stands for the characteristic function of the set A. For
scalar measures theory one may consult [5,6]. For detailed informations on vector
measures we refer to [2, 4] and references therein. For analytic use of vector
measures, see for instance [1,3].

2. MAIN RESULTS

We set our main results in this section.

Theorem 2.1. M0(X,E) is a subset of the closure ofMS(X,E).

Proof. Let m be in M0(X,E). Then m = F.µ where µ ∈ M(X,R+) and F an
E-valued function on X that is Bochner-integrable with respect to µ. Since F is



ON SOME ASPECTS OF VECTOR MEASURES 19

Bochner-integrable, for each ε > 0 there exists πε a finite partition of X and a
finite sequence (vA)A∈πε of elements of E such that∫

X

‖F −
∑
A∈πε

vAχA‖dµ < ε.

Therefore |Fµ−
∑
A∈πε

vAχAµ|(X) < ε. Now we set ωA = χAµ and mε =
∑
A∈πε

vAωA.

Then mε ∈MS(X,E) and |m−mε|(X) < ε. �

Theorem 2.2. Let m be inM(X,E) and let (An)n∈N be a sequence of pairwise dis-
joint members of Σ. Then

∑
n∈N
‖m(An)‖ <∞.

Proof. Let m be in M(X,E) and let (An)n∈N be a sequence of pairwise disjoint
members of Σ. Set A = ∪

n∈N
An and ∀n ∈ N set πn = {Aj, j ≤ n}∪{ ∪

j>n
Aj}. Then

πn is a finite partition of A. We have

‖
∑
j>n

m(Aj)‖+
∑
j≤n

‖m(Aj)‖ ≤ |m|(A).

So ∀n ∈ N,
∑
j≤n
‖m(Aj)‖ ≤ |m|(A). Letting n→∞ we have the convergence of the

series
∑
n∈N
‖m(An)‖. �

Theorem 2.3. Letm =
∑
n∈N

vnµn be an element ofMS0(X,E). Then |m| =
∑
n∈N
‖vn‖µn.

Proof. Let m =
∑
n∈N

vnµn be an element ofMS0(X,E). For n ∈ N set Vn = supp(µn)

and V0 = X \ ∪
n∈N

Vn. Then (Vn)n∈N is a sequence of pairwise disjoint elements of Σ

and it is also a partition of X. Now pick A in Σ and let π to be a finite partition of
A. Set Sn = S ∩ Vn where S ∈ π. Then (Sn)n∈N is a sequence of pairwise disjoint
members of Σ such that ∪

n∈N
Sn = S. Therefore∑

S∈π

‖m(S)‖ =
∑
S∈π

‖m( ∪
n∈N

Sn)‖ =
∑
S∈π

‖
∑
n∈N

m(Sn)‖

≤
∑
S∈π

∑
n∈N∗

‖m(Sn)‖ =
∑
S∈π

∑
n∈N∗

‖vn‖µn(S)

=
∑
n∈N∗

∑
S∈π

‖vn‖µn(S) =
∑
n∈N∗

‖vn‖
∑
S∈π

µn(S)

=
∑
n∈N∗

‖vn‖µn(A) <∞
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So, |m|(A) ≤
∑
n∈N∗
||vn||µn(A). For the converse inequality let us set An = A ∩ Vn.

Then we have
∑
n∈N∗
||vn||µn(A) =

∑
n∈N∗
||m(An)|| ≤ |m|(A). �

Theorem 2.4. Let m ∈ M(X,E). Assume that there exists a sequence (ωn, Fn)n∈N

such that ωn ∈M(X,R+), ωi ⊥ ωj if i 6= j, Fn : X −→ E is Bochner ωn− integrable
and m =

∑
n∈N

Fnωn. Then m ∈M0(X,E).

Proof. Since the elements in the sequence (ωn)n∈N are pairwise orthogonal, there
exists a pairwise disjoint sequence (Vn)n∈N of elements of Σ such that for each n ∈
N, ωn is supported by Vn. Set Ω =

1

2

∑
n∈N

1

2n
ωn

ωn(Vn)
and F = 2

∑
n∈N

2nωn(Vn)χVnFn.

Then Ω ∈M(X,R+) since Ω(X) = 1
2

∑
n∈N

1
2n

= 1. We have

FΩ = [2
∑
n∈N

2nωn(Vn)χVnFn][
1

2

∑
n∈N

1

2n
ωn

ωn(Vn)
] =

∑
n∈N

Fnωn = m.

So m ∈M0(X,E). �

Theorem 2.5. Let (µi)i∈N be a sequence of pairwise orthogonal elements ofM(X,R+).
Let (Fi,n)n∈N,i≤n be a double sequence of functions from X into E such that Fi,n
is Bochner-integrable with respect to the measure ωi for all n. Assume that m =

lim
n−→+∞

∑
i≤n

Fi,nµi exists. Then there exists a sequence of E−valued functions (Fi)i∈N

such that each Fi is Bochner-integrable with respect to the measure ωi and m =∑
i∈N

Fiµi.

