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VARIATIONAL ANALYSIS OF AN ELASTIC-THERMO-VISCOPLASTIC
CONTACT PROBLEM WITH NORMAL DAMPED RESPONSE

Mohammed said Ferhat!, Adel Aissaoui, and Khezzani Rimi

ABSTRACT. We consider a quasistatic frictional contact problem between an elastic-
viscoplastic body and an obstacle. The contact is modelled with normal damped
response and a local friction law. The material is elastic-viscoplastic with two in-
ternal variables which may describe a temperature parameter and the damage of
the contacting surface. We provide a variational formulation of the problem and
prove the existence of a unique weak solution to the model. The proof is based on
arguments of evolution equations with monotone operators, a classical existence
and uniqueness result on parabolic inequalities and fixed point.

1. INTRODUCTION

In this work, we deal with a model for the frictional contact between an elastic
viscoplastic body and a reactive obstacle, the so-called foundation. Phenomena of
frictional contact between deformable bodies abound in the industry and everyday
life. A major problem related to the modelling of the contact phenomena which,
currently, is still under investigation, is the choice of the contact boundary condi-
tions. One of the most popular boundary conditions, used both in the engineering
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and the mathematical literature is the normal compliance condition. It was used
in a large number of papers, see [|8] and the references therein. Note that these
contact conditions, used in most of the related works on the subject, are formu-
lated in terms of the displacement field. However, when the contact surfaces are
lubricated, normal compliance conditions expressed in terms of the normal veloc-
ity seem to be more appropriate. Such kind of conditions, called normal damped
response conditions, have been used in various papers (see, e.g., [4,(9,/13,20] and
the references therein).

In the current paper, we assume that the foundation is deformable and that
there exists a thin lubricant layer located on the contact boundary between the
two bodies. Then, a normal damped response contact condition is considered and
the associated frictional law is also included.

The constitutive laws which utilize internal variables to characterize the chang-
ing state of a material during a deformation process have been proposed by several
investigators in recent years. The temperature is one of these internal state vari-
ables, considered by many authors, we can see [3,,9,(15].

The damage is another internal state variable, it is an extremely important topic
in design engineering, since it affects directly the useful life of the designed struc-
ture or component. There exists a very large engineering literature on it. General
models of mechanical damage, derived from thermodynamical considerations and
the virtual power principle, were introduced in [14]. Contact problems, involving
viscoelastic and viscoplastic materials and including the effect due to the damage,
were studied in [2},8},15]].

Various works in the study of elastic-viscoplastic materials can be found in [2,13,
19] and the references therein. Both quasistatic and dynamic problems involving
elastic-viscoplastic materials with thermal effect have studied in recent papers. For
such kinds of materials, the wear of the contacting surface was included in [[10],
the contact was modeled with normal compliance in [6], the adhesion field was
considered in [1]], the mathematical problem modeled with Tresca’s friction law
was studied in [21]. Then, in this paper we continue in this line of research,
where we extend a part of these results to more contact conditions for elastic-
thermo-viscoplastic materials.
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The aim of this paper is to study a quasistatic frictional contact problem for
general elastic-thermo-viscoplastic materials. For this, we consider a rate-type
constitutive equation with two internal variables of the form

o(t) = .A(s(ll(t))) + B(s(u(t))) +/0 g(a(s) — A(s(ﬁ(s))),s(u(s)),9(5),5(3))613,

in which u, o represent, respectively, the displacement field and the stress field,
0 represents the temperature, S is the damage field, A and B are nonlinear op-
erators describing the purely viscous and the elastic properties of the material,
respectively, and G is a nonlinear constitutive function which describes the vis-
coplastic behavior of the material.

In this paper the differential inclusion for the evolution of the damage field is

B~ k1A +dpk(B) 3 6(0.2(n), 0, ),
where K denotes the set of admissible damage functions defined by
K={e€V:0<{x)<1ae xe€Q},

k, represents the damage diffusion constant, assumed positive, ok is the indicator
function of the set K and Opg represents its subdifferential. ¢ is a given constitutive
function which describes the sources of the damage in the system which results
from tension or compression.

The evolution of the temperature field is governed by the heat equation, ob-
tained from the conservation of energy and defined by a differential equation for
the temperature of the form 6 —koAf = w(a, e(ua), 0, ﬁ) +q, where 1 is a nonlinear
constitutive function which represents the heat generated by the work of internal
forces and q is a given volume heat source.

The rest of the paper is structured as follows. In Section 2 we present the no-
tation we shall we use as well as some preliminaries. In Section 3 we present the
mechanical problem, list the assumptions on the data, give the variational formu-
lation of the problem and state our main existence and uniqueness result, Theorem
In section 4 we give the proof of Theorem based on arguments of evo-
lution equations with monotone operators, a classical existence and uniqueness
result on parabolic inequalities and fixed-point.
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2. NOTATIONS AND PRELIMINARIES

In this section we present the notation and some preliminary material which
will be used in the next sections. For further details, we refer reader to [11,17]].

We denote by S, the linear space of second order symmetric tensors on R? (d =
2, 3), while ” - 7 and | - | represent the inner product and Euclidean norm on R?
and S,, respectively.

Let 2 C R? be a bounded domain with a Lipschitz boundary I' and let v denote
the unit outer normal on I'. Here and throughout this paper, the indices 7 and j
run from 1 to d, the summation convention over repeated indices is adopted and
the index that follows a comma represents the partial derivative with respect to
the corresponding component of the independent spatial variable. Next, we use
the standard notation for Lebesgue and Sobolev spaces associated to §2 and I" and
introduce the spaces

H="L*M"={u=(4)|w e L*Q)}, H,={u€ H|e(u) € H},
H={7=(r;)|m; =1 € LV}, Hi={Tr€H|mn, €H}.
These are real Hilbert spaces endowed with the canonical inner products given by

(u,v)H:/uividas Yu,v € H,
Q

(O’,T)'H = / 045Tij dx VO',T € H,
Q

(qu)Hl = (u7 V>H + (s(u),g(v))g{, \V/U.,V € Hl:
(o, 7))y, = (6, 7))y + (Dive,Divr)y, Vo, € H;.

