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APPROXIMATING THE SOLUTION OF A FRACTIONAL ORDER MODEL OF
NOVEL CORONAVIRUS (COVID-2019) UNDER CAPUTO-FABRIZIO
DERIVATIVE

Fredrick A. Adie!, Gabriel I. Ogban, Samson E. Ekoro, Oboyi Joseph, and Austine E. Ofem

ABSTRACT. This paper presents a fixed point iteration method for approximating
the solution of a fractional order model of novel coronavirus (COVID-2019) under
Caputo-Fabrizio derivative in Banach spaces. Our result is new and complements
some existing results in the literature.

1. INTRODUCTION
Fixed Point Theory is concerned with solution of the equation
(1.1 (=TI,

where T could be a nonlinear operator defined on a metric space. Any ¢ that
solves (1.1) is called the fixed point of 7" and the collection all such elements is
denoted by F(T'). Fixed point theory is an area in nonlinear analysis that has
become very attractive and interesting with a large number of applications in var-
ious fields of mathematics and other branches of science. Fixed point theory has
remained not only a field with a huge development, but also a very helpful means
for solving various problems in different fields of mathematics. It is well known
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that fixed point theorems are used for proving the existence and uniqueness to var-
ious mathematical models like differential, integral and partial differential equa-
tions and variational inequalities etc., representing phenomena arising in different
fields such as steady state temperature distribution, chemical equations, neutron
transport theory, economic theories, epidemics and flow of fluids. Furthermore, it
as also significant in the field of computer science, image processing, artificial in-
telligence, decision making, population dynamics, computer science, operational
research, industrial engineering, pattern recognition, medicine, group health un-
derwriting, management and many others.

Existence theorems are concerned with establishing sufficient conditions in which
the equation (1.1)) will have solution, but does not necessarily show how to find it.
On the other hand, iteration method of fixed points is concerned with approxima-
tion or computation of sequences which converge to the solution of (1.I). When
existence of a fixed point of an operator is guaranteed, obtaining constructive
technique for finding such a fixed point is also paramount.

Very recently, Ofem et al. [[24] introduced the following four steps iterative
method for approximating the fixed points of almost contraction mappings and
generalized a-nonexpansive mappings:

ly € A,

gs = (1= Bs)ls + BsTLs,

(1.2) ws = (1 — 04)Tls + 0,Tgs, Vs >1,
Cs = Tw,

[ ls+1 =TG5,

where {0,} and {5} are sequences in (0,1).

(

Fractional Differential Equations (FDEs) involve fractional derivatives of the
dl/
dl-l/)

They are generalization of the ordinary differential equations to a random (non-

form which are defined for » > 0, where v is not necessarily an integer.
integer) order. Fractional differential equations have attracted much attentions
due to their applications to model complex phenomena in engineering, physics,
chemistry, biology and other fields (see [27,(37,/38]]).

On the other hand, COVID-19 pandemic, also known as the coronavirus pan-
demic is an ongoing global pandemic of coronavirus disease 2019 (COVID-19)
caused by severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2). The
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virus was first identified in December 2019 in Wuhan, China. The world Health
Organization declared a Public Health Emergency of International Concern re-
garding COVID-19 on 30 January 2020, and later declared a pandemic on 11
March 2020. As of 26 April, more than 147 million cases have been confirmed,
with 3.11 million death attributed to COVID-19, making it one of the deadliest
pandemic in history.

Since the outbreak of COVID-19, several researchers have given special atten-
tions and efforts to cure the deadly disease. Due to the significance of mathemat-
ical modeling, some coronavirus model have been introduced by Abdo et al. [11],
Chen et al. [5]], Hussain et al. [17]] and Khan and Atangana [19].

Motivated by the above results, we will find the solution of fractional order
model of novel coronavirus (COVID-2019) under Caputo-Fabrizio derivative using
the efficient iterative method (1.2)).

2. PRELIMINARIES
The following definitions and lemmas will be useful in proving our main results.
Lemma 2.1. [33] Let {0} and {)\} be nonnegative real sequences satisfying the
following inequalities:

03+1 S (1 - Us>03 + )\57

where o, € (0,1) for all s € N, Z 0, = 0o and lim 2+ = (, then lim 6, = 0.

s§—00 7S $—00

Lemma 2.2. [31] Let {6s} and {\;} be nonnegative real sequences satisfying the
following inequalities:

93+1 S (]- - 03)03 + Us>\s>

where o € (0,1) forall s € N, > o, =00 and \; > 0 for all s € N, then
s=0

0 < limsup#, < limsup A,.

