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BUFFON’S COIN AND NEEDLE PROBLEMS FOR THE
RHOMBITRIHEXAGONAL TILING

Salvatore Vassallo

ABSTRACT. In this paper we consider the rhombitrihexagonal tiling of the plane
(3,4, 6,4) Archimedean tiling and compute the probability that a random circle
or a random segment intersects a side of the tiling.

1. INTRODUCTION

A tiling or tessellation in the plane is a collection of disjoint closed sets (the tiles)
that can intersect only on the boundary, which cover the plane. A tiling is said to
be polygonal if the tiles are polygon, a polygonal tiling is said to be edge-to-edge
if two non disjoint tiles have in common or a vertex or a segment that is an edge
for both the polygons. In this case we call any edge of a tile an edge of the tiling.
An edge-to-edge tiling is called regular if it is composed of congruent copies of
a single regular polygon. An Archimedean tessellation (semi-regular or uniform
tessellation) is an edge-to-edge tessellation of the plane made of more than one
type of regular polygon so that the same polygons surround each vertex. There are
eight different Archimedean tilings and we can classify them giving the types of
polygons as they come together at the vertex [[10]. The rhombitrihexagonal tiling
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is a tiling such that a triangle, a square, an hexagon and a square come together
(in clockwise order) in any vertex so it can be called a (3,4,6,4) Archimedean

tiling (see Figure [1a).

F,

(b) The fundamental cell Ty

(a) Rhombitrihexagonal tiling

FIGURE 1. The tiling R

Many authors studied Buffon type problems for different lattices of figures or
tilings and different test bodies: See for example [15], [61, [71, [[81, [9], [5,
(30, [0, (41, [21, (171, (161, [11], [12], [23].

In particular the cases of the (33 4%), of the (32,4,3,4), of the (82,4), of the
((3,6,3,6) and of the (3, 6)Archimedean tilings (elongated triangular tiling, snub
square tiling, truncated square tiling, trihexagonal tiling and snub hexagonal tiling)
are studied in [|18], [[19], [20], [21]], and [22], respectively.

We will study Buffon type problems for the rhombitrihexagonal tiling and two
special test bodies: a circle of constant diameter D and a line segment of length /.

Let E5 be the Euclidean plane and let R be the rhombitrihexagonal tiling of F,
given in figure We denote by Tj the fundamental tile (or cell) of R (see figure
and by T, one of congruent copies of T such that:

D Upen Tn = Eo,

(2) Int(T;) NInt(T}) = @,Vi,j € Nand i # j,

(3) T,, = v(T),Vn € N, where ~, are the elements of a discrete subgroup of
the group of motions in F, that leaves invariant the tiling R.

The body T, can be expressed as the union of a regular hexagon, three squares
and two equilateral triangles, all of the same side a.

Let us denote by K a convex body (which means here a compact convex set)
which we shall call test body. A general problem of Buffon type can be stated as
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follows: “Which is the probability px x that the random convex body K, or more
precisely, a random congruent copy of K, meets some of the boundary points of at
least one of the domains 7,,? ”

If we denote by M the set of all test bodies K whose centroid is in the interior
of Ty and by N the set of all test bodies K that are completely contained in one of
the two triangles or in one of the three squares or in the hexagon ABCDEF, we
have

. BV
(1.1) PrRrR =1 —u(/\/l)’

where 1 is the Lebesgue measure in the plane Es.

2. THE TEST BODY IS A CIRCLE

Let us suppose that the test body K is a circle of diameter D. Easy geometrical
considerations will lead us to distinguish between the cases D < e (the diameter
of the circle inscribed in the triangle) , \/ig < D < a (the diameter of the circle
inscribed in the square), a < D < a\/3 (the diameter of the circle inscribed in the
hexagon) and D > a+/3 ). It is obvious that if D > a+/3 the circle always meets

the boundary of one of the bodies 7},, so we have to study the other three cases.

Proposition 2.1. The probability that the circle K of diameter D intersects the tiling
R is given by

D[12a—(2v3+3) D]

(3+2\/§)ﬂ'a2 ! lfD < 75’
_} V3a%+18aD—(/3+6) D? i oa
(21) pK,’R — 2(3+2\/§)7ra2 ) lf7§ S D < a,
6-+1/3)a?+6aD—+/3D? .
( 2()%2@”2 . ifa<D<aV3

Proof. We compute the measures ;(M) e p(N) with help of the elementary kine-
matic measure dK = dx A dy A d¢ of Ey (see [[13]], [14]) where x and y are the
coordinates of the center of K (or the components of a translation), and ¢ is the
angle of rotation. We have

wM) = /07r do //(x’y)ETO dxdy = 7 - area(Tp) = (3 + 2\/3) Ta?.
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Let N be the set of circles of diameter D that are contained in the triangle BH K,
N> be the set of circles of diameter D that are contained in the square BK JC and
N3 be the set of circles of diameter D that are contained in the hexagon ABCDEF'.
From (1.1) we obtain

2p(N) + 3p(No) + p(Ns)

(2.2) prr=1- (3 + 2\/5) Ta?

