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SOME REMARKS ON FUZZY P-SPACES
G. Thangaraj' and A. Vinothkumar

ABSTRACT. In this paper, a condition which ensures the existence of fuzzy simply
open sets in a fuzzy P- space is obtained. It is established that disjoint fuzzy Gs-
sets in a fuzzy P-space are fuzzy cs dense sets. A condition for a fuzzy strongly
irresolvable and fuzzy globally disconnected space to become a fuzzy P-space is
obtained. It is established that fuzzy hyperconnected and fuzzy P-space is a fuzzy
D-Baire space. It is obtained that fuzzy extremally disconnected, fuzzy strongly
irresolvable and fuzzy P-space is a fuzzy semi-P space and fuzzy hyperconnected
and fuzzy P-space does not have disjoint fuzzy Gs-sets.

1. INTRODUCTION

Any application of mathematical concepts depends firmly and closely how one
introduces basic ideas that may yield various theories in various directions. If the
basic idea is suitably introduced, then not only the existing theories stand but also
the possibility of emerging new theories increases. The concept of fuzzy set as
a new approach for modelling uncertainties was introduced by L.A.Zadeh[31] in
1965. The concept of fuzzy topological spaces was introduced by C.L.Chang[3] in
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1968. Chang’s works paved the way for the subsequent tremendous growth of the
numerous fuzzy topological concepts.

In 1954, L.Gillman and M.Henriksen[6] defined and characterized the classes
of P-spaces. A.K.Mishra[9] introduced the concepts of P-spaces as a general-
ization of w,-additive spaces of Sikorski[10] and L.W.Cohen and C.Goffman[4].
Almost P-spaces in classical topology was introduced by A.I.Veksler[30] and was
also studied further by R.Levy[7]. The concept of P-spaces in fuzzy setting was
introduced by G.Balasubramanian[11]. The concepts of fuzzy almost P-spaces is
introduced and studied in [17].

In this paper, it is established that fuzzy o-boundary sets are fuzzy closed sets,
fuzzy co -o-boundary sets are fuzzy open sets and fuzzy Baire sets are fuzzy some-
where dense sets in fuzzy P-spaces. The condition which ensures the existence of
fuzzy simply open sets in fuzzy P-spaces is established by means of fuzzy boundary
of fuzzy sets. It is obtained that disjoint fuzzy Gs-sets in fuzzy P-spaces are fuzzy
cs dense sets. It is established that fuzzy P-spaces are fuzzy basically disconnected
and fuzzy almost P-spaces and fuzzy globally disconnected, fuzzy Baire and fuzzy
P-spaces are fuzzy D-Baire spaces. A condition for a fuzzy strongly irresolvable
and fuzzy globally disconnected space to become a fuzzy P-space is obtained. It
is established that fuzzy extremally disconnected, fuzzy strongly irresolvable and
fuzzy P-spaces are fuzzy semi-P spaces and fuzzy hyperconnected and fuzzy P-
spaces are not having disjoint fuzzy Gs-sets. It is obtained that fuzzy Baire sets in
fuzzy hyperconnected and fuzzy P-spaces, are fuzzy semi-open and fuzzy simply
open sets.

2. DEFINITION

Some basic notions and results used in the sequel, are given in order to make
the exposition self - contained. In this work by (X, 7T') or simply by X, we will
denote a fuzzy topological space due to Chang(1968). Let X be a non-empty set
and 7 the unit interval [0, 1]. A fuzzy set A in X is a mapping from X into /. The
fuzzy set Ox is defined as Ox (z) = 0, for all ze X and the fuzzy set 1y is defined
as 1y (z) =1, for all ze X.
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Definition 2.1. [3] Let (X, T) be a fuzzy topological space and \ be any fuzzy set in
(X, T). The interior, the closure and the complement of A are defined respectively as
follows:

(1) int(\) =V {n/p< A peTlh

Q) cdN)=A{p/A<pu, 1—peT}

(3) N(z)=1—=A(x) forallz € X.
For a family {\;/i € I} of fuzzy sets in (X, T), the union 1) = V; (\;) and intersection
d = N; (i), are defined respectively as

(4) Y(x) = sup{\i(x)/z eX}

(5) d(z) = infi{ i(z)/z eX}

Lemma 2.1. [1] For a fuzzy set A of a fuzzy topological space X,

(1) 1 —int(\) =cl(1 —\), and
(2) 1—cl(N) =int(l = N).

Definition 2.2. A fuzzy set ) in a fuzzy topological space (X, T) is called a
(1) fuzzy regular-open if A = int cl()\) and fuzzy regular-closed if A = cl int(\)
[1].
(2) fuzzy semi-open if A\ < cl int(\) and fuzzy semi-closed if int cl(\) < A[1].
(3) fuzzy Gs-set if A = A2, ()\;), where \; € T for i e I [2].
(4) fuzzy Fy-setif A = V2, (\;), where 1 — X\; e T foriel [2].

Definition 2.3. A fuzzy set \ in a fuzzy topological space (X, T) is called a

(1) fuzzy dense set if there exists no fuzzy closed set p in (X,T) such that A <
p < 1.Thatis, cl(\) =1,in (X, T) [12] .

(2) fuzzy nowhere dense set if there exists no non-zero fuzzy open set pin (X,T')
such that 1 < cl(N). That is, int cl(\) = 0, in (X, T) [12].

(3) fuzzy first category set if A = V5°,(\;), where (\;)’s are fuzzy nowhere dense
sets in (X,T). Any other fuzzy set in (X,T) is said to be of fuzzy second
category [12].

(4) fuzzy residual set if 1 — X is a fuzgy first category set in (X, T) [15].

(5) fuzzy somewhere dense set if there exists a non-zero fuzzy open set pin (X, T')
such that p < cl(X). Thatis, int cl(\) # 0,in (X, T) [13] and 1 — X is called
a fuzzy complement of fuzzy somewhere dense set in (X, T') and is denoted as
fuzzy cs dense set in (X, T) [23].
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(6) fuzzy o-boundary set if A = V$°,(u;), where p; = cl(X\;) A (1 —X\;) and (\;)'s
are fuzzy regular open sets in (X, T) [20].