S5—00 $§—00
Definition 2.1. [4] Let ¢ € H(a,b), b > a, a € (—o0,t) and v € [0,1], then the
Caputo-Fabrizio derivative of order v in the Caputo sense is given as

(21) CF®V¢ 1 — / ¢ |: (t - n):| d?’L,

1—v
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where M (v) is a normalization function such that M(0) = M (1) = 1.

The corresponding left fractional integral of “*D" is defined in [2] as:

1—v) v !
2.2 FTo(t) = d-v — / :
(2.2 50 = 10799 + 315 . 90
Very recently, Hussain et al. [17] proposed a modified mathematical model of
corona virus (COVID-19) as follows:

Y S,(Z, + V.,
D Sy = /\ —HpSp — 5ol pﬂ/ ) — NuSp A ,
P

p

5 S,(Z, + Vo,
D by = o5 pJV b) + NuSp . — (1 — V) w8y — Vpp&y — 11p6p,
P

DL, = (1= p)wpé, — (T + 1)Ly,
D'y = Vppy — (Tap + Hp) S,
(2.3)CFD”,@p = 7,2, + TapAy — 1o T,
DMy = BTyt opdy — p M,

where v denotes the fractional order parameter and the model variables in (2.3
are nonnegative and the initial conditions are defined as:

8p(0) = 8,(0) 20, &,(0)=¢,(0) =0, Z,(0) =Z,(0) = 0
)

2p(0) = @, (0) 20, Z£,(0)=2%,(0) 20, 4,(0)=7,(0)=0.

The model (2.3) can be re-written in the following form:

2.4 {“Www:%@wm,
»(0) =1y, 0<t<T < 0,

where the vector ¥(t) = (8,, &,,1,, %, %y, #,) and % in (2.4) stand for the state
variables and a continuous vector function respectively defined as:

n
Us
Us
Uy
Us
Us |
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8 7 WU .o,
/\ _,Upsp(t) — p(t)(j@(z;r bl _ anp(f)///(t)

p

npsp(t)(%zg;m%(t) + nwsp(t)'///(t) - (1 - ﬁp)wpgp(ﬂ - ﬁp@pgp(t) - ,up@@p(w
= (1 = dp)wpép(t) — (1p + 1) Ty (t)
Vppbp(t) — (Tap + p) Fp(t)
TpLp(t) + Tap @y (1) — 1pZy(1)
I BIp(t) + opty(t) — pA (1)
with the initial conditions v (t) = (8,(0), &,(0),Z,(0), <%,(0), %Z,(0), .#,(0)).

The problem can be reformulated in the following integral equation [[17]:

(2.5) W(t) = o + U (L) + W (V) / t U (0,(0))de,

where F (v) = §25 and ¥/ (v) = 375
Let 0 < t < T, we define a Banach space by using J = [0, 7] as ¢ = (J, R°) under

the supremum norm given by

szggwwwwe%}

Theorem 2.1. [see [|17]] We assume that the following conditions are satisfied:
(C) There exists a constant L, > 0 such that

\U (t, 41 (1)) — U (t,12(t))| < Loy|tpy — 4o, foreachy € 4 andt € [0,T]

(C) (Z(v)+TF(v)) Ly < 1.
Then (2.4) has a unique solution.

3. MAIN RESULT

In this section, we approximate the solution of problem (2.4) by utilizing the
iterative method (1.2]).
Now we present our main result in this section as follows:

Theorem 3.1. Suppose that all conditions (C)—(Cs) in Theorem [2.1| are fulfilled.
Let 65, 3 € [0, 1] be sequences of the iteration process (1.2) such that > .- 53, = oc.
Then the problem (2.4)) has a solution, say = and the iteration process (1.2]) converges
to z.
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Proof. We consider the Banach space ¢ = (J,R%) under the supremum norm given
by

[l = sup{(0)] : ¥ € 9},

Let {/,} be an iterative sequence generated by the iterative algorithm (1.2]) for the
operator A : 4 — ¢ defined by

B AG) = by + T (L 0(0) + W (V) / w (0, 0(0)) e

We will show that /, — 2 as s — oo.
From (1.2), (3.1) and the assumptions (C;)—(C>) we have

||gs - ZH = ”(1 - 68)65 + ﬂsfws - ZH
< (1-5n) Jnax [s(t) — 2(t)] + Bn max |AL(t) — Az(t)]