Heree : H; — H and Div : H; — H are the deformation and divergence operators,

respectively, defined by
1 .
e(u) = (e5(u)),  ey(w) = S(uig +ug)  Dive = (0yy).
The associated norms on the spaces H,H, H, and H, are denoted by |- |, , |- |,
||y, and |-|,, , respectively. For every element u € H, we denote by u its trace

on I and by u, and u, its normal and the tangential components on I" given by

(2.1) u, =u-v, u,=u-—uV.
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Similarly, for a tensor field o : 2 — S; we denote by o, and o, its normal and
tangential components on #,, and when o is a regular function (say C') then
(2.2) o,=(ov)- v, o, =0V —O,U.

We recall that the following Green’s formula holds

(2.3) (,e(u))y + (Dive,u)y = /0'1/ -uda Yu € H,.
r

We recall the following standard result for parabolic variational inequalities
which may be found in [5, p.124] and which will be used in Section {4 of this

paper.
Theorem 2.1. Let V. C H C V' be a Gelfand triple, Let K be a nonempty closed, and
convex setof V, and leta : (.,.) : V xV — R be a continuous and symmetric bilinear
form which satisfies
a(v,v) +co|vy, > K|V, WweV

for some constants k and cy. Then, for every uy € K and f € L*(0,T; H), there exists
a unique function u € L*(0,T; V)N H'(0, T; H) which satisfies

u(t) e K Vte (0,7),

(u(t), v —u(t))viy +a(ut),v —u(t)) > (f(t),v —u(t)),

Vv e K, ae te(0,7),

u(0) = uy.

We conclude this section with a fixed point result which is a consequence of the

Bannch contraction principle and which will be used in Section |4 of this paper, its
proof can be found in [16].

Lemma 2.1. Given a Bannach space X with a norm |.|y and T > 0, let A :
L*(0,T; X) — L*(0,T; X) be an operator such that

|MmW%%NM®@SCAEM$—w@@$,

for every ni,my € L*(0,T;X), ae. t € (0,T) with a constant C > 0. Then A
has a unique fixed point in L*(0,T; X), in other words, there exists a unique n* €
L*(0,T; X) such that An* = n*.
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3. PROBLEM STATEMENT AND VARIATIONAL FORMULATION

In this section we describe the model for the process, present its variational
formulation. The physical setting is as follows.

An elastic-thermo-viscoplastic body occupies a domain €2 with a regular surface
I', and let I'y, T'y, I'; be a partition of I" into three disjoint measurable parts such
that meas (I'y) > 0. Let T > 0 and let [0, 7] denote the time interval considered.
We assume that the body is fixed on I'; x (0,7") and therefore the displacement
field vanishes there. Surface tractions of density f, act on I'; x (0,7') and a volume
force of density f; acts on Q2 x (0,7"). We admit a possible external heat source
applied in 2 x (0, T"), given by the function q. We suppose that the body forces and
tractions vary slowly in time, and therefore, the accelerations in the system may
be neglected. Neglecting the inertial terms in the equation of motion leads to a
quasistatic approach of the process. Finally, the body is in contact with a reactive
foundation over the potential contact surface I's.

We assume that the normal stress o, satisfies a general normal damped response
condition

(31) — 0y, = pu(uu>7

where 1, represents the normal velocity and p, is a prescribed function.
Equality (3.1)) states a general dependence of the normal stress on the normal
velocity. In the case when

(3.2) pu(r) = kr,

with k > 0, the resistance of the foundation to penetration is proportional to the
normal velocity. This type of behavior was considered in [20] when modeling the
motion of a deformable body on sand or a granular material.

The contact is frictional and the associated friction law is chosen as follows

(3.3) —O0r = pT(flr),

where o, represents the tangential force on the contact boundary, u, denotes the
tangential velocity and p. is a prescribed vector-valued function.
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We use a thermo-elastic-viscoplastic constitutive law with damage to model the
material’s behavior, and a differential inclusion of parabolic type to describe the
evolution of the damage.

With the assumptions above, the mechanical problem of the quasistatic contact
with normal damped response may be formulated classically as follows.

Problem P Find the displacement field u : Q x [0,7] — R, the stress field o :
Q x [0,7] — S4, the damage field g : Q x [0,7] — R and the temperature 6 :
Q2 x [0,7] — R such that

(3.4 o(t) = A(s(a(t))) + B(=(u(t)))

+ /Otg<a(s) - A(a(ﬂ(s))),5(u(s)),9(s),ﬁ(s))ds, in Q x (0,7),
(B.5) Dive+ fo=0, inQx(0,7),
(3.6) 0 —koAO =1(o,2(0),0,8) +¢, inQx(0,7T),
(3.7)  B—kiAB+9pk(B) > ¢(o,e(u),0,8), inQx(0,7T),
(3.8) u=0 onIy x(0,7),
39) ov=fy, onlyx(0,7),
3.10)0 -o,=p(0,), —o,=p,(4,), onlyzx(0,T),

(3.11) k0§+39=0, onT x (0,7),
14
(3.12) g—f =0, onI x(0,7),

(3.13) u(0)=uy, BO0)=pHy,  6(0)=0, inQ.

This problem represents the quasistatic evolution of damage in thermo-elastic-
viscoplastic materials. Equation (3.4) represents the thermo-elastic-viscoplastic
constitutive law, already introduced in the first section. The relation is the
equilibrium equation, we use it here since we assume that process is quasistatic.
Equation (3.6) represents the energy conservation where ¢ is a nonlinear consti-
tutive function which represents the heat generated by the work of internal forces
and ¢ is a given volume heat source. Inclusion describes the evolution of
damage field, governed by the source damage function ¢, where dpx is the subd-
ifferential of indicator function of the set K of admissible damage functions.
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Conditions (3.8) and (3.9) are the displacement and traction boundary condi-

tions, respectively. represents the normal damped response condition and
its associated friction law, described above on the potential contact surface I's.
Equation (3.11) represents a Fourier boundary condition for the temperature on
I'. Equation (3.12]) represents an homogeneous Newmann boundary condition for
the damage field on I', where % is the normal derivative of 5. Finally the functions
ug, 5y and 6, in (3.13) are the initial data.