(7) fuzzy co-o-boundary set if 1 — X is a fuzzy o-boundary set in (X,T) [20].

(8) fuzzy Baire set if A = u A d, where p is a fuzzy open set and ¢ is a fuzzy
residual set in (X, T) [20].

Definition 2.4. A fuzzy topological space (X, T) is called a

(1) fuzzy P-space if each fuzzy Gs-set in (X, T) is fuzzy open in (X,T) [11].

(2) fuzzy almost P-space if for every non-gzero fuzzy Gs-set Ain (X, T), int(\) # 0
in (X,T)[17].

(3) fuzzy globally disconnected space if each fuzzy semi-open set is fuzzy open in
(X,T) [24].

(4) fuzzy perfectly disconnected space if for any two non-gzero fuzzy sets A and p
defined on X with A <1 — p, cl(A\) <1 —cl(p), in (X,T) [25].

(5) fuzzy Baire space if int(V2,()\;)) = 0, where (\;)'s are fuzzy nowhere dense
setsin (X,T) [15].

(6) fuzzy extremally disconnected space if the closure of every fuzzy open set of
(X, T) is fuzzy open in (X, T) [5].

(7) fuzzy basically disconnected space if the closure of every fuzzy open F,-set of
(X, T) is fuzzy open in (X,T) [11].

(8) fuzzy F-space if A < 1 — u, where X and pu are fuzzy F,-sets, then there exist
fuzzy Gs-sets a and B in (X,T) such that A < o, p < fand o <1 — j,in
(X,T) [27].

(9) fuzzy strongly irresolvable space if for each fuzzy set A defined on X in (X, T),
c [int(\) V int(1—N)] =1,in (X,T) [28].

(10) fuzzy GID-space if for each fuzzy dense and fuzzy Gs-set Ain (X, T), cl int(\)

= 1,in (X, T) [18].

(11) fuzzy Moscow space if for each fuzzy open set A in (X, 1), cl(N\) = V§2,(6;),

where (6;)'s are fuzzy Gs-sets in (X, T) [29].

(12) fuzzy D-Baire space if every fuzzy first category set in (X,T) is a fuzzy

nowhere dense set in (X,T') [16].

(13) Fuzzy hyperconnected space if every non-null fuzzy open subset of (X, T) is

fuzzy dense in (X, T) [8].
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(14) fuzzy submaximal space if for each fuzzy set A in (X, T) such that cl()\) = 1,
AxeT [2].

Theorem 2.1. [28] If cl(\) = 1, for a fuzzy set \ defined on X in a fuzzy strongly
irresolvable space (X, T), then cl int(\) = 1,in (X, T).

Theorem 2.2. [18] (X,T) be a fuzzy topological space. Then, the following are
equivalent :

(1) (X,T)is a fuzzy GID-space.

(2) Each fuzzy dense and fuzzy Gs-set in (X, T) is fuzzy semi-open in (X, T).

Theorem 2.3. [21] If )\ is a fuzzy Baire set in a fuzzy topological space (X,T), then
there exists a fuzzy Gs-set nin (X,T) such that p N n < X, where u is a fuzzy open
setin (X, T).

Theorem 2.4. [20] If \ is a fuzzy o-boundary set in a fuzzy topological space (X, T),
then \ is a fuzzy F,-set in (X, T).

Theorem 2.5. [29] If \ is a fuzzy open set in the fuzzy Moscow space (X, T), then
there exists a fuzzy Gs-set v in (X, T) such that p < cl(\).

Theorem 2.6. [29] If n is a fuzzy closed set in a fuzzy Moscow space (X, T), then
there exists a fuzzy F,-set § in (X, T) such that int(n) < ¢

Theorem 2.7. [20] If v is a fuzzy co-o-boundary set in (X, T), then 1 — ~y is a fuzzy
o-boundary setin (X, T).

Theorem 2.8. [16] If (X,T) is a fuzzy D-Baire space, then (X,T) is a fuzzy Baire
space.

Theorem 2.9. [25] If (X, T) is a fuzzy perfectly disconnected space, then (X,T) is a
fuzzy extremally disconnected space.

Theorem 2.10. [24] If A is a fuzzy residual set in a fuzzy globally disconnected space
(X,T), then \is a fuzzy Gs-set in (X, T).

Theorem 2.11. [15] Let (X, T) be a fuzzy topological space. Then the following are
equivalent:

(1) (X,T) is an fuzzy Baire space.
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(2) int(N\) = 0, for every fuzzy first category set \in (X,T)
(3) cl(p) = 1, for every fuzzy residual set pin (X, T).

Theorem 2.12. [28] If cl(\) is a fuzzy open set for a fuzzy set \ defined on X in a
fuzzy strongly irresolvable space (X, T), then X is a fuzzy semi-open set in (X, T).

Theorem 2.13. [26] If (X, T) is a fuzzy perfectly disconnected space, then 0x and
1x are the only two fuzzy simply open sets in (X,T).

Theorem 2.14. [19] If a fuzzy topological space (X,T) is a fuzzy P-space, then
(X,T) is not a fuzzy D-Baire space.

Theorem 2.15. [17] If a fuzzy topological space (X, T) is a fuzzy almost P-space,
then (X, T) is a fuzzy second category space.

Theorem 2.16. [23] If the fuzzy set \ is an fuzzy cs dense set in a fuzzy hypercon-
nected space (X, T), then int(\) =0, in (X, T).

Theorem 2.17. [23] If \ is a fuzzy somewhere dense set in a fuzzy topological space
(X, T), then there exists a fuzzy regular closed set nin (X,T') such that n < cl(\).

Theorem 2.18. [22] If ) is a fuzzy semi-open set in a fuzzy topological space (X, T),
then )\ is a fuzzy simply open set in (X, T).