= (1= fs) max [6:(t) = 2(t)]
+8. max [vo -+ )2 (@ L0) 7 0) [ w0

(o + FOU(t, 2(1)) + # () / W (6, (0))d0)|
= (1 - 8,) max |[(,(t) — 2(t)]

t€[0,T]

+0s max | F (v)(% (L :(t)) — U (L, (1))

te[0,T]

() / (W (0,0.,(0)) — % (0, 2(0)))d]

< (1= A0 max |6(8) — =(1)
AL () mas |2 (. 44(1)) — % (1, 2(1)
() s / (% (£, 0,(0)) — % (£, 2(0)))de]

IN

(1= ;) max [6:(t) — =()

tel0, T

+0u[F (v )L[z/ Jax |£s()) — (1))

V) Loy max/ |0s(0) — z(0)|de]

t€[0,7]
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(3.2)

(3.3)

[ws = 2]

IN

IA

(1= Ba)llls — =]

+0:[F (W) + T W)L ||s = =]

{1 =80 = [F ) + TW ()L ])} s = 2|

1(1 = 65) Al + 65 Agn — 2|

(1= 0,) max [ALs(t) — Az(t)] + 05 max |Aga(t) — Az(1)

(18 s 40+ Z 00+ 7 W) [ 2 i)
(o + W)U (t, 2(1)) +W(u)/ W (¢, =(0))d0)|
+05 trerﬁ%(] o + F (VU (t, (1)) + W(V)/ U (L, gs(0))dl

(o + F ) (¢, 2(1) +W(u)/ W (¢, =(0))d0)|
(1 —6,) max [F(v)(%(t,ls(t) — % (L, 2(t)))

t€[0,T]

W) / (W (0,0,(0)) — 2 (0, 2(0)))de]
6, max | F () (% (b gs(t)) — % (1, 2(1)))

t€[0,T]

() / (U (£g2(0)) — U (6, 2(0)))dl|
(1= 6)[F (v) max |2 (1, £,(1)) — U (¢, =(2)|

t€[0,T)]
() s / (2 (0, 0. (0))de]]
+0,[F (v )tgfg% % (t,94(t)) — % (t,2(1))]
) / (% (€, 2(0)) — 2 (4, 2(0)))d]

(1= 0:)[F (v) Loy max [6:(1) — g (1)

+W (v) Ly max/ |0s(0) — z(0)|d¢]
t€[0,T]

0L () Ly o [9.(1)) — =(2)
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(3.4)

(3.5)

16s — =]l

151 — ]|
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IN

IN

IN

yLZ/tre%a%(/ lgs(€) — z(£)|dl]
(1= 0)[F W) +THW (v)Lay]|ls — 2|
+05[F (v) + TH (v) L]l gs — 2]|-

JAws — z|| = ax |Aw, () — Az(t)]
max [ + F (v )%(t,ws(t))+7/(u)/ W (0, w,(0))d

te[0,T]
(o + F VUt () + W (1) / 2 (£, =(0))d0)|
max |F (v)(% (t,ws(t)) — % (t,2(t)))

te[0,77]

() / (U (0 w,(0)) — (0, 2(0)))d0
Fv) max |2 (6w (b)) — (¢, =(1)

t€[0,T)

max/ (% (¢, ws(l ,2(0)))de]

tGOT]

F ()L max [w.(1) = =(0)

V) Ly max/ lws () — z(0)|de
t€[0,T]

[F () +TW (v)La]||ws — 2.

IAGs — =]l

max |A((t) — Az(t)]

t€[0,T)]

max o+ F O 1ua(0) + 70 [ (0 C0)

te[0,T]
(o + FWU(t, (1)) + # (V) / W (6, =(0))d0)
max |F (v)(% (t,(s(t) — X (¢, 2(t)))

te[0,7]

() / (W (0.¢.(0)) — 2 (0, 2(0)))d]
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(3.6) < ZF(v )féf??ﬁ]’%(t ,Gs(t) — % (2, 2(1))
() oy / (% (2, 6,(0) — 2 (€, 2(£)))dl|
< F(v )Lfytrgg§]le( )) — 2(t)]
+W L@tlg(?%/ |Cs(€) — z(€)|de
(3.7) < [FW)+TH (v)LallGs — 2|

Using (3.4), (3.5), (8.6) and (3.7), we obtain
o1 =2l < [FW)+TH (v)La)
(3.8) {1 = 8:Bs(1 = [F(v) + TH (v)La])}|ls — 2.