To obtain the variational formulation of the problem (3.4)-(3.13), we need
additional notation.

Thus, let V' denote the closed subspace of H; defined by

V={veH |v=0onIy}.

Since meas(I';) > 0 and I is Lipschitz, Korn’s inequality holds that there exists
a posetive constant Cj which depends only on (2 and I'; such that

(3.14) le(V)ly = Crlvly,, VveWV

The proof of this inequality may be found in [|18, p. 79].
We consider on V' the inner product and the associated norm given by

(3.15) (w,v)y = (g(u),e(v))y, Yuvev,
(3.16) V], =le(V)]y, VYveV

It follows from (3.14) and (3.15) that |. |, and |. |, are equivalent norms on V’

and therefore (V, |.|,) is a real Hilbert space. We note that the assumption that I'
is Lipschitz continuous is sufficient for our purposes. First, it ensures that the outer
normal v is defined a.e. on I', and then the normal and tangential components of
various functions make sense. Second, it is sufficient for Korn’s inequality to
hold true. Moreover, by the Sobolev trace theorem and (3.14), we have a posetive
constant Cy > 0 depending only on €, I';, and I';5 such that

(3.17) Vlr2@ge < Colvly, Vv eV

In the study of the mechanical problem (3.4)—(3.13)), we consider the following
assumptions
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The viscosity operator A : () x S; — Sy satisfies

(3.18)

( (a) There exists a constant L 4 > 0 such that
|A(x,e1) — Az, e9)| < Laler — &2,
Vei,690 € Sy, ae. x € Q.
(b) There exists a constant m 4 > 0 such that
(A(x,e1) — A(x,2)) - (61 — €3) > Mg ler — o,
Ve, eq €5y, ae. x €.
(c¢) The mapping x — A(z, ) is Lebesgue measurable on 2,

Ve e Sd.

| (@) The mapping = — A(z,0) belongs to H.

The elasticity operator B : 2 x S; — S, satisfies

(3.19)

( (a) There exists a constant Lg > 0 such that
B(z,e1) — B(z,e2)| < Lp(ler — eaf,
Ve, e9 €8y, a.e. x €.
(b) The mapping = — B(x,¢) is Lebesgue measurable on 2,
Ve e S,

| (¢c) The mapping z — B(z,0, ) belongs to H.

The plasticity operator G : Q2 x Sy x Sq x R x R — S, satisfies

(3.20)

)
(a) There exists a constant Lg > 0 such that

|g(x70'1,€1,91;51) - g($70'27€2,92,52)| < Lg(|0'1 - 0'2|
+|e1 — ea] + |01 — 02| + |51 — Bal),
Voi,09 € Sy, Ver,690 € Sq, V01,00 e R, VB, By €R, ae. x €.

(b) The mapping = — G(z,0,¢,0, ) is Lebesgue measurable on (2,

Vo,c€ 54, V0,58 €R.

| (c) The mapping x — G(x,0,0,0,0) belongs to H.
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The nonlinear constitutive function 1) : €2 x Sy x Sg x R x R — R satisfies

(3.21)

( (a) There exists a constant L,, > 0 such that
V(2 01,61,01, B1) — (1,09, 62,02, B2)| < Ly(|lor — 02|
+ler — ea| + |01 — 0o + |81 — Bal),
Voi,00 € Sy, Ve, 60 € S3, V01,00 e R, V51,5 €R, ae. x €.
(b) The mapping = — ¢ (x, 0,¢, 6, 3) is Lebesgue measurable on (2,
Vo,ee€ 5 V0,6 eR.

| (c) The mapping x — ¢(x,0,0,0,0) belongs to H.

The damage source function ¢ : Q x Sy x Sy x R x R — R satisfies

(3.22)

(a) There exists a constant Ly > 0 such that
|p(x, 01,61, 01, 1) — ¢z, 09, €2,02, 52)| < Ly(|o1 — o2
+ le1r — 2] + |01 — O] + |51 — B2l),
Vo0 € Sy, Ve, g9 € Sq, V01,00 e R, VS, Ps €R, ae. x €.
(b) The mapping = — ¢(x,0,¢,0, 3) is Lebesgue measurable on (2,
Vo,ee€ 5 V0,6 eR.

 (c) The mapping x — ¢(z,0,0,0,0) belongs to H.

The normal contact function p, : I's x R — R satisfies

(3.23)

( (a) There exists a constant L, > 0 such that

Ipu(z,71) = pu(w,72)| < Ly fri —ro|, Vry,re €R, ae.w €T3,
(b) (pu(z,1m1) — pu(x,72))(r1 —12) >0 Vry,r € R, ae x el
(c¢) The mapping = — p,(z,r) is Lebesgue measurable on I's,

VreR.

| (d) The mapping r — p,(z,r) is continuous on R, a.e. z € I's.



CONTACT PROBLEM WITH NORMAL DAMPED RESPONSE 141

The tangential contact function p, : I's; x R? — R? satisfies

( (a) There exists a constant L, > 0 such that
Ip-(z,71) — pr(x,70)| < Ly|ry —me|  Vry,rm € RY ae. z €T3,
(0) (pr(x,11) = pr(x,72)) - (11 —72) 20 Vry,m € RY ae. w €T3,
(3.24) (c) The mapping = — p,(z,r) is Lebesgue measurable on I';,
Vr e RY

(d) The mapping r + p,(x,r) is continuous on RY, a.e. z € I's.

