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PROPERLY HEREDITARY PROPERTIES FOR SPECIAL BITOPOLOGICAL
Bakr Alkasasbeh

ABSTRACT. In this paper we discuss some pairwise properly hereditary properties
concerning pairwise k- space, pairwise Baire space, and pairwise w-compact.

1. INTRODUCTION

The concept of bitopological spaces was initiated by Kelly [5]. Abitopological
space is an order triple (X, 71, 75) where X is a non-empty set and (7;, 7») are two
topologies on X. Since then several mathematicians studied various properties in
bitopological spaces and bitopological spaces turned to be an important field in
general topology, Fletcher, P., Hoyle, H. B. and Patty, C. W. (1969) [3]], Kim, Y.
W. (1968) [7], Fora, A. and Hdeib, H. (1983) [4], Kilicman, A. and Salleh, Z.
(2007) [6]. Several results were obtained in the above studies that generalize
topological properties in bitoplogical spaces. Still pairwise properly hereditary
properties are not investigated. In this paper we discuss some pairwise properly
hereditary properties and try to obtain various results concerning their properties.
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2. PROPERLY HEREDITARY PROPERTIES FOR SPECIAL BITOPOLOGICAL

Definition 2.1. [2] A topological property P is called properly (respectively, closed,
open, F,, Gs, etc.) hereditary property, if the following statement holds: if every
proper (respectively, closed, open, F,, G5, etc.) subspace has the property P, then the
whole space has the property P.

Definition 2.2. [9] A bitoplogical space (X, 11, 72) is said to be pairwise T if for any
pair of distinct points x and y in X , there exist T-open set U and 1,-open set V such
thatzeUyy¢ Uandz ¢ V,y € V.

Definition 2.3. [I5] A bitoplogical space (X, 11, 1) is said to be pairwise T5 if for any
pair of distinct points x and y in X, there exist 7i-open set U and ry-open set V such
thatz e Uy e Vand UNV = (.

Theorem 2.1. [1|] Let (X, 71, 72) be a bitoplogical space with more than two points.
Then if every proper subspace of X is pairwise 11, then X is pairwise 1.

Proof Let v #y in X and let z € X/{z,y}. Let A = X/{z}. Since (A, 714, T24)
is pairwise T3, then there exist 7, 4-open set U; and 7y4-open set V; such that
r e U,y ¢ U and z ¢ Vy,y € V3, and hence there are 7,-open set U and 7»-open
setVin Xsuchthat Uy =UnAand Vi =AnNV,zeU,y¢Uandz ¢ V,y V.

]

Theorem 2.2. [1] Let (X, 71, T2) be a bitoplogical space with more than two points.
Then if every proper subspace of X is pairwise T», then X is pairwise T.

Proof Let v # y in X and let z € X/{z,y}. Let A = X/{z}. Since (A, 714, 724)
is pairwise Ty, then there exist 73 4-open set U; and 7y4-open set V; such that
r €U,y ¢ Uyand ¢ Vi,y € Vi, and U; NV} = (). Thus there are 74-open
set U and m-open set Vin X such that Uy =UNAand V;, = AnNVixe e Uy ¢ U
andz ¢ ViyeVandUNV =0. O

Definition 2.4. [8] Let (X, 7, 1) be a bitoplogical space then:

(1) G is called pairwise open if and only if G is T,-open and T»-open in X.

(2) Fis called pairwise closed if and only if F is T1-open and t5-open in X.
Definition 2.5. [3] A cover U = U, : a € A is said to be pairwise open cover of X if

and only if U C 7 N1y and for each i € {1,2},U N 7; contains at least a non empty
set.
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Definition 2.6. [\3] A bitoplogical space (X, 11, T2) is said to be pairwise compact if
for every pairwise open cover of the space X has a finite subcover.

Definition 2.7. A subset U of bitopological space (X, 11,73) is called pairwise k- open
if for every pairwise compact subset K of X, U N K is 71- open ( 5 - open) in K.