From assumption (C5), (3.8) reduces into
(3.9) [ls11 — qll < {1 —=6:8:(1 = [F(v) + TH (v)La ) }HIls — 2.

Inductively, from ([3.9), we have
(3.10) |lleyr — 2 < |l — 2 {1 = 681 = [F(v) + T# (v)Lu])}.

Since 0,, §, € [0, 1] for all » € N, then from assumption (C,) we get
1-0,.6,(1=[F(w)+TW (v)Ly]) < 1.

From classical analysis, we know that 1 — ¢ < e~* for all ¢ € [0, 1]. Thus, (3.10)

becomes

1lgir — 2|| < ||l — ZHef{lférﬁr(lf[f‘(VHT“///(V)L%])}Zi:o orBr

which yields lim ||¢; — z|| = 0. O
S§—00

REFERENCES

1. M.S. ABDO, K. SHAH, H.A. WAHASH, S. PANCHAL: On a comprehensive model of the
novel coronavirus (COVID-19) under Mittag-Leffler derivative, Chaos, Solitons and Fractals,
135 (2020), 109867.



44

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

F.A. Adie, G.I. Ogban, S.E. Ekoro, O. Joseph, and A.E. Ofem

. T. ABDELJAWAD, D. BALEANU: On fractional derivatives with exponential kernel and their
discrete version, Rep. Math. Phys, 80 (2017), 11-27.

. A. BEJENARU, M. POSTOLACHE: Partially projective algorithm for the split feasibility problem
with visualization of the solution set, Symmetry, 12(4) (2020), art.608.

. M. CAPUTO, M. FABRIZIO: A new definition of fractional derivative without singular kernel,
Prog. Fract. Differ. Appl., 1(2) (2015), 73-85.

. T. CHEN, J. RUI, Q. WANG, Z. ZHAO, J. CUI, L. YIN: A mathematical model for simulating
the phase-based transmissibility of a novel coronavirus, Infect. Dis. Poverty 9, Article ID 24
(2020).

. R. CHUGH R, V. KUMAR, S. KUMAR: Strong convergence of a new three step iterative scheme
in Banach spaces, American J. Comp. Math., 2 (2012), 345-357.

. Q.L. DoNG, X.H. L1, D. KITKUAN, Y.J. CHO, P. KUMAM: Some algorithms for classes of
split feasibility problems involving paramonotone equilibria and convex optimization, Journal of
Inequalities and Applications, 2009 (2019), art. 77.

. C.D. ENYI, M.E. SOH: Modified gradient-projection algorithm for solving convex minimization
broblem in Hilbert spaces, IAENG International Journal of Applied Mathematics, 44(3), -44-
30-5.

. M. FENG, L. SHI, R. CHEN: Anew three-step iterative algorithm for solving the split feasibility

problem, U.P.B. Sci. Bull., Series A, 81(1) (2019), 93-102.

C. GARODIA, I. UDDIN: A new fixed point algorithm for finding the solution of a delay differ-

ential equation, AIMS Mathematics, 5(4)(2020), 3182-3200.

C. GARODIA, 1. UDDIN: Solution of a nonlinear integral equation via new fixed point iteration

process, arXiv:1809.03771v1 [math.FA].

F. GURSOY: Applications of normal S-iterative method to a nonlinear integral equation, Scien-

tific World Journal, Volume 2014, Article ID 943127, 5 pages.

F. GURSOY, V KARAKAYA: A Picard-S hybrid type iteration method for solving a differential

equation with retarded argument, (2014), arXiv:1403.2546v2.

G. HAMMERLIN, K. H. HOFFMANN: Numerical Mathematics, Springer, Berlin, (1991).

M. A. HARDER: Fixed point theory and stability results for fixed point iteration procedures, PhD

thesis, University of Missouri-Rolla, Missouri, (1998).

Q. HE, M. ZHAO: Strong convergence of a relaxed CQ algorithm for the split feasibility problem,

Journal of Inequalities and Applications, 2013 (2013), art.197.

A. HUSSAIN , D. BALEANU, M. ADEEL: Existence of solution and stability for the fractional

order novel coronavirus (nCoV-2019) model, Advances in Difference Equations, 2020 (2020),

art. 384.