3. FUZZY P-SPACES

In this section several characterizations of fuzzy P-spaces are established.

Proposition 3.1. If \ is a fuzzy o-boundary set in a fuzzy P-space (X,T), then \ is
a fuzzy closed set in (X, T).

Proof. Let X\ be a fuzzy o-boundary set in (X,T'). Then, by Theorem 2.4, X is a
fuzzy F,-set in (X,T) and 1 — X is a Gs-set in (X, 7). Since (X, 7)) is a fuzzy P-
space, the fuzzy Gs-set 1 — X is a fuzzy open set in (X, T') and hence A is a fuzzy
closed set in (X, 7). O

Proposition 3.2. If ) is a fuzzy co -o- boundary set in a fuzzy P-space (X,T), then
A is a fuzzy open set in (X, T).



SOME REMARKS ON FUZZY P-SPACES 89

Proof. Let A be a fuzzy co-o-boundary setin (X, 7). Then, 1-)\ is a fuzzy o-boundary
set in (X, 7). Since (X,T) is a fuzzy P-space, by Proposition 3.1, 1-) is a fuzzy
closed set in (X, T') and thus \ is a fuzzy open set in (X, 7). O

Remark 3.1. In view of the above propositions, one will have the following result:
“Fuzzy o-boundary sets are fuzzy closed F,- sets and fuzzy co-o-boundary sets are
fuzzy open Gs-sets in fuzzy P-spaces."

Proposition 3.3. If \ is a fuzzy Baire set in a fuzzy P-space (X, T'), then
(1) int(A) # 0, in (X, T);
(ii) A is a fuzzy somewhere dense set in (X, T).

Proof.

(i) Let X\ be a fuzzy Baire set in (X, T). Then, by Theorem 2.3, there exists a
fuzzy Gs-set nin (X, T) such that u An < A\, where p is a fuzzy open set in (X, 7).
Since (X, T) is a fuzzy P-space, the fuzzy Gs-set 7 is a fuzzy open set in (X, 7).
Let v = u A n. Then, ~ is a fuzzy open set in (X, T). Hence, for the fuzzy Baire set
A, there exists a fuzzy open set v in (X, 7') such that v < A. Thus, int(\) # 0, in
(X, 7).

(ii) Now int(\) < int cl()), implies that int cl/(\) # 0, in (X,T). Hence A is a
fuzzy somewhere dense set in (X, 7). O

Proposition 3.4. If (\;)'s (i = 1 to 0o) are fuzzy sets defined on X in a fuzzy P-space
(X, T), then V52, [bd(\;)] is a fuzzy closed set in (X, T).

Proof. Let (\;)'s (i = 1 to co) be fuzzy sets defined on X in (X, T). Then, bd (\;) =
cl(A;) A (1= X;) and bd()\;) is a fuzzy closed set in (X, 7). Now V2, [bd(N;)] is
a fuzzy F,-set in (X, 7). Since (X, 7)) is a fuzzy P-space, Vi°,[bd (\;)] is a fuzzy
closed setin (X, T). O

Proposition 3.5. If int(V2, [bd();)]) = 0, where (\;)'s (i = 1 to co) are fuzzy sets
defined on X in a fuzzy P-space (X,T), then (\;)'s are fuzzy simply open sets in
(X,T).

Proof. Let (\;)'s (i = 1 to o) be fuzzy sets defined on X in (X, T). Since (X,T)
is a fuzzy P-space, by proposition 3.4, V2, [bd ()\;)] is a fuzzy closed set in
(X,T). Then, cl (V2 [bd (Ni)]) = V2, [bd (N\;)] in (X,T) and this implies that
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int el (V2 [bd (N;)]) = int (V2 [bd (\;)]). By hypothesis, int (V2 [bd (N\;)]) =0
and then int cl (V52 [bd (A\;)]) = 0. Now V2 int ¢l [bd (A;)] < int cl (V52,[bd (A\)]),
implies that V2 int ¢l [bd ()\;)] < 0. That is, V52 int ¢l [bd (\;)] = 0 and this im-
plies that int cl[bd (\;)] = 0, in (X, T). Hence ()\;)’s are fuzzy simply open sets in
(X,T). 0

Proposition 3.6. If A\ and pu are fuzzy Gs-sets in a fuzzy P-space (X,T) such that
AN p =0, then
(1) cl(N) #1land cl(p) # 1,in (X, T).
(2) 1-Xand 1—p are fuzzy somewhere dense setsin (X, T) and (1-\) A (1—p) =
lin (X,T).

Proof.

(i) Let A and p be fuzzy Gs-sets in (X, T') such that A A u = 0. Since (X, T) is a
fuzzy P-space, A and p are fuzzy open sets in (X, 7). Now A A p = 0, implies that
A < 1 — u and then int(\) < int(1 — p). By Lemma 2.1, int(1 — p) = 1 — cl(p),
in (X, 7). Then, A <1 —¢l(pn) and cl(u) < 1 — A. Since 1 — ) is a fuzzy closed set
in (X,7), cl(p) # 1,in (X, T). Also A < 1 — p, implies that c/(\) < ¢l(1 — u) and
cd(N) < 1—int(p) =1—p,in (X, 7). Since 1 — u is a fuzzy closed set in (X, T,
cd(N) #1in (X, 7).

(ii) By(d), cl(\) # 1 and then 1 —cl(\) # 0. This implies that int(1—\) # 0. Since
int(1 — A) <iint cl(1 — X),int cl(1 — X) # 0 and thus 1 — X is a fuzzy somewhere
dense set in (X, 7). Now cl(u) # 1 and then 1 — ¢l(u) # 0. This implies, by Lemma
2.1, that int(1 — u) # 0. Since int(1 — pu) <int cl(1 — p), int cl(1 — ) # 0 and thus
1 — p is a fuzzy somewhere dense set in (X, 7). Hence 1 — X and 1 — y are fuzzy
somewhere dense setsin (X, 7). Now (1 = ANV (1 —u)=1—-AApu)=1-0=1.
Hence (1 — \) V(1 — u) = 1, where 1 — X\ and 1 — p are fuzzy somewhere dense
sets in (X, T). O

Proposition 3.7. If A and u are fuzzy Gs-sets in a fuzzy P-space (X, T), such that
AN =0, then A and p are fuzzy cs dense sets in (X, T).