Definition 2.8. A bitopological space (X, 11,72) is said to be pairwise k- space if every
71- open ( 15 - open) subset of X is T1- open ( 15 - open) in X.

Theorem 2.3. Pairwise k-space is properly hereditary property.

Proof. Let (X, 71,72) be a bitopological space. Since proper subspace of X is pairwise
T5 so X is pairwise T5. Let U be a nonempty pairwise proper subset of X such that
U N K is pairwise open in K. For each pairwise compact subset K of X. Let x|in X /U
and A = X/{z}, Then UNK 4 is pairwise open set in K 4 for each pairwise compact
subset K 4 of A, so U is pairwise open set in A, therefore, U is pairwise open set in
X. 0

Definition 2.9. A subset E of a bitopological space (X, 11, 72) is called pairwise dense
ifit clr;(E) = Xfor each i =1, 2.

Definition 2.10. A bitopological space X is a pairwise Baire space if and only if the
intersection of each pairwise countable family of pairwise dense pairwise open sets in
X is pairwise dense.

Theorem 2.4. If every proper subspace of X is a pairwise Baire subspace, the. X is a
pairwise Baire space.

Proof. Let (F,, : m € M) be a pairwise countable family of pairwise dense pairwise
open set in X. Let x € X/Npemr,,, then F,, /{z} is a pairwise dense pairwise open
setin A = X/{x} for all m € M. Because if not for some m, € M, then there exist
an pairwise open set V in A such that VN (F,,,/{z}) = 0, so VU{xz} is pairwise open
in X and hence (VU{z})NF,,, = {z}, is pairwise open in X, which is contradiction.
So, N"m € MF,,/{x} is a pairwise dense subset of A. Let U be an pairwise open
set in X, since ("m € MF,,/{z}) N (U/{x}) # 0, then ("m € MF,)NnU # 0.
Therefore, Nm € MF,, is a pairwise dense subset of X. O

Definition 2.11. A bitoplogical space (X, 11, 72) is said to be pairwise w-compact if for
every pairwise open cover of the space X has a finite subcover {U,o, U1, Ung, -+, Uan }
such that cl1;(Uyo U Uy U Uz, -+ ,Uyy) = X foreach i =1, 2.



128 Bakr Alkasasbeh

Definition 2.12. Let (X, 71, 72) be a bitopological space. If f is a real valued function
on X that is 7y-Isc and m»-use then {x € X : f(z) < 0} is a 7, zero-set with respect to
1, and {x € X : f(x) > 0} is a 7, zero-set with respect to 1,. A subset is called a T;
cozero-set if its complement is a 7; zero-set, i=1, 2.

Theorem 2.5. The pairwise w-compact is a closed hereditary property.

Proof. Let U = {U, : « € A} be a pairwise open cover of a bitoplogical space
(X, 71, 72). Pick U,y € U with U, # (). Let A = X/U,q, therefore (A, 714, 724) is
pairwise ¢ w-compact. Then U = {U, N A : a« € A} is a pairwise open cover of A,
hence it has finite subcover {U,; N A, Uy N A, ..., Uy, N A} such that clr;((Uy N
A)U (U N A), (U N A)) = A for eachi =1, 2. Let x € X and B any
pairwise cozero-set neighbourhood of x in X, if U,o N B # (), then cl7;((Uyo N A) U
(Usaa NA)YU (UpoMA), -+ ,UUs, NA)) = X for eachi =1,2. IfU,0U B = (),
then B is pairwise cozero-set neighbourhood of x in A, so (U, NA) U (Usy NA) U
(Usa MA), -+ \U(Upn N A) # 0) and x € cl1j(Uyg U Upy U Upg, - .., UU,,), then
ATi(Uao UUpy UUys, - -+ ,UU,,) = X foreachi =1, 2. O
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