B i O S "
DG
s
EWiv)
n‘lf)l ‘4}‘/ A é] A\l\
p RV
B h
a
(a) The case D < 7 (b) The case % <D<a

(¢) The case a < D < aV/3

FIGURE 2. The case K = circle

From figure it is easy to see that u(N;) is 7 times the area of the triangle
BsH3 K3 whose sides are parallel to the sides of the triangle BHK at distance D/2
from them (Bj5 is the center of a disk interior to the triangle BHK and tangent to
the sides BH and BK and so on). Since the side of the triangle is a — D+/3 we have:
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3 2
p(Ny) = % <a — \/§D> .
In the same way we obtain that u(N5) = n(a — D)? and
2
D
373 (a — 75)
5 :

N(N3) =

Then we have for the case D < \/ig

_ D[12a— (2v3+3) D]
PrRr = (3 + 2\/§) ma?

Let \/% < D < a (see figure . If the center of the circle K is in the triangle

BHK, the circle always intersects one of the side of the triangle so that ;(/N;) = 0.

The measures p(N>) and p(N3) are as in previous case so:

V3a® + 18aD — (V3 + 6) D?
2 (3 +2v/3) ma?

Finally, if a < D < av/3, we have u(N;) = u(Nz) = 0, since a circle with the
center in a square (a triangle, respectively) of the tiling, always intersects one of
the side.

As

PR =

373 (a — %)2

2 Y

1(N3) =

we obtain
(6 +v/3) a® 4+ 6aD — v/3D?

2 (3 + 2\/3) Ta?

PR =

The graphic of the probability px x is

22V3 —3) = — — — —
23123
- 3

b —_———_——_ -

D/a
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Let us observe that py g > 3 for D > %ﬁa ~ 0.24837a i.e. also for “small”
circles.

3. THE TEST BODY IS A LINE SEGMENT

Let us consider now the case K is a line segment of length /. Also in this case
easy geometrical considerations give us six cases: [ < %3 (the minimal width of
the triangle), %g < | < a (the diameter of the triangle = the minimal width of the
square) , a < [ < av/2 (the diameter of the square), av/2 < I < a/3 (the minimal
width of the hexagon), av/3 < [ < 2a (the diameter of the hexagon), and [ > 2a.
In the last case the segment always intersects the boundary of one of the bodies
T,,, so we have to study the other cases. We have

Proposition 3.1. The probability that the line segment K of length [ intersects the

tiling R is given by
3.1) PKR =
(71 [144av/3 — (73 +36) I ifl < of

. [144az 2 (36+m/§> -
if 2 <l<a

—27aV412 — 3a2 + 63 (3&2 + 2[2) arccos (g—?)]

21
+(6 — W\/g)ZQ — 24aV1? — a® — 9aV4l? — a’+ ifa<l<av2
2442 arccos (%)}
37 [(6 — V3)ma? — V312 + 9av/4l2 — 3a>+

(ﬁ)] favZ<i<aV3

37 [(12 — mV3)a® +2V/3 (3a® + 21°) arcsin (M) +

+2V/3 (3a2 + 2l2) arcsin

21

T

(9 +27v3)12 — 6V/3 (I* + 12a”) arcsin (a_\/§> +
l ifa\/g <l < 2a,

| +18 <7r(1 +2V3) + 3) a? — 90a@}
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1
6 (3 + 2\/3) a2

where T =

Proof.

i) First of all let us compute the measure y (N;) of all line segments of length
[ contained in the triangle BHK. If | < %5, for a fixed angle ¢ € [0, 5[ we
denote by (see figure

- B’ the midpoint (in BH K) of the line segment of length [ with one
endpoint in B that makes an angle ¢ with BH;

- H' the midpoint of the line segment of length [ with endpoints on BH
and H K that makes an angle ¢ with BH,;

- K’ the midpoint of the line segment of length [ with endpoints on H K
and BH that makes an angle ¢ with the direction of BH.

//\
E H

@

(@)1 < L3 M) % <l<a

FIGURE 3. The case K = line segment, K in the triangle

We compute
2
area(BH'K') = \/Tg [a — 2—lsin (271' — ¢)1 :

and, by symmetry, we obtain

(3.2) 1 (Ny)
/6 1Tyl 1ol . /6 \/g 20 2 2
:6/0 area(BHK)d(b—/O T{a—ﬁsm (gﬂ—gb)} do

_ 3v/37a? — 36al + (9 + 2\/§7r) I?
n 12 '

(3.3)
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Let now %g < | < a. With reference to figure it is easy to see that
the line segment can be contained in the triangle BH K only if the angle
¢ € [0, 7/6] between the line segment and the side BH satisfies 0 < ¢ <
§ — arccos % Since the length of the side of the equilateral triangle

B'H'K'is a— \2/—% sin (37 — ¢), the measure of the line segments completely
contained in the triangle BH K is, by symmetry,

V3a

& —arccos Yo% 2
u(/\fl):6/0 ?{a—j—%sin(%w—¢)] do =

1
= — |92 = 36l + /3 (30 + 20%) + 27aV/AP — 307

—6V/3 (3@2 + 2[2) arccos (%g)] )

Finally if I > a the line segment K always intersects at least one side of
the triangle BHK and so N; = 0.
Let us compute now the measure p (N>) of the line segments completely
contained in the square BK JC.