Proof. Let A and p be fuzzy Gs-sets in (X, 7T') such that A A p = 0. Since (X, T) is a
fuzzy P-space, by proposition 3.6 (ii), 1 — A and 1 — p are fuzzy somewhere dense
sets in (X, T') and then A and p are fuzzy cs dense sets in (X, T). O
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Proposition 3.8. If \ is a fuzzy Gs-set in a fuzzy almost P-space (X, T'), then int(\)
is a fuzzy Gs-set in (X, T).

Proof. Let \ be a fuzzy Gs-set in (X, 7). Then, A = A2, (\;), where \; ¢ T Since
(X, T) is a fuzzy almost P-space, int(\) # 0, in (X,T) and int(\) is a fuzzy open
set in (X, T). Now int(\) < A, int(\) = int(\) A X = int(\) A [A_,(\)] and thus
int(\) is a fuzzy Gs-set in (X, 7). O

Proposition 3.9. If \ is a fuzzy Baire set in a fuzzy P-space (X,T), then there exists
a fuzzy regular closed set nin (X, T) such that n < cl(\).

Proof. Let A\ be a fuzzy Baire set in (X,7’). Since (X,T') is a fuzzy P-space, by
Proposition 3.3 (ii), A is a fuzzy somewhere dense set in (X, 7"). Then, by Theorem
2.17, there exists a fuzzy regular closed set 7 in (X, T") such that n < cl()). O

4. FUZZY P-SPACES AND OTHER TOPOLOGICAL SPACES

Proposition 4.1. If a fuzzy topological space (X, T) is a fuzzy P-space, then (X,T) is
a fuzzy basically disconnected space.

Proof. Let A be a fuzzy open F,-set in (X, T). Then, 1 — A is a fuzzy closed Gs-set
n (X, T). Since (X, T) is a fuzzy P-space, the fuzzy Gs-set 1 — X is a fuzzy open
set and thus int(1 — \) = 1 — A, in (X, 7). By Lemma 2.1, int(1 — A\) = 1 — ¢l(\)
and then 1 — ¢l(\) = 1 — \. This implies that ¢/(\) = A and X € T, implies that ci(\)
is fuzzy open in (X, T'). Hence (X, T) is a fuzzy basically disconnected space. [

Example 1. Let X = {a,b,c}. Let I = [0, 1]. The fuzzy sets «, 3, and =, are defined
on X, as follows:
a: X — I is defined by a(a) =
ﬂ:X—)IisdeﬁnedbyB(a):05 B
v : X — [ is defined by v(a) = 0.4; ~(b) = 0.5; ~(c) = 0.6;
0 : X — I is defined by 0(a) = 0.4; 0(b) = 0.5; ~(c) = 0.6,
Then, T = {0,«, 5, v, aVp, aVvy, BVy, aAB, aAy, BAv, 1} is a fuzzy topology on
X. By computation aAy = a AL Ay A (aVB) A (aVy) A (BVY) A (aAB) A (BAY)
and o Ay are fuzzy Gs-sets in (X,T) and o Ay e T, implies that (X, T) is a fuzzy P-
spaces. By computation one can find that
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I—(aAy)=(1-a) V (1=7) V A-[ar8) Vv (1—[8A);

1=B=(1—-[aVA)V(I—-laVval) V (1-[8VA) V1 —-[aAB):
l—(anp)=(1—-a) VvV (1-0)vV(1—=[BVy]),and 1 —(aAvy), 1—Fand 1 — (aAp)
are fuzzy F,-setsin (X, T)and 1 — (aAy)(=aV~y),1=B(=B),17(aAB) (=B V7y)
are fuzzy open sets in (X, T).

Alsocl(l—aNy)=1—(aAny)=a V yeT.

cd(l—=p)=1—-0=p€T.

dA(l—(anp)=1—(aNp)=0V~yeT.

Hence (X, T) is a fuzzy basically disconnected space.

Remark 4.1. The converse of the above proposition need not be true. That is, a fuzzy
basically disconnected space need not be a fuzzy P-space. For, consider the following:

Example 2. Let X = {a,b,c}. Let [ = |0, 1]. The fuzzy sets «, y, v, and 6 are defined
on X, as follows:

a: X — [ is defined by a(a) = 0.5; a(b) = 0.6; a(c) = 0.4;
p: X — I is defined by (a) = 0.4; B(b) = 0.5, (c) = 0.6;
v : X — I is defined by v(a) = 0.6; v(b) = 0.4; ~v(c) = 0.5;

0 : X — I is defined by 0(a) = 0.5; 0(b) = 0.5; 0(c) = 0.5;
Then, T ={0,«, B, v, aV B, aVy, BVy, aAB, aAy, BAYy, (aV[BAY]), (BV][aA
), (VIaAB), (@ABVAD, (BAlaval), (YATaVB), [aVBVAL [aABAA], 1}
is a fuzzy topology on X. By computation, one can find that

(aVy), (BVy), BA(aVy)and a V B V v are fuzzy F,-sets in (X,T)

cdlavy)=1—(BAy)=aV~yeT

d(BVy)=1—(anpB)=BVyeTl

dlf NMavy)=1=7V(aAB)=BA(aVy)eT

cdla VigVy)=1l—-(aANBAy)=aV BV yeTl.
Hence (X, T) is a fuzzy basically disconnected space. Since 0 is a fuzzy Gs-set but not
a fuzzy open set in (X, T), (X, T) is a fuzzy P-spaces

The following proposition gives a condition for a fuzzy strongly irresolvable and
fuzzy globally disconnected space to become a fuzzy P-space.