I. KARAHAN, M. OZDEMIR: A general iterative method for approximation of fixed points and

their applications, Adv. Fixed Point Theory, 3 (2013), 510-526.

M.A. KHAN, A. ATANGANA: Modeling the dynamics of novel coronavirus (2019-nCov) with

fractional derivative, Alex. Eng. J., (2020), in press.



20

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

SOLUTION OF A FRACTIONAL ORDER MODEL OF NOVEL CORONAVIRUS (COVID-2019) 45

S. ISHIKAWA: Fixed points by a new iteration method, Proc. Am. Math. Soc., 44 (1974),
147-150.

W.R. MANN: Mean value methods in iteration, Proc. Am. Math. Soc., 4 (1953), 506-510.

K. MALEKNEJAD, M. HADIZADEH: A New computational method for Volterra—Fredholm inte-
gral equations, Comput. Math. Appl., 37 (1999), 1-8.

M. A. NOOR: New approximation schemes for general variational inequalities, J. Math. Anal.
Appl., 251 (2000), 217-229.

A.E. OFeM, U.E. UDOFIA, D.I. IGBOKWE: New iterative Algorithm for Solving Constrained
Convex Minimization Problem and Split Feasibility Problem, European Journal of Mathematical
Analysis, 1(2) (2021), 106-132.

D. PANT, R. SHUKLA: Approximating fixed points of generalize a-nonexpansive mappings in
Banach spaces, Numer. Funct. Anal. Optim., 38(2)(2017), 248-266.

W. PHUENGRATTANA, S. SUANTAL: On the rate of convergence of Mann, Ishikawa, Noor and
SP-iterations for continuous functions on an arbitrary interval, J. Comput. Appl. Math. 235
(2011), 3006-3014.

I. PODLUBNY: Fractional Differential Equations, Academic Press, New York, (1999).

F.A. RIHAN, C. TUNC, S.H. SAKER, S. LAKSHMANAN, R. RAKKIYAPPAN: Applications
of Delay Differential Equations in Biological Systems, Complexity, Volume 2018, Article ID
4584389, 3 pages.

J. SCHU: Weak and strong convergence to fixed points of asymptotically nonexpansive mappings,
B. Aust. Math. Soc., 43 (1991), 153-159.

H.F. SENTER, W.G. DOTSON: Approximating fixed points of nonexpansive mapping, Proc.
Amer. Math. Soc., 44 (1974), 375-380.

S.M. Sortuz, T. GROSAN: Data dependence for Ishikawa iteration when dealing with con-
tractive like operators, Fixed Point Theory Appl., 2008 (2008), art. 242916.

J. TANG, S. CHANG: Strong convergence theorem for two-step iterative algorithm for split
feasibility problems, Journal of Inequalities and Applications, 2014 (2014), art. 280.

X. WENG: Fixed point iteration for local strictly pseudocontractive mapping, Proc Am. Math.
Soc., 113 (1991), 727-731.

T. ZAMFIRESCU: Fixed point theorems in metric spaces, Arch. Math. (Basel), 23 (1972), 292~
298.

H.K. XU: Avariable Krasnosel’skii-Mann algorithm and the multiple-set split feasibility problem,
Inverse Probl., 22(6) (2006), 2021-2034.

H.K. XU: Iterative methods for the split feasibility problem in infinite-dimensional Hilbert spaces,
, Inverse Probl, 26 (2010), art. 105018, 17pp.

C. F. XuAN, C. JIN, H. WEIL: Anomalous diffusion and fractional advection- diffusion equation,
Acta Physica Sinica, 53 (2005), 1113-1117.

L. ZHENG, X. ZHANG: Variational iteration method and homotopy perturbation method, Mod-
eling and Analysis of Modern Fluid Problem, (2017).



46

F.A. Adie, G.I. Ogban, S.E. Ekoro, O. Joseph, and A.E. Ofem

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CROSS RIVER STATE, CALABAR, NIGERIA.

Email address: akomayefred@gmail.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CROSS RIVER STATE, CALABAR, NIGERIA.

Email address: amogban@yahoo.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALABAR, CALABAR, NIGERIA

Email address: nchewisamson@gmail.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALABAR, CALABAR, NIGERIA
Email address: oboyijoseph@unical.edu.ng

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UyO, UYO, NIGERIA.

Email address: ofemaustine@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main result
	References