If [ < a the segment K does not meets the square if its centroid is in the
rectangle B’ K’J'C" whose sides have length a — [ cos ¢ and a — [ sin ¢ (see

figure [4al).

J K J - K
} \ / ‘]l;“K/
\ / H
| | ro
} ‘ / _ A
/ -
‘ :\ -~
} \ // c’;&;f
c~ B / ///
[ « arccos(a/l)
C B c B
@l<a B a<l<aVv2

FIGURE 4. The case K = line segment, K in the square

The measure of the line segment completely contained in the square is:
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/4
M(NQ):4/0 (a —lcosv) (a — Isine) dyp = ma® — 4al + 1%

If a <1< ay2 the line segment K can be contained in the square BK JC
only if the angle ¢ € [0, 7/4] between the line segment and the side BK
satisfies arccos < ¢ < 7.

Therefore the measure of the line segments completely contained in the
square ACEF is given by:

u(/\/g):4/4 (a —lcos @) (a—lsing)dp =

arccos(a/l)

=4aVI% — a® — I* + (7 — 2)a® — 4a® arccos(a/l).

If | > a+/2 the line segment K always intersects a side of the square.
Finally we calculate the measure N3 of all line segments of length / con-
tained in the hexagon ABCDEF. Letl < a be. If ¢ € [0,Z], we ob-
tain that K is contained in the hexagon ABC DFEF if its centroid is in the
hexagon A’'B’'C’'D'E'F’ whose sides have length A’B’ = a — j—% sin (2 — ¢),

B'C' =a— \2/—% sin ¢, and C'D’ = a (see figure .

(a) N> = hexagon (b) N> = parallelogram

FIGURE 5. The case K = line segment, K in the hexagon

Then
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area(A'B'C'D'E'F")
3 5 . (T 2 ) T
=30 V3 -1 [Qasm (5 —i—qb) — gl\/gsmgbcos <E —|—¢)} ,

and so we have

1 (N3)

/6 3, 3 1
=6 / area(A'B'C'D'E'F')d¢ = —6al + §z2 +3 V3a?r — 6\/51%.
0
Let now a > | < av/3. The segment K does not intersect the sides of the
hexagon if its centroid is in the hexagon A’B'C’D’'E’F’ when the angle ¢

satisfies  —arcsin (“f> < ¢ < % and if its centroid is in the parallelogram

A'C'D'F’ when the angle ¢ is in [ , 3 — arcsin <“\f>] (see Figure |5al and
Figure [5b).

The area of the hexagon A’B'C'D’'E’F’ is the same as above; since the
sides of the parallelogram A’C’D’F’ have lengths C'D’ = 2a — 2sin(§-6)

V3
and AC7 = 2a— 2 [Sm@};)ﬁm d and the angle of the parallelogram is T we
obtain

area(A'C'D'F")
1 1
=2a*V3 —2V3al cos ¢ + 5\/§ZQCOSZ¢— 6 V312 sin? .

The measure of the line segments completely contained in the hexagon
ABCDEF is given by:

aV3

pw(N;) = [/ o area(A'C'D'F")d¢

/ area(A’B'C”D’E’F/)d¢

= % (12 + 5a2) — gav 412 — 3a2 — /3 (3a + 2l2) arcsin (af)

Finally if ay/3 < | < 2a the segment K does not intersect the hexagon if
and only if its centroid is in the parallelogram A’C’D’F’ and the angle ¢
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satisfies 0 < ¢ < arcsin (#) -3 Since the area of the parallelogram is
the same as above we have:

1 (N3)
f5)-3

=6 [/ ( area(A'C'D'F")d¢
0

=3 (l2 + 12a2) arcsin (aT\/g> + 15aV12 — 3a2 — a® <4\/§7T + 9)

—g<9+2\/§7r).

If | > 2a the line segment K always meets at least one side of the
hexagon.

Since p(K, R) = 1 — 2MN3uR)1005) we obtain O

This is the probability distribution of px »

(6—VOT+27 9949
2(3+2V3) ™ ' PK,R
e ~095l—> F - - T - T o T T
AnV348Im  geqza— s b — — — _ _ _
6(3+2V3)w R I
12v/3—7
8(3+2\/§)7r

|
|
|
96 — —=Y2_T_ ~ 0.7684 |
|
|
|
|

60 v/3—1/10800—630 /37 —294 2

30 Vit 1dn a ~ 0.3863a i.e.

Let us observe that pxr < 3 for [ >
also for “small” needles.
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