Proposition 4.2. If each fuzzy Gs-set is a fuzzy dense set in a fuzzy strongly irresolv-
able and fuzzy globally disconnected space (X, T), then (X, T) is a fuzzy P-space.
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Proof. Let A\ be a fuzzy Gs-set in (X, T). By hypothesis, X is a fuzzy dense set
in (X, 7). Since (X,T) is a fuzzy strongly irresolvable space, by Theorem 2.1,
cl(\) = 1 implies that ¢l int(A\) = 1, in (X, T). Then, A < ¢l int()\) and thus ) is a
fuzzy semi-open set in (X, 7). Since (X, T') is a fuzzy globally disconnected space,
the fuzzy semi-open set A is fuzzy open in (X, 7). Thus, the fuzzy Gjs-set is fuzzy
open in (X, T), implies that (X, T') is a fuzzy P-space. O

The following proposition gives a condition for a fuzzy globally disconnected
and fuzzy GID-space to become a fuzzy P-space.

Proposition 4.3. If each fuzzy Gs-set is a fuzzy dense set in a fuzzy globally discon-
nected and fuzzy GID-space (X, T), then (X,T) is a fuzzy P-space.

Proof. Let A be a fuzzy Gs-set in (X, T). By hypothesis, ) is a fuzzy dense set in
(X,T). Thus, X\ is a fuzzy dense and fuzzy Gs-set in (X, 7). Since (X,T) is the
fuzzy GID-space, by theorem 2.2, ) is a fuzzy semi-open set in (X, T"). Also since
(X,T) is a fuzzy globally disconnected space, the fuzzy semi-open set ) is fuzzy
openin (X, 7). Thus, the fuzzy Gs-set A is fuzzy open in (X, T'), implies that (X, T)
is a fuzzy P-space. 0

Proposition 4.4. If A is a fuzzy o- boundary set in a fuzzy Moscow and fuzzy P-space
(X, T), then there exists a fuzzy F,-set ¢ in (X, T) such that int(\) < 0.

Proof. Let A be a fuzzy o-boundary set in (X, 7). Since (X, T) is a fuzzy P-space,
by Proposition 3.1, A is a fuzzy closed set in (X, T"). Then,1 — X is a fuzzy open set
in (X, T). Since(X,T) is the fuzzy Moscow space, by Theorem 2.5, there exists a
fuzzy Gs-set pin (X, T') such that 4 < ¢l(1—\). By Lemma 2.1, cl(1—-)\) = 1—int(\)
and thus p < 1 — int(\). This implies that int(\) < 1 — p. Let § = 1 — p. Then, §
is the fuzzy F,-set in (X, T). Thus, for the fuzzy o-boundary set A in (X, T), there
exists a fuzzy F,-set § in (X, 7T’) such that int(\) < 4. O

Proposition 4.5. If \ is a fuzzy o- boundary set in a fuzzy Moscow and fuzzy P-space
(X,T), then clint(\) # 1,in (X, T).

Proof. Let A be a fuzzy o-boundary set in (X, 7). Since (X, T) is a fuzzy P-space,
by Proposition 3.1, X is a fuzzy closed set in (X, T"). Then, 1 — A is a fuzzy open
set in (X, 7). Since (X, T) is a fuzzy Moscow space, by Theorem 2.5, there exists
a fuzzy Gs-set pin (X, T') such that u < cl(1 — \). Since (X, T) is a fuzzy P-space,
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the fuzzy Gs-set u is fuzzy open in (X,7T') and thus int cl/(1 — \) # 0 and then
1 —clint(N\) # 0,1in (X, T). This implies that ¢l int(\) # 1, in (X, T). O

Proposition 4.6. If \ is a fuzzy co-o-boundary set in a fuzzy Moscow and fuzzy
P-space (X, T), then X is a fuzzy somewhere dense set in (X, T).

Proof. Let A\ be a fuzzy co-o-boundary set in (X,7"). Then, 1 — \ is a fuzzy o-
boundary set in (X, T"). Since the fuzzy topological space (X, T) is a fuzzy Moscow
and fuzzy P-space, by Proposition 4.5, cl int(1 — A) # 1, in (X, 7). By Lemma 2.1,
clint(l—X) =1—int cl()\), in (X, T). This implies that 1 —int cl(\) # 1, in (X, T)
and then int cl(\) # 0. Hence )\ is a fuzzy somewhere dense set in (X, 7). O

Proposition 4.7. If the fuzzy topological space (X,T') is a fuzzy F-space and fuzzy
P-space and « and ( are fuzzy closed sets such that o A 5 =0, in (X, T), then there
exist fuzzy open sets v and n in (X, T) such that« < yand f < nandy < 1—n.

Proof. Suppose that a and f are fuzzy closed sets such that o A =0, in (X, 7).
Now o A B =0, implies that o« < 1 — fin (X, T). Consider the fuzzy sets A and p
defined as follows:

A=aV (Vg (6:),

p= 0V (Vi (6:),
where (6;))’s are fuzzy closed sets in (X,T'). Then, A and u are fuzzy F,-sets in
(X,T) and @ < X and 8 < p. This implies that o < Aand 1 —p < 1 - 3. If
A < 1 — p, in the fuzzy F-space (X, T), then there exist fuzzy Gs-sets v and 7 in
(X,T)suchthat \ < ~,u < pandy < 1—n. Since (X,T) is a fuzzy P-space,
the fuzzy Gs-sets v and n are fuzzy open sets in (X, 7). Then,« < A < v and
f < pu < pand~y <1 —n. Thus, for the fuzzy closed sets « and (5 in (X, T") such
that « A = 0, there exist fuzzy open sets v and 7 in (X, 7) such that « < 7 and
B <nandy<1l-n. O

Proposition 4.8. If \ is a fuzzy Gs-set in a fuzzy extremally disconnected and fuzzy
P-space (X, T), then cl()\) is a fuzzy open set in (X, T).