L (e) pr(z,7).v(z) =0 Vr € R such that r.v(x) = 0, a.e. ¥ € Ts.
We suppose that the body forces and surface tractions satisfy
(3.25) fo € L*(0,T; H), fye L*0,T;L*(Ty)%).
The volume heat source satisfies
(3.26) q € L*(0,T; L*()).
We also suppose that
(3.27) B >0, k;>0 (i=0,1).
Finally we assume that the initial data satisfy the following conditions
(3.28) weV, eV, [yeK.
Next, we denote by f(¢) the element of V' given by
(3.29) (f(t), V)vixy = /Qfo(t).v dx +/F fa(t).vda VveV.
2
We note that the conditions (3.25]) imply
(3.30) f e L*0,T; V.
We define the following bilinear forms

(3.31) ag: V xV =R, ao(g,f):kO/VC-Vfdm—i—B/Cfd%
Q r

(3.32) a;:VxV =R a1((¢&) = kl/VC -VEdzx.
Q
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We consider the functional j : V' x V' — R defined by
(3.33) j(a,v) = / (pv(w)v, + pr(ur) - v;)da, Vu,vevV.
s

Keeping in mind (3.23)) and (3.24)) we observe that the integral in ([3.33)) is well
defined. Next, we assume that {u, o} are regular functions satisfying (3.5))-(3.10)

and let v € V, ¢t € [0,T]. Using Green’s formula (2.3)) and (3.5) we have

(3.34) (o (1), £(v))y = /Qfoa).vdw/ra(t)u-vda, W ev.
Applying the boundary conditions and (3.9), we have

(3.35) /Fa(t)u -vda = A fa(t) - vda —l—/F o(t)v-vda.
It now follows from ([3.34)), and that

(3.36) (o(t),e(v))u = (f(t), V)vixv +/r o(t)v-vda, Vvev.

On the other hand, from (2.1)), and we obtain
(3.37) (B v = —p (8, (6)v, — pr(itr(£) -vs,  on Ty,
Finally from (3.33)), and we find
(a(t),e(v))n +j(u(t), v) = (f(t), v)vrxv.

Thus, we can obtain the variational formulation of the quasistatic problem with
normal damped response, friction and damage as follows

Problem PV Find the displacement field u : [0,7] — V, the stress field o : [0,7] —
H, the temperature 6 : [0, 7] — V, the damage field 3 : [0, 7] — H'(Q) such that

(3.38) o(t) = A(e(a(t))) + Ble(u(t))
n /0 g(a(s)—A(g(u<s))),g(u(s)),e(s), ﬂ(s))ds, ae te(0,T),

(3.39) (o(t),e(v))x + j(@(t),v) = (F(£),V)yruy, ¥v eV, Vte|0,T],

(340) (Q(t)v V)V’XV + aO(e(t)7 V) = (¢(U<t)>’ 8(1'1(75)), Q(t)v 5@)? V)V’><V
+ (q(t), Vv WV €V, ae. te(0,T),
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(3.41) p(t) €K, (B(t), € — B(t)) 120 + ar(B(t), & — B(1) =
(6(a(1). £(u(t)), 6. B().€ — B(1)) 1o
VEeK, ae. te(0,7T),
(3.42) u0) =u,  0(0)=6bo,  B(0) = Po.
We notice that the variational problem PV is formulated in terms of displacement

field, stress field, temperature and damage field. Our main result that we state
here and prove in the next section is the following.

Theorem 3.1. Assume that —(3.24) hold. Then there exists a unique solution
{u, 0,0, 3} to problem PV. Moreover, the solution has the regularity

(3.43) uec CY0,T;V),

(3.44) o € C0,T;H,),

(3.45) 0 € Wh(0,T; L*(Q)) N L*(0,T; V),
(3.46) Be Wh2(0,T; L*(2)) N L*(0, T; H'(Q)).

The quadruple {u, o, 6, 5} which satisfies (3.38)—-(3.42) is called a weak solu-
tion to the frictional contact problem P. We conclude that under the stated assump-

tions, problem (3.4)—-(3.13) has a unique weak solution satisfying (3.43)—(3.46).

4. PROOF OF THEOREM 3.1

The proof of Theorem will be carried out in several steps and is based on
arguments of evolution equations with monotone operators, a classical existence
and uniqueness result on parabolic inequalities and fixed-point.

To this end, we assume in the following that (3.18)-(3.24) hold and, every-
where in this section C' will represent a strictly positive constant which may de-
pend on the problem’s data but it is independent on time, and whose value may
change from place to place.

Moreover, for the sake of simplicity, we suppress, in what follows, the explicit
dependence of various functionson x € QUT.

Let n € L?(0,T; V') be given. In the first step we consider the following varia-
tional problem.
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Problem PV,. Find a displacement field u,, : [0, 7] — V such that
4.1 (Al (1))).e(v)),, + 0y (8), V) + ((8), V)vrcy = (F(E), V)vrur,
VWwevV aete(0,7),
(4.2) u,(0) = uy.
In the study of Problem PV, we have the following result.

Lemma 4.1. There exists a unique solution to problem PV, and it has the regularity
expressed in (3.43). Moreover; if u; represents the solution of problem PV, for n; €
L*(0,T;V"), i = 1,2 then there exists C' > 0 such that

(43) ) = w0l <€ [ (o) = mls)l

Proof. Using Riesz’s representation theorem we define the operator 7 : V. — V'’
and the element f,(t) € V' by

(4.4) (T, v)vrcy = (Ale(w)), e(v))n + j(u, v),

(4.5) (fo(), V)vixy = (f(t), V)vixv — ((t), V)vixv,

forallu,v € V, t € [0,T]. Let uy,uy € V. Using and we find
(Tuy — Tug, ug — ws) iy = (Ale(w)) — Ae(uz)), e(uy) — 8(112))H

+ /F (P (u1y) — 7 (us)) (U — zy)da

[t =) o =

and, keeping in mind (3.18])(b), (3.23)) (b) and (3.24)) (b), we obtain

(4.6) (Ta; — Tug, vy — uy)yrxy > mafug — 112|%/ :
Using again and it follows that
(T =Tz, v)yixy = (A(e(w)) — Ale(u2)), e(v)),,
[ Ot =) i [ (prlne) =) (v
for all v € V and, by (3.18) (a), we deduce that

(4.7) Tu; — Ty, < Lglug —ugl, Vu,u eVl
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Inequality shows that 7' : V' — V" is a strongly monotone operator. More-
over, inequality implies that 7" is Lipschitz continuous. Therefore, using a
standard result for nonlinear equations (see, e.g., [71), there exists a unique ele-
ment w,, which satisfies

(4.8) Tw,(t) = f,(t) a.e.te(0,1),
(4.9) w, € C(0,T;V),

Consider now the function u,, : [0,7] — V defined by

4.10) / w;,(s)ds + uy.