Proof. Since the sequence (µi)i∈N consists of pairwise orthogonal elements, we can
find a sequence (Vi)i∈N a pairwise disjoint elements of Σ such that each i ∈ N,
µi is supported by Vi. For i ∈ N one has χVim = lim

n−→∞
χViFi,nµi where χVi is the

characteristic function of Vi. Thus for any ε > 0, there exists n0 ∈ N such that if
n, p ∈ N are such that n, p ≥ n0 then

|χViFi,nµi − χViFi,pµi|(X) =

∫
X

χVi‖Fi,n − Fi,p‖dµi < ε.

This means that (χViFi,n)n∈N is a Cauchy sequence in L1(X,µi, E) which is a Ba-
nach space. So it converges to a certain function Fi, that is, Fi = lim

n−→+∞
Fi,n in

L1(X,µi, E). So m =
∑
i∈N

Fiµi. �
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Theorem 2.6. If m =
∑
i∈N

viµi is an element ofMS(X,E) then there exists a sequence

(ωn, Fn)n∈N with ωn ∈ M(X,R+), ωi ⊥ ωj if i 6= j and Fn : X −→ E Bochner ωn−
integrable such that m =

∑
n∈N

Fnωn.

Proof. Let m be an element ofMS(X,E). Let us first prove by induction the asser-
tion (Rn) : "∀n ≥ 0,∀i ≤ n,∃Fi,n : X −→ E and ωi ∈M(X,R+), such that ωi ⊥ ωj

if i 6= j and
∑
i≤n

viµi =
∑
i≤n

Fi,nωi, with Fi,n is Bochner ωj−integrable ∀j ≤ i."

Set ω0 = µ0 and F0,0(x) = v0,∀x ∈ X, then the initialization is done.
Now let us assume (Rn) and let us prove (Rn+1). Consider the vectors vi, i =

0, · · · , n + 1 in E and the measures µi, i = 0, · · · , n + 1. By the Radon-Nikodym-
Lebesgue theorem, we have µn+1 = ωn+1 + fn+1

∑
i≤n

ωi where fn+1 is a real nonneg-

ative function that is integrable with respect to
∑
i≤n

ωi and ωn+1 ⊥
∑
i≤n

ωi. It follows

that
∑

i≤n+1

viµi = vn+1ωn+1 +
∑
i≤n

[Fi,n + vn+1fn+1]ωi.

Now for all i ≤ n set Fi,n+1 = Fi,n + vn+1fn+1 and Fn+1,n+1 = vn+1. Then∑
i≤n+1

viµi =
∑

i≤n+1

Fi,n+1ωi. Then our induction is done.

Now, m =
∑
i∈N

viµi = lim
n−→+∞

∑
i≤n

viµi = lim
n−→+∞

∑
i≤n

Fi,nωi. By Theorem 2.5 we

deduce the existence of a sequence (Fi)i∈N such that m =
∑
n∈N

Fnωn. �

Theorem 2.7. MS0(X,E) is dense inMS(X,E).

Proof. Let m be an element of Ms(X,E). Then by Theorem 2.6 there exists a
sequence (ωn, Fn)n∈N where Fn : X −→ E is a map, ωn ∈ M(X,R+), ωi ⊥ ωj

if i 6= j, Fn is Bochner ωn− integrable and m =
∑
n∈N

Fnωn. Now ∀ε > 0,∃mn ∈

N∗,∃ (Ajn)jn≤mn ⊂ Σ,∃ (tjn)jn≤mn ⊂ E such that
∫
X

||Fn−
∑
jn≤mn

tjnχAjn
||dωn <

ε

2n
.

Let us set

kn =Fn −
∑
jn≤mn

tjnχAjn
,

νn =knωn,

ωjn =χAjn
ωn,

and mε =
∑
n∈N

∑
jn≤mn

tjnωjn .
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Then (Ajn)jn≤mn,n∈N is a sequence of pairwise disjoint elements of Σ and
(ωjn)jn≤mn,n∈N is a sequence of pairwise orthogonal members of M(X,R+). Let
us prove that |mε −m| < 2ε. Let π be a finite partion of X. Then∑

S∈π

‖νn(S)‖ =
∑
S∈π

‖
∫
S

kndωn‖ ≤
∑
S∈π

∫
S

‖kn‖dωn =

∫
X

‖kn‖dωn <
ε

2n
.

It follows that |νn| < ε
2n

and |mε −m| = |
∑
n∈N

νn| ≤
∑
n∈N
|νn| <

∑
n∈N

ε
2n

= 2ε.

Let us prove that
∑
n∈N

∑
jn≤mn

‖tjn‖ωjn <∞.

∑
n∈N

∑
jn≤mn

tjnωjn =m−
∑
n∈N

νn

tjnωjn(Ajn) =m(Ajn)− νn(Ajn)

‖tjn‖ωjn(Ajn) =‖m(Ajn)‖+ ‖νn(Ajn)||∑
jn≤mn

‖tjn‖ωjn(Ajn) ≤
∑
jn≤mn

‖m(Ajn)‖+
∑
jn≤mn

‖νn(Ajn)‖

<
∑
jn≤mn

‖m(Ajn)‖+
ε

2n∑
n∈N

∑
jn≤mn

‖tjn‖ωjn(Ajn) <
∑
n∈N

∑
jn≤mn

‖m(Ajn)‖+ 2ε.

Since m is of bounded variation and (Ajn)jn≤mn,n∈N is a sequence of pairwise dis-
joint members of Σ, then by the use of Theorem 2.2, one obtains the convergence
of the left hand series. �
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