Proof. Let A be a fuzzy Gs-set in (X, T). Since (X, T) is a fuzzy P-space, the fuzzy
Gs-set \ is a fuzzy open set in (X, 7). Also since (X,7) is a fuzzy extremally
disconnected space, cl()\) is a fuzzy open set in (X, T). O
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Proposition 4.9. If A is a fuzzy Gs-set in a fuzzy perfectly disconnected and fuzzy
P-space (X, T), then cl()\) is a fuzzy open set in (X, T).

Proof. Let A be a fuzzy Gs-set in (X, T). Since (X, T) is a fuzzy P-space, the fuzzy
G- set A is a fuzzy open set in (X, T'). Also since (X, T) is a fuzzy perfectly dis-
connected space, by Theorem 2.9,(X, T') is a fuzzy extremally disconnected space.
and thus (X, 7T) is a fuzzy extremally disconnected and fuzzy P-space. Then, by
Proposition 4.8, cl()\) is a fuzzy open set in (X, T). O

The following propositions show that fuzzy residual sets are fuzzy open sets and
fuzzy first category sets are fuzzy closed sets in fuzzy globally disconnected and
fuzzy P-spaces.

Proposition 4.10. If \ is a fuzzy residual set in a fuzzy globally disconnected and
fuzzy P-space (X, T), then \ is a fuzzy open set in (X, T).

Proof. Let A be a fuzzy residual set in (X, 7T'). Since (X, T) is a fuzzy globally dis-
connected space, by Theorem 2.10, ) is a fuzzy Gs-set in (X, T"). Also since (X, T)
is a fuzzy P-space, the fuzzy Gs-set )\ is a fuzzy open set in (X, T'). Thus, the fuzzy
residual set in a fuzzy globally disconnected and fuzzy P-space (X,T) is a fuzzy
open set in (X, T). O

Proposition 4.11. If \ is a fuzgy first category set in a fuzzy globally disconnected
and fuzzy P-space (X, T), then \ is a fuzzy closed set in (X, T).

Proof. Let A be a fuzzy first category set in (X, 7). Then, 1 — A is a fuzzy residual
set in (X, 7). Since (X, T) is a fuzzy globally disconnected and fuzzy P-space, by
Proposition 4.10, 1 — A is a fuzzy open set in (X, 7T") and hence ) is a fuzzy closed
setin (X, T). O

Proposition 4.12. If )\ is a fuzzy first category set in a fuzzy globally disconnected,
fuzzy Baire and fuzzy P-space (X,T), then \ is a fuzzy nowhere dense set in (X, T).

Proof. Let A be a fuzzy first category set in (X, 7). Since (X, T) is a fuzzy globally
disconnected and fuzzy P-space, by Proposition 4.11, )\ is a fuzzy closed set in
(X, T). Also since (X,T) is a fuzzy Baire space, by Theorem 2.11, int(\) = 0, in
(X,T). This implies that int cl(\) = int(\) = 0, in (X,T). Hence X is a fuzzy
nowhere dense set in (X, 7). O
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Proposition 4.13. If (X, T) is a fuzzy globally disconnected, fuzzy Baire and fuzzy
P-space, then (X, T) is a fuzzy D-Baire space.

Proof. Let A be a fuzzy first category set in (X, 7). Since (X, T) is a fuzzy globally
disconnected, fuzzy Baire and fuzzy P-space, by Proposition 4.12, \ is a fuzzy
nowhere dense set in (X, 7") and hence (X, T) is a fuzzy D-Baire space. O

Remark 4.2. The converse of the above proposition need not be true. That is, a
fuzzy D-Baire space need not be a fuzzy globally disconnected space. For, consider the
following example:

Example 3. Let X = {a,b,c}. Let I = [0,1]. The fuzzy sets \, u, 7, 6, n, o, 3, and o
are defined on X, as follows:

A: X —[0,1] is defined by A(a) = 0.7; A(b) = 0.6; A(c) = 0.2;
p: X — [0, 1] is defined by p(a) = 0.5; u(b) = 0.4; p(c) =0.8;
v X — [0, 1] is defined by v(a) = 0.5; ~v(b) = 0.3; v(c) = 0.6;
§: X — [0, 1] is defined by 6(a) = 0.2; 6(b) =0.3; d(c) =0.7;

n: X — [0, 1] is defined by n(a) = 0.3; n(b) = 0.4; n(c) =0.1;

a: X —|[0,1] is defined by a(a) = 0.2; a(b) = 0.4; a(c) =0.3;
p: X — [0,1] is defined by 5(a) = 0.3; f(b) =04, B(c) =0.7;

(
o: X — [0,1] is defined by o(a) = 0.5; o(b) = 0.5; o(c) =0.8;
Then, T = {0, A, p, v, AV, AV, AN, ANy, vV [AAu|, 1} is a fuzzy topology
on X. By computation, one can find that cl(\) = 1; int(1 — X) =0
(

clp)=1—(AAp); int(1—p) = (AAp).
dly)=1=AAp);  int(l—7)=AAp).
cA(AV ) =1; int(l—[AVpu])=0
cd(AVy) =1, int(l—[AV~y])=0
AdANp)=1—p; int(1—[AAp]) = p.
cA(AVy)=1—pu; int(1—[AA7Y]) = p.

dlyVAAp)=1—=AAp);  int(l—[VAAP)=AAp0
The fuzzy nowhere dense sets in (X,T)are 1 — A\, 1 —(AApu), 1 —(AV~),d, nand
a.Also f=6vVnVaandl —A=(1-XNV[1I—-AAp]VI[L—(AV~)]. Then, g
and 1 — X are fuzzy first category sets in (X, T). Now int cl($) = int(1 — X\) = 0 and
int cl(1 — X\) = int(1 — X\) = 0 and thus the fuzzy first category sets f and 1 — X are
fuzzy nowhere dense sets in (X, T). Hence (X, T) is a fuzzy D- Baire space.
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Also cl int(o) = cl(p) =1 — [AA ] and o < cl int(o) implies that o is a fuzzy
semi-open set in (X,T). But o is not a fuzzy open set in (X,T), and this implies that
(X, T) is not a fuzzy globally disconnected space.