It follows from (4.4), (4.8)—(4.10) that u, is a solution of the equation (4.1)
and it satisfies (3.43).

It remains to show estimate . Let ny,m9 € L?(0,T,V’) and use the notation
u, =u; fori=1,2.

Moreover, using (4.1) and subtracting the two obtained equations, by choosing
v = 1; — U, as test function, lead to

(A(e(tn(t))) = Al (1)), e (in (1)) — 5(1’12(75)))H
(4.11) + 7 ((8), (1) — aa(t)) — j(a(t), i (t) — ua(t))
= (m2(t) —m(t), w(t) — w2(t), .\, VEE[0,T].
Keeping in mind and (3.18) (b) we deduce that
(4.12) (A<s<wl<t>>> = Ale(walt))), 2w (1)) — e(vv2<t>>)
> Clwi(t) —we(O), Vielo,T].
From (3.33), and (3.24), we find
(4.13) Jwi(t), wi(t) — wa(t)) — j(wa(t), wi(t) — wo(t)) >0, Vtel0,T].

H

Moreover, using Cauchy-Schwartz inequality we obtain

4.14) () —mt), w(t) —0a(t) . < [n2(t) = (O] [wi(t) — wa(t)]y -
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Combining (4.11])-(4.14) with some algebraic manipulations leads to

(4.15) (w1 (t) = wa(t)ly < Clm(t) = ()l -
Since u,(t) = fo w;(s)ds + ug and u;(0) = uy(0) we have
[y (t) — uy(t / |w (s 2(8)]y ds.
From the two previous inequalities we deduce (4.3)), which concludes the proof.

O

Let Y € L?*(0,T,V’) be given. In the second step we consider the following
intermediate variational problem.

Problem PYV,. Find the temperature 6, : [0,7] — V such that

(4.16) (O (£), V)vrcr + ao(Ox (1), v) = (x () + q(t), V) 1y
Vv eV, aete(0,T),
(4.17) 6,.(0) = 6.

Lemma 4.2. There exists a unique solution ¢, to the auxiliary problem PV, and
it has the regularity expressed in (3.45). Moreover, if 6; represents the solution of
problem PV, for x; € L*(0,T; V"), i = 1,2 then there exists C' > 0 such that

(418) |61( ) — 82 < C/ |X1 |V’ ds.
Proof. Using the definition (3.31) of the bilinear form ag, leads to
oolé.€) = ko [ [VEP do+ B [ ¢ ar.
0 r

By an application of the Friedrichs—Poincaré inequality, we can find a constant

F > 0 such that
B
[t ars 25 [1eran = F [ lef .
Q kO T Q

Thus, there exists a constant C' > 0 which satisfies

a(&,€) > ClEls,, VEe,

which implies that aq is V-elliptic. Consequently, based on classical arguments of
functional analysis concerning parabolic equations, the variational equation (4.16)
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has a unique solution ¢, satisfying (3.45). It remains to show estimate (4.18),
consider xi,x2 € L*(0,7;V’) and denote 6, = 6; for i = 1,2. If we take the
substitution y = x1, x = x2 in (4.16) and subtracting the two obtained equations
we obtain, by choosing v = 6; — 6, as test function

(4.19) (61— 02,601 — 0o)vixy + ag(fr — 02,01 — 05) = (X1 — Xa, 01 — O2)vrxcv,
a.e.t € (0,7).

Keeping in mind the inequality a (6, — 05,60, — 65) > 0 we find that
(4.20) (01 — 02,01 — O2) vy < (X1 — X2, 01 — O2)yruv.
Using Cauchy-Schwartz inequality we obtain
(4.21) (61 — 02,01 — O2)vrev < |x1 — Xaly |01 — Oaly -

We integrate the previous inequality with respect to time and use the initial
conditions 91(0) = 05(0) = 6, to find that

(4.22) S 1010) — ) < / () = xSy 101(5) = Oa(5)]y ds.

Multiplying the members of the previous inequality by 2, and Applying the in-
equality
2ab < a®>+b* Va,beR,

allow us to find

0,(t) — Oa() > < /|><1 (s |V,ds+/|91 )~ Oy(s)2 ds.

It follows now from a Gronwall-type argument that

t
(4.23) 6:() — 0a(1)2 < © / Xa(s) = Xa(s)]3 ds.
0

O

Let u € L?*(0,T; L*(Q) be given. In the third step we consider the following
variational problem for the damage field.

Problem PV,,. Find the damage field 3, : [0,7] — H*(Q) such that
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424)  Bu) €K, (Bul),€ = Bull)) a1 (Bult), € = Bu(D))
> (1), € = B(t)) o) VEEV, ae.t€(0,T),
(4.25) Bu(0) = bo.
We apply Theorem to problem PV,,.

Lemma 4.3. There exists a unique solution [, to the auxiliary problem PV, sat-
isfying (3.46), Moreover, if j; represents the solution of problem PV, for j; €
L*(0,T; L*(Q)), i = 1,2 then there exists C' > 0 such that

(4.26) |B1(t) — 52(15)&2(9) < C/o |1 (s) — /~L2(3)’i2(9) ds.

Proof. We have H'(Q) is dense in L?(f2), and the inclusion map is continuous,
L?*(Q) is identified with (L?(Q))" and it is identified with a subspace of (H'(Q)),
where (L?(Q))" and (H'(Q))’ represent the dual of L?(Q) and H'(Q), respectively.
The notation (.,.) 1 (q)yxm (o denote the duality pairing between (H 1(Q))" and
H'(Q), we can write

H'(Q) C L*(Q) C (H'(Q))
(B, &)y i) = (8,612 V€ € HY(Q),

and we not that K is a closed convex set in H'({2). Then, using the def-
inition of the bilinear form «;, and the fact that 8, € K in (3.28), it is easy
to see that lemma is a straight consequence of Theorem Consider now
1, e € L?(0,T; L*(Q)) and denote 3, = 3; for i = 1,2. If we take the substitution
W= 1, b = po in (4.25)) and subtracting the two obtained inequalities we obtain,
by choosing £ = 5, — 3, as test function

(B1 = Ba, Br — Bo) r2() + a1 (B — Ba, B — Ba) < (11 — pta, B — Bo) 2y ave. t € (0, 7).
Taking into account that a; (5, — 2, 31 — 52) > 0, we obtain
(4.27) (B1 = B, Br — Bo)r2iy < (1 — 2, Bi — Ba)12(0)-

Integrating the previous inequality with respect to time and using the initial
conditions /31(0) = 82(0) = fy, allow us to find



CONTACT PROBLEM WITH NORMAL DAMPED RESPONSE 149

1 t
@28 150 - GO L) < [ (- pn B~ Be)raords
0
Employing Holder’s and Young’s inequalities, we deduce that

|B1(t) = Ba(1) L2(Q /|H1 — pa(s L2(Q d3+/ |B1(s) (3)’;(9)‘“'

The previous inequality combined with Gronwall’s inequality lead to

t
(4.29) 1B1(t) — 52@)’%2(9) < C/o |pa(s) — “2(8)’12(9) ds.
[l

In the next step we use u,, §, and /3, obtained above in lemma lemma
and lemma [4.3] respectively to construct the following problem for the stress field.

Problem PV,,,. Find the stress field o,,, : [0,7] — # such that

o () = Ble(u, () + / G (o uls) = A(((5)), (1, (5)), O (5), Bu(5) ) ds,
(4.30) vt € [0,7].

In the study of problem PV,,,,, we have the following result.

Lemma 4.4. There exists a unique solution of problem PV,,,, and it satisfies o ,,, €
Wh2(0,T;H). Moreover, if u;, 0;, 3; and o;, represent the solutions of problem
PV,., PV,,, PV, and PV,,.,.., respectively, for (n;,x: ;) € L*(0,T;V' x V' x

i Xi?

L3(Q)),i=1,2 then there exists C' > 0 such that Vt € [0, T
@3D) Jot) ~ a0, < O hu) ~ w0}

[ ()~ sl 10105 = () +15n) — (o)) ).
Proof. Let Ay, : L*(0,T;H) — L*(0,T;H) be the operator given by

Ao (t) = Blew,(0) + [ 6((s) = A(0(5)- (01, (9).,5). 3y () s,
(4.32) Vo € L*(0,T;H), vt € (0,T).
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For o; € L*(0,T;H),7 = 1,2 we us (4.32), hypothesis (3.20) and Holder’s
inequality to obtain for all ¢ € (0,7')

t
A1 (£) — Apura(),, < Lo / 1 (5) — 0a(s)], ds.
It follows that

|A77xu0'1 (t) — A2 (t)lfz,q

< (Lg / Joru(s) —cfz(s)rﬂds)Q

< (Lg)P*T / 4(s) — a(s), ds

< C’/O lo1(5) — aa(s)]5, ds.

It follows from lemma [2.1| that there exists a unique element o, ,, € L*(0,T;H)
such that A,,,0,,, = o, Moreover, o,,, is the unique solution of problem
PV, and, using (4.32), (3.19), (3.20) and the regularity of u,, 0, 5,, it follows
that o, € W2(0.T; ). Consider now (1, x1, f1), (02, X2, pt2) € L*(0,T; V' x V' x
L*(Q2)), and for i = 1,2 denote u,, = w;, 6,, = 6;, 8,, = B; and o,,,,, = 0;. Thus
we have

t
g; = B(s(ul(t)) +/ g(O'Z(S) — A(g(ﬁi(s))),s(ui(s)), 01‘(8), 51'(8))618, Vt € (O,T) ,
0
and using the properties (3.19) and of the operators B and G, we find

(1) — aa(D), < 0( n(t) — s (6)2

(4.33) = [ mGe) = o)+ 101(5) = 0a(0) s

t
# [ 18106) = o)y + (o) aale))as ). v e 0.7
0
Using now a Gronwall argument in the previous inequality we deduce (4.31)),

which concludes the proof. O

Finally as a consequence of these results and using the properties of the opera-
tors B and G, and of the functions ¢ and ¢, we may consider the operator
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L:L*0,T;V' x V' x L*(Q)) = L*(0,T; V' x V' x L*(Q))
4349 L, X)) = (L1(n, X, 1)1, Lo, X, 1)(1), La(n, X, 1)(1)),
where, for all ¢ € [0, T'| the mappings L1, £, and L3 are given by

(4.35) (L, 1)), V) 0y = (B(g(un(t)))

= [ 9(ants) - A(e<u<s>>),e<un<s>>,@(s)@(s))ds,s(v))ﬂ,
(4.36) Lo(n, X, u)(t) = w(anxu(t)v g(un(t»? ex(t)v ﬁ#(tD
(4.37)  Ls(n,x1)(t) = ¢(anu(t), e(uy(t)), Oy (1), Bu(t))-

Here, for every (n, x, ) € L? (O,T; Vix V' x LQ(Q)), Uy, by, 5, and o, repre-
sent the displacement field, the temperature, the damage field and the stress field

obtained in Lemmas 4.1} 4.2} |4.3| and |4.4| respectively and we have the following

result.