Proposition 4.14. If the fuzzy topological space (X,T) is a fuzzy hyperconnected
space, then (X, T') is not a fuzzy D-Baire space.

Proof. Let (\;)'s (1 = 1 to o) be fuzzy open sets in (X, T'). Since (X, T) is a fuzzy
hyperconnected space, ()\;)’s are fuzzy dense sets in (X, 7). Then, cl()\;) = 1, in
(X,T). Now int cl(1 — N\;) = 1 —clint(\;)) = 1 —cl(N\;) = 1 —1 = 0 and thus
(1 — \;)'s are fuzzy nowhere dense sets in (X, 7). Let u = V2,(1 — \;) and then
p is a fuzzy first category set in (X, 7). Now int cl(p) = int cl(V2 (1 — )\)) =

int cl(1=A2,(N)) =1—clint(A2,(N)) > 1—cl(A2,(N)) > 1—cl(N)=1-1=0
and int cl(p) > 0. Thus p is not a fuzzy nowhere dense set in (X, 7"). Hence (X, T)
is not a fuzzy D-Baire space. O

Remark 4.3. It is to noted that from Proposition 4.14, a fuzzy hyperconnected space
is not a fuzzy D-Baire space and by Theorem 2.14, a fuzzy P-space is not a fuzzy
D-Baire space.

The following proposition shows that a fuzzy hyperconnected and fuzzy
P-space is a fuzzy D-Baire space.

Proposition 4.15. If the fuzzy topological space (X, T) is a fuzzy hyperconnected
and fuzzy P-space, then (X, T) is a fuzzy D-Baire space.

Proof. Let A be a fuzzy first category set in (X, 7). Then, A = v, ()\;), where ();)’s
are fuzzy nowhere dense sets in (X, 7T"). Now 1 —cl();) is a fuzzy open setin (X, T).
Let p = A2, [1 — cl(N;)] is a fuzzy Gs-set in (X, T). Now p = AP, [1 — cl(N)] =
I —[Vve2iel(N)] <1 —=Vv2(N) =1—A Thus p < 1 — A Since (X,T) is a fuzzy
P-space, the fuzzy Gs-set p is a fuzzy open set in (X,7") and then int cl(\) <
int cl(1 —p) =1—clint(u) =1 — cl(u). Since (X, T) is a fuzzy hyperconnected
space, for the fuzzy open set y, cl(1) = 1 and then int cl(\) <1 —1 = 0. That is,
int cl(\) = 0. Thus, A is a fuzzy nowhere dense set in (X, 7") and hence (X,T) is a
fuzzy D-Baire space. ]
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Remark 4.4. The converse of the above proposition need not be true. That is, a fuzzy
D-Baire space need not be a fuzzy hyperconnected space. For, consider the following
example:

Example 4. Let X = {a,b,c}. Let I = [0, 1]. The fuzzy sets \, u, v, 6, p, and 0 are
defined on X, as follows:

A X — [0,1] is defined by A(a) = 0.5; A(b) = 0.3; A(c) = 0.5;
— [0, 1] is defined by p(a) = 0.6; p(b) = 0.5; p(c) =0.7;
— [0, 1] is defined by v(a) = 0.5; v(b) = 0.4; ~(c) = 0.6;

[0, 1] is defined by §(a) = 0.5; §(b) = O.ti; d(c) =0.7;
— [0,1] is deﬁned by p(a) = 0. 7; p(b) = 0.8; p(c) = 0.6;
[0, 1]

TSI 2 =

Then, T = {0,\, pu, v, 1} is afuzzy topology on X. By computation, it follows
that cl(A\) =1 =X, cl(p) = 1,c(y) =1, c(d) =1land cl(1 —6) = 1 =, cl(p) =
Lc(l—p)=1—7,in (X,T). Also, int(1 — X\) = X, int(1 —pu) =0, int(1 — ) =0,
int(1—6) = 0,int(1—p) = 0, in (X, T). By computation int cl(1—pu) = int(1—u) = 0;
int cl(1—7) = int(1—y) = 0;int cl(1—0) = int(1—y) = 0;int cl(1—p) = int(1—y) =
0,in (X,T). Thus, 1 —p, 1 —v,1—¢ and 1 — p are fuzzy nowhere dense sets in (X, T)
andl —y=(1—-p) VA —-y) V{1 =6 V(Il—-plandd=(1—pu)Vv(1—-0)V(1-p),
implies that 1 — ~ and 0 are fuzzy first category sets in (X, T'). Also, by computation,
int cl(#) = 0 and 0 is a fuzzy nowhere dense set in (X,T'). Hence (X,T) is a fuzzy
D-Baire space. Since cl(A\) = 1 — X\, X\ is not a fuzzy dense set in (X,T) and thus
(X, T) is not a fuzzy hyperconnected space.

Also in example 3, (X, T) is a fuzzy D- Baire space but not a fuzzy hyperconnected
space, since cl(y) = 1 — (A A pu), the fuzzy open set «y is not a fuzzy dense set in (X, T).

Proposition 4.16. If \ is a fuzzy Gs-set in a fuzzy extremally disconnected, fuzzy
strongly irresolvable and fuzzy P-space (X,T), then

(1) Xis a fuzzy semi-open set in (X, T).
(2) cl()) is a fuzzy regular closed set in (X, T).

Proof.
(i) Let A be a fuzzy Gs-set in (X, T). Since (X, T) is a fuzzy extremally discon-
nected and fuzzy P-space, by proposition 4.8, cl()) is a fuzzy open set in (X, 7).
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Since (X, T) is a fuzzy strongly irresolvable space, by theorem 2.12, \ is a fuzzy
semi-open set in (X, 7).