Lemma 4.5. The operator L has a unique fixed point, in other words, there exists
a unique element (n*,x*, p*) € L*(0,T;V’ x V' x L*()) such that L(n*,x*, u*)
= (", X", ).

Proof. In view of Lemmas 4.1}, 4.2} |4.3| and 4.4, it is clear that the operator L is
well defined and takes values in L*(0,7; V' x V' x L*(Q)).

Let ¢ € 0,T] and (n1, x1, 1), (M2, X2, p2) € L*(0, T3V’ x V' x L*(2)), and for
the sake of simplicity, we write u,, = v, 0, = 6;, 8,, = 5; and o,,,,,, = 0, for
i=1,2.

Using (3.17)), (3.19), (3.20), and elementary algebraic manipulations, we find

2
o <

|£1(771,X1>/L1>(t) — L1(n2, X2, p2)(t)

c( () — (D)
(4.38) + / (Js(s) = ws(s)[% + [02(5) — Oa(s)[2)ds

+/0 (IB1(s) — 52(3)@2(9) +]o1(s) — aa(s)]3, )d5>_
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Furthermore, from definition (4.36), assumptions (3.21) on ¢) we obtain

Lo, X1, 1) (E) = La(12, X, p12) (1) [3,
4.39) < |w(o(t),e(i(t)), 02(t), Bi(£)) — v (oa(t), e(0s(t)), Oa(t), Ba(1))],

< c( o (t) — ()2, + [ () — wa®)]%, + 16:(8) — Ba()2

150 — (0 )
Similarly, using definition (4.37)), assumptions (3.22)) on ¢ we find

[ L3, X1, 1) (8) = L2, X2 12) (D)2
(4.40) < [o(o1(1),(wi (1)), 02(2). (1)) — d(ea(t). £(ws(t)), 0(t), Ba()) [ .

< o(|al<t> o)+ [wt) — ua()

F164() — B0+ 18:(8) — Balt) oy )
It follows from (4.38)—(4.40) and (4.34)) that

2

‘5(771, X1, H1) () — L(n2, X2, p12) () < C( o (t) — 0'2(t)|"2+z

L2 (O,T;V’ XV x L2 (Q))
+ () — () + [ (t) — ua(t)[

(4.41) +101(t) — 02(£) 3 + |Ba(t) — 52(?5)’%2(9)

+ /0 (lua(s) = a()[} +16:(s) — ba(s)[2)ds

; / 181(5) = al5)Ponir + lora(5) — UQ(S)WS)_

Inserting (4.31) in (4.41) yields
(4.42)

L) () = £ X2 12) ()

2

L2 (O,T;V/ xV’ ><L2(Q))

< C( i (1) — aa(t)[3 + s () — wa ()], + [62(8) — b2(6)[ + 1B1(1) — Ba(t) 220y
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t
[ h0(6) = o) 16106) = 8o+ 1519 B s ).
On the other hand, using (4.3) we can infer that there exists C' > 0 such that
(4.43) lui (t) — ua(t)]; < C’/ | (s (s)|7 ds.

Taking into account that |wy(t) — wa(t)|,, < C'|mi(t) — n2(t)], , applying the es-
timates (4.18), (4.26), (4.43) and substituting in (4.42]) we obtain

(4.44)

£ xa, 1) (E) = £ Xo: ) (1)

2

L2 (O,T;V’XV’XLQ(Q))

<c(/(mm> M)+ Da(s) = xas) o+ lia(s) — pals) ooy ) s
b [ () =+ a6) = s+ i) = o) o s )

which implies with some algebraic manipulations, that there exists C' > 0 such

that
2

om0 )0 = Lm0 O )

2

ds.

t
(4.45) SC/(mmm@@—OmmwMﬂ
0

L2 (O,T;V/XV/XLQ(Q))

Applying Lemma we deduce that The operator £ has a unique fixed point
in L*(0,T;V' x V' x L*)), i.e. there exists a unique element (n*,x*, u*) €
L2(0,T; V' x V' x L*(Q)) such that L(n*, x*, 1*) = (n*, x*, 1*). O

We have all the ingredients to prove the Theorem [3.1] which we complete now.

Proof of Theorem Let (n*, x*, %) € L*(0,T; V' x V' x L*(Q2)) be the fixed point
of the operator £ defined by (4.34)-(4.37) and let u,-, 0+, B+, 0yy-,- be the
solutions of the problems PV,, PV, , PV, and PV,, , respectively, for n = n*, x = x*,
and i = p*, and we denote

(4'46) u = un*7 o = AE(U) + Un*x*u*7
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(4.47) 0= ex*a ﬁ = ﬁ,u*'

We shall prove that the quadruple {u, o, 6, 3} is the unique solution of Problem
PV. Indeed, we write forn =n*,x = x*, and u = p* and use to obtain
that is satisfied. Then we use for n = n* and use the first equality in
to find

(4.48) (Ale(a(t))),e(v)),, +3(t),v) + (7 (1), V)vixy = (f(), V)vixv,
VWwevV aete(0,T).

Using equality £,(n*, x*, u*) = n* combined with (4.35) leads to
(*(1), v)v = B(e(uy(t))),,

(4.49) [ 9(ls) = Aletin (). (0,310, (5). 5, (5)) .

We substitute (4.49)) in (4.48)) and use (3.38)) to conclude that (3.39)) is satisfied.
Moreover, from equalities Lo(n*, x*, u*) = x* and L3(n*, x*, u*) = p* combined
with (4.36) and (4.37), we find that

(4.50) X" = (a(t),e(a(r), 0(t), (1))
(4.51) = o(e(t)e(ut), o), 5(1))-

We write for x = x* and use the first equality in we obtain
(4.52) (0(8), Vv + ao(8(1), v) = (X" () + a(t), V)vrx,

Vv eV aete(0,T).

Substituting (4.50) in (4.52) implies that (3.40)) is satisfied.
Next, we write (4.25]) for ; = p* and use the second equality in (4.47) to find

(B),€ = B1)) paggy + a1 (B(1). € = B)) > (" (£),€ = A1) 1oy,
(4.53) VEeV, ae te(0,T).

We combine now (4.53) and (4.51) to see that (3.41) is satisfied, which con-
cludes the existence part of Theorem The uniqueness part of Theorem
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is a consequence of the uniqueness of the fixed point of the operator £ and the
unique solvability of the problems PV,, PV,, PV, and PV,,, which concludes the
proof. O

Acknowledgment. The authors would like to thank the journal editor, members

of the editorial committee of AMSJ, and everyone else who helped us improve this
article.

(1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

[10]

[11]

REFERENCES

A. AZEB AHMED, S. BOUTECHEBAK, Analysis of a dynamic thermo-elastic-viscoplastic contact
problem, Electron. J. Qual. Theory Differ. Equ, 71 (2013), 1-17.

A. A1ssaoul, N. HEMICI, A frictional contact problem with damage and adhesion for an
electro elastic-viscoplastic body, Electronic Journal of Differential Equations, 11 (2014), 1-19.
A. AMASSAD, K.L. KUTTLER, M. ROCHDI, M. SHILLOR, Quasistatic thermoviscoelastic
contact problem with slip dependent friction coefficient, Mathematical and computer modelling,
36 (2002), 839-854.

M. BARBOTEU, D. DANAN, M. SOFONEA, Analysis of a contact problem with normal damped
response and unilateral constraint, ZAMM-Journal of Applied Mathematics and Mechanics, 96
(4) (2016), 408-428.

V. BARBU, Optimal control of variational inequalities, Vol 100. Pitman Advanced Pub. Pro-
gram, 1984.

S. BOUTECHEBAK,A dynamic problem of frictionless contact for elastic-thermo-
viscoplastic materials with damage, International Journal of Pure and Applied Mathemat-
ics, 86 (1) (2013), 173-197.

H. BREZIS, Equations et inéquations non linéaires dans les espaces vectoriels en dualité, Annales
de I'institut Fourier, 18 (1) (1968), 115-175.

M. CAMPO, J.R. FERNANDEZ, W. HAN, M. SOFONEA, A dynamic viscoelastic contact prob-
lem with normal compliance and damage, Finite Elem. Anal. Des, 42 (1) (2015), 1-24.

0. CHAU, B. AWBI, Quasistatic thermoviscoelastic frictional contact problem with damped
response, Applicable Analysis, 83 (6) (2004), 635-648.

A. DJABI, A. MEROUANI, A. AISSAOUI, A frictional contact problem with wear involving
elastic-viscoplastic materials with damage and thermal effects, Electronic Journal of Qualitative
Theory of Differential Equations, 27 (2015), 1-18.

G. DUVANT, J.L LIONS, Inequalities in mechanics and physics, Springer-Verlag, Berlin,
(1976).



156

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

M S. Ferhat, A. Aissaoui, and K. Rimi

C. EcK, J. JARUSEK, M. MIRCEA, A dynamic elastic-viscoplastic unilateral contact problem
with normal damped response and Coulomb friction, European Journal of Applied Mathemat-
ics, 21 (3) (2010), 229-251.

J.R. FERNANDEZ, W.HAN, M. SOFONEA, J.M. VIANO, Variational and numerical analysis
of a frictionless contact problem for elastic-viscoplastic materials with internal state variables,
The Quarterly Journal of Mechanics and Applied Mathematics, 54 (4) (2001), 501-522.

M. FREMOND, B. NEDJAR, Damage, gradient of damage and principle of virtual work, Int. J.
Solids. Stuct, 33 (8) (1996), 1083-1103.

T. HADJ AMMAR, A. SAIDI, A. AZEB AHMED, Dynamic contact problem with adhesion and
damage between thermo-electro-elasto-viscoplastic bodies, Comptes Rendus Mécanique, 345
(5) (2017), 329-336.

A. KULIG, S. MIGORSKI, Solvability and continuous dependence results for second order non-
linear evolution inclusions with a Volterra-type operator, Nonlinear Analysis: Theory, Methods
& Applications, 75 (13) (2012), 4729-4746.

S. MIGORSKI, A. OCHAL, M. SOFONEA, Nonlinear inclusions and hemivariational inequal-
ities: models and analysis of contact problems, Vol 26. Springer Science & Business Media,
2012.

J. NEcAS, 1. HLAVACEK, Mathematical theory of elastic and elasto-plastic bodies: an
introduction, Elsevier, 1981.

R.G. RABEL, W. HAN, M. SOFONEA, Quasistatic contact problems in viscoelasticity and
viscoplasticity, Vol 30. American Mathematical Soc, 2002.

M. RocHDI, M. SHILLOR, M. SOFONEA, A quasistatic contact problem with directional
friction and damped response, Applicable Analysis, 68 (3—-4) (1998), 409-422.

M. SELMANI, L. SELMANI, Frictional contact problem for elastic-viscoplastic materials with
thermal effect, Applied Mathematics and Mechanics, 34 (6) (2013), 761-776.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF EL OUED, P.O. Box 789, EL OUED 39000,
ALGERIA.

Email address: ferhat-mohammedsaid@univ-eloued.dz

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF EL OUED, P.O. BOX 789, EL OUED 39000,
ALGERIA.

Email address: aissaoui-adel@univ-eloued.dz

LAB, OPERATORS THEORY AND PDE: FOUNDATIONS AND APPLICATIONS, FAC, EXACT SCIENCES,
UNIVERSITY OF EL OUED, 39000, EL OUED, ALGERIA.
Email address: rimikhezzani@gmail.com



	1. Introduction
	2. Notations and Preliminaries
	3. Problem Statement and Variational Formulation
	4. Proof of Theorem 3.1 
	Problem bold0mu mumu PVPVprogram@epstopdfPVPVPVPV
	Problem bold0mu mumu PVPVprogram@epstopdfPVPVPVPV
	Acknowledgment

	References