(i) By (i), A < clint(A) in (X,T). Then, cl(N\) < dlcl int(N)] = ¢l int(N) <
clint cl(N). Also cl int cl(X\) < ¢l cl(\) = ¢l(N). Thus, cl int cl(\) = cl(\) and hence
cl() is a fuzzy regular closed set in (X, 7). O

Definition 4.1. A fuzzy topological space (X,T) is called a fuzzy semi P-space if
each fuzzy Gs-set in (X, T) is a fuzzy semi-open set in (X, T).

Proposition 4.17. If the fuzzy topological space (X, T) is a fuzzy extremally discon-
nected, fuzzy strongly irresolvable and fuzzy P-space, then (X,T') is a fuzzy semi- P-
space.

Proof. Let X be a fuzzy Gs-set in (X, T). Since (X, T) is a fuzzy extremally discon-
nected fuzzy strongly irresolvable and fuzzy P-space, by Proposition 4.16(i), A is
a fuzzy semi-open set in (X, 7") and hence (X, T) is a fuzzy semi P-space. O

Proposition 4.18. If (X, T') is a fuzzy perfectly disconnected space and fuzzy P-space,
then int(V52,[bd (\;)]) # 0, where (\;)'s (i = 1 to oo) are fuzzy sets defined on X, in
(X, T).

Proof. Let (X, T) be a fuzzy perfectly disconnected and fuzzy P-space. Suppose
that int(v2,[bd (A\;)]) = 0, where (\;)’s (i = 1 to oo) are fuzzy sets defined on X,
in (X, T'). Then, by proposition 3.5, ()\;)’s are fuzzy simply open sets in (X, T"). But
this is a contradiction, since (X, T") is a fuzzy perfectly disconnected space in which
Ox and 1x are the only fuzzy simply open sets in (X, T'). Hence int(V52,[bd (\;)]) #
0,in (X, T). O

Proposition 4.19. If a fuzzy topological space (X, T) is a fuzzy P-space, then (X, T)
is a fuzzy basically disconnected and fuzzy almost P-space.

Proof. Let A be a fuzzy Gs-setin (X, T)). Since (X, T)) is a fuzzy P-space, \ is a fuzzy
open set and hence int(\) = A # 0, in (X, 7). This implies that (X, 7)) is a fuzzy
almost P-space. By proposition 4.1,(X, T') is a fuzzy basically disconnected space.
Hence (X, T) is a fuzzy basically disconnected and fuzzy almost P-space. Il

Proposition 4.20. If a fuzzy topological space (X, T) is a fuzzy P-space, then (X, T)
is a fuzzy basically disconnected and fuzzy second category space.
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Proof. The proof follows from Proposition 4.19 and Theorem 2.15. O

Proposition 4.21. If there are disjoint fuzzy Gs-sets in a fuzzy P-space (X, T'), then
(X, T) is not a fuzzy hyperconnected space.

Proof. Let A and p be fuzzy Gs-sets in (X, T') such that A A p = 0. Since (X, 7)) is
a fuzzy P-space, by proposition 3.7, the fuzzy Gs-sets A and p are fuzzy cs dense
sets in (X, 7). If (X,T) is a fuzzy hyperconnected space, then by Theorem 2.16,
for the fuzzy cs dense sets A and yu, one will have int(\) = 0 and int(u) = 0, in
(X,T), a contradiction to int(\) = X\ and int(u) = p in the fuzzy P-space (X, T).
Hence (X, T) is not a fuzzy hyperconnected space. O

Remark 4.5. In view of the above proposition, one will have the following result: “If
the fuzzy topological space (X, T) is a fuzzy hyperconnected and fuzzy P-space, then
(X, T) does not have disjoint fuzzy Gs-sets."

Proposition 4.22. If \ is a fuzzy Baire set in a fuzzy hyperconnected and fuzzy P-
space, then \ is a fuzzy semi-open set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, 7). Since (X,7) is a fuzzy P-space, by
Proposition 3.3(i), int(A) # 0, in (X, 7). Also since (X,T') is a fuzzy hypercon-
nected space, for the fuzzy open set int(\), cl int(\) = 1, and then A\ < ¢l int()) in
(X,T). Hence \ is a fuzzy semi-open set in (X, T). O

Proposition 4.23. If \ is a fuzzy Baire set in a fuzzy hyperconnected and fuzzy P-
space, then \ is a fuzzy simply open set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, 7). Since (X, 7)) is a fuzzy hyperconnected
and fuzzy P-space, by Proposition 4.22 , \ is a fuzzy semi-open set in (X, 7). By
Theorem 2.18, the fuzzy semi-open set \ is a fuzzy simply open set in (X, 7). O

CONCLUSION

In this paper, it is established that fuzzy o-boundary sets are fuzzy closed sets,
fuzzy co-o-boundary sets are fuzzy open sets and fuzzy Baire sets are fuzzy some-
where dense sets in fuzzy P-spaces. The condition which ensures the existence of
fuzzy simply open sets in fuzzy P-spaces is established by means of fuzzy bound-
ary of fuzzy sets. It is obtained that disjoint fuzzy Gs-sets in fuzzy P-spaces are
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fuzzy cs dense sets. It is established that fuzzy P-spaces are fuzzy basically discon-

nected, fuzzy almost P- spaces and fuzzy second category spaces. It is established

that fuzzy globally disconnected, fuzzy Baire and fuzzy P-spaces are fuzzy D-Baire

spaces and fuzzy hyperconnected and fuzzy P-spaces are fuzzy D-Baire spaces. A

condition for fuzzy strongly irresolvable and fuzzy globally disconnected spaces to

become fuzzy P-spaces is obtained. It is established that fuzzy extremally discon-

nected, fuzzy strongly irresolvable and fuzzy P-spaces are fuzzy semi- P spaces and

fuzzy hyperconnected and fuzzy P-spaces are not having disjoint fuzzy Gs-sets. It

is obtained that fuzzy Baire sets in fuzzy hyperconnected and fuzzy P-spaces, are

fuzzy semi-open and fuzzy simply open sets